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Preface

Banach algebras are Banach spaces equipped with a continuous multiplica-
tion. In rough terms, there are three types of them: algebras of bounded linear
operators on Banach spaces with composition and the operator norm, alge-
bras consisting of bounded continuous functions on topological spaces with
pointwise product and the uniform norm, and algebras of integrable functions
on locally compact groups with convolution as multiplication. These all play
a key role in modern analysis. Much of operator theory is best approached
from a Banach algebra point of view and many questions in complex analysis
(such as approximation by polynomials or rational functions in specific do-
mains) are best understood within the framework of Banach algebras. Also,
the study of a locally compact Abelian group is closely related to the study
of the group algebra L*(G).

There exist a rich literature and excellent texts on each single class of
Banach algebras, notably on uniform algebras and on operator algebras. This
work is intended as a textbook which provides a thorough introduction to
the theory of commutative Banach algebras and stresses the applications to
commutative harmonic analysis while also touching on uniform algebras. In
this sense and purpose the book resembles Larsen’s classical text [75] which
shares many themes and has been a valuable resource. However, for advanced
graduate students and researchers I have covered several topics which have
not been published in books before, including some journal articles.

The reader is expected to have some basic knowledge of functional analysis,
point set topology, complex analysis, measure theory, and locally compact
groups. However, many of the prerequisites are collected (without proofs) in
the appendix. Here the reader may also find (including proofs) some facts
about convolution of functions on locally compact groups, the Pontryagin
duality theorem and some of its consequences, and a description of the closed
sets in the coset ring of an Abelian topological group.

The book is divided into five chapters, the contents of which can be
described as follows. The first chapter introduces the basic concepts and
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constructions and provides a comprehensive treatment of the spectrum of
a Banach algebra element.

Chapter 2 begins with Gelfand’s fundamental theorem on representing a
commutative Banach algebra A as an algebra of continuous functions on a
locally compact Hausdorff space, the structure space A(A) of A, which is de-
fined to be the set of all homomorphisms from A onto C, equipped with the
w*-topology. This Gelfand homomorphism turns out to be an isometric iso-
morphism onto Cy(A(A)) if and only if A is a commutative C*-algebra. Appli-
cations of this basic result include proofs for the existence of the Stone-Cech
compactification of a completely regular topological space and of the Bohr
compactification of a locally compact Abelian group. The structure space of a
finitely generated algebra identifies canonically with the joint spectrum of the
set of generators and this leads to a description of the Gelfand representation
of several uniform algebras, such as the closure of algebras of polynomial and
of rational functions on compact subsets of C". Following our intention to em-
phasize the connection with commutative harmonic analysis, we extensively
study the Gelfand representation of algebras associated with locally compact
groups. This concerns, in the first place, the convolution algebra L'(G) of
integrable functions on a locally compact Abelian group, but also weighted
algebras L'(G, w) and Fourier algebras. Chapter 2 concludes with determining
the structure spaces of tensor products of two commutative Banach algebras
and a discussion of semisimplicity of the projective tensor product.

In Chapter 3 we focus on some important problems which evolve from
the Gelfand representation theory and concern the structure space A(A) and
the structure of A itself. The new tools required are holomorphic functional
calculi for Banach algebra elements. These are developed in Section 3.1 and
subsequently applied to study the topological group of invertible elements of
a unital commutative Banach algebra A and the problem of which elements
of A(A) extend to elements of A(B) for any commutative Banach algebra B
containing A as a closed subalgebra. This latter question is linked with the
Shilov boundary which we investigate thoroughly. One of the major highlights
in the theory of commutative Banach algebras is Shilov’s idempotent theo-
rem. This rests on the multivariable holomorphic functional calculus and is
established in Section 3.5, followed by several applications that illustrate the
power of the idempotent theorem.

The concept of regularity and its role in ideal theory is the main subject
of Chapter 4. The relevance of regularity is due to the fact that it is equi-
valent to coincidence of the Gelfand topology and the hull-kernel topology on
A(A). We show the existence of a greatest regular subalgebra of any commu-
tative Banach algebra and study permanence properties of regularity. One of
the most profound results in commutative harmonic analysis is regularity of
the group algebra L!(G). To prove this, we have chosen an approach which
is based on the Gelfand theory of commutative C*-algebras. Recently, cer-
tain properties related to, but weaker than, regularity have been investigated.
We give a detailed account and comparison of these so-called spectral exten-
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sion properties and the unique uniform norm property. Finally, we establish
Domar’s result which asserts that L!(G,w) is regular whenever the weight w
is nonquasianalytic.

The last chapter is devoted to ideal theory of regular semisimple commu-
tative Banach algebras and to spectral synthesis problems in particular. The
basic notions are that of a spectral set and of a Ditkin set in A(A). It is cus-
tomary to say that spectral synthesis holds for the algebra A if every closed
subset of A(A) is a spectral set (equivalently, every closed ideal of A is the
intersection of the maximal ideals containing it). In Section 5.2 we present a
number of results on generating spectral sets and Ditkin sets, some of which
cannot be found elsewhere in this generality. Subsequently, these results are
applied to L'(G). In this context we point out that a famous theorem of
Malliavin states that spectral synthesis fails to hold for L!(G) whenever G is
a noncompact locally compact Abelian group. We also present a complete de-
scription of all the closed ideals in L!(G) with bounded approximate identities.
Spectral synthesis also fails for the algebra C™[0, 1] of n-times continuously
differentiable functions on the interval [0,1] and even for a certain algebra
with discrete structure space, the Mirkil algebra. Both of these algebras are
discussed in detail: C™[0, 1] because it nevertheless admits a satisfactory ideal
structure and the Mirkil algebra because it serves as a counterexample to
several conjectures in spectral synthesis.

Each chapter is accompanied by an extensive set of exercises, ranging from
simple and straightforward applications of concepts and results developed in
the chapter in question to more sophisticated supplements to the theory. These
exercises add numerous examples to those already given in the text. In several
cases hints are provided, and the reader is strongly encouraged to solve and
work out as many of these exercises as possible.

There are various options for using the material as a text for courses,
depending on the instructor’s intention and inclination. Any one-semester
course, however, has to cover Sections 1.1 and 1.2 and Sections 2.1 to 2.4, and
might then continue with

e Sections 2.5 and 2.6 and the Shilov boundary if the main emphasis is
on uniform algebras,

e Sections 1.5 and 2.11 and the corresponding passages of Chapters 3, 4
and 5 when concentrating on projective tensor products,

e Selected topics from Chapter 3 if the focus is on general Banach algebras
rather than group algebras or uniform algebras,

e Sections 2.7 and 4.4 and, if time permits, parts of Chapter 5 whenever
applications in commutative harmonic analysis is the preferred objective.

Major portions of the book grew out of graduate courses taught at the Uni-
versity of Heidelberg, the Technical University of Munich and the University
of Paderborn.

I owe a great deal to two colleagues and friends. Robert J. Archbold and
Ali Ulger have both taken up the onerous burden of reading substantial parts
of the text and made many helpful suggestions for improvement. I am also
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indebted to Bert Schreiber for his help concerning the coset ring of an Abelian
group. Finally, I would like to express my appreciation to the editorial staff
of Springer-Verlag for their professional support.

Paderborn FEberhard Kaniuth
June, 2008
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1

General Theory of Banach Algebras

This introductory chapter contains several topics which in one way or the
other are basic for everything that follows. Although this is a book on com-
mutative Banach algebras, we do not assume commutativity until Chapter 2.
In Section 1.1, after giving the definition of a complex Banach algebra, we
present a number of examples which play an important role later. We outline
the standard construction of adjoining an identity to a Banach algebra and
prove some results on approximate identities. The fundamental concept of the
spectrum of a Banach algebra element is defined in Section 1.2. The spectrum
is shown to be nonempty and the spectral radius formula is given. We also
treat the important issue of when the spectrum of an element of a Banach
algebra A remains unchanged when embedding A into a larger Banach al-
gebra. Because strong emphasis is placed on algebras appearing in harmonic
analysis, we consider in Section 1.3 the convolution algebras L*(G) and, more
generally, Beurling algebras L!(G,w) on locally compact groups G. Both are
investigated in subsequent chapters under various aspects. In Section 1.4 we
study ideals and quotients of Banach algebras and also introduce the multi-
plier algebra. A complete description is given of all closed ideals in C(X), the
algebra of continuous functions on a locally compact Hausdorff space X which
vanish at infinity, and the closed ideals in L(G) are shown to be precisely
the closed translation invariant subspaces of L!(G). Finally, in Section 1.5
tensor products of two Banach algebras A and B are discussed. As examples
we identify L'(G, A), the Ll-algebra of A-valued integrable functions on a
locally compact group G, as the projective tensor product of L'(G) and A
and Cy(X, A) as the injective tensor product of Cy(X) and A.

1.1 Basic definitions and examples

A normed linear space (A4, || - ||) over the complex number field C is called a
normed algebra if it is an algebra and the norm is submultiplicative; that is,
lzyll < ||l - |yl for all z,y € A. A normed algebra A is said to be a Banach

E. Kaniuth, A Course in Commutative Banach Algebras, Graduate Texts in Mathematics,
DOI 10.1007/978-0-387-72476-8 1, (© Springer Science+Business Media, LLC 2009



2 1 General Theory of Banach Algebras

algebra if the normed space (4, || - ||) is a Banach space. It is easy to see that
the completion (A, || - ||) of a normed algebra (A, || - ||) is a Banach algebra.
Indeed, if x,y € A and (zn)n and (yn)n are sequences in A converging in A
to = and y, respectively, then (x,yn), is a Cauchy sequence in E, and the
product of x and y can be defined to be xy = lim,, o0 TnYn-

An algebra A is called commutative if xy = yx for all z,y € A. Moreover,
A is called unital or an algebra with identity if there exists e € A such that
ex = x = ze for all v € A. If A is a unital normed algebra and A # {0},
then e is unique and ||e]| > 1 as follows from submultiplicativity of the norm.
We do not assume that |le]| = 1 although this is the case in all examples.
Note, however, that there always exists an equivalent norm |- | on A such that
le] = 1. In fact, this is a consequence of the following proposition.

Proposition 1.1.1. Let A be an algebra with identity e and with a norm || - ||
under which it is a Banach space. Suppose that the multiplication is continuous
in each factor separately. Then there exists a norm ||-|lo on A that is equivalent
to || - || and for which ||zyllo < ||x|lollyllo holds for all x,y € A.

Proof. For z € A, let L, : A — A be the left translation operator y — xy.
By the continuity assumption, L, is continuous. Moreover, since © = L,(e),
the map @ — L, is an isomorphism of A into B(A), the algebra of bounded
linear operators on A. Let

lzllo = I Lall = sup{[lzyl| : ly] <1}, =€ A

Clearly, || - |jo is @ norm on A satisfying [|zy|lo < ||z]lo]|yllo. We claim that

|| - 1]o is @ complete norm. For that, note first that

lzllo > Nz (llell = e)ll = llell = [l
Thus, if (2,,), is a Cauchy sequence with respect to || - ||o, then it is also a
Cauchy sequence in || || and hence z,, — z for some x € A. On the other hand,

because (L, ), is a Cauchy sequence in B(A), L, — T for some T € B(A).
By continuity of the product in the first variable, L, y — L.y for each y € A.

So T' = L, which proves the claim. Thus both || - || and | - ||o are complete
norms on A. Since || - || < [le| - || - ||o, the closed graph theorem implies that
the two norms are equivalent. O

There are three main classes of Banach algebras which may be described
roughly as algebras of functions (with pointwise multiplication), algebras of
operators (with composition of operators), and group algebras (with convolu-
tion product). We now give examples of Banach algebras in each of the first
two classes, whereas convolution algebras are postponed to Section 1.3. Ad-
ditional, somewhat more elaborate, examples are presented later in the text
and also in the exercises.
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Example 1.1.2. Let X be a locally compact Hausdorff space. We denote
by C*(X),Co(X), and C.(X), respectively, the algebras of all continuous
complex-valued functions on X that are bounded, vanish at infinity, or have
compact support. The algebra operations are the usual ones of pointwise ad-
dition, multiplication, and scalar multiplication. With the supremum norm

1flloe = Sup If(@)] (f € Co(X)),

the algebras C(X) and Cp(X) are commutative Banach algebras, whereas
C.(X) is complete only when X is compact. If X is noncompact, then only
C*(X) is unital.

Example 1.1.3. Let X be a compact subset of C. We introduce three unital
closed subalgebras of (C(X), || - ||oo as follows.

The first one, denoted A(X), is the algebra of all functions f : X —
C which are continuous on X and holomorphic on the interior X° of X.
Clearly, A(X) is complete since the uniform limit of a sequence of holomorphic
functions is holomorphic. A particularly interesting special case is the disc
algebra A(D), where D denotes the closed unit disc D = {z € C: |z] < 1} in
the plane.

The second one, P(X), is the subalgebra of C'(X) consisting of all functions
which are uniform limits of polynomial functions on X. Finally, R(X) is the
subalgebra of C'(X) of all functions which are uniform limits on X of rational
functions p/q, where p and ¢ are polynomials and ¢ has no zero on X.

Note that we always have P(X) C R(X) C A(X) and that equality holds
at either place can be interpreted as a result in approximation theory.

Example 1.1.4. Let a,b € R such that a < b and n € N, and let C"[a, b] be
the space of all complex-valued functions on [a,b] which are n-times continu-
ously differentiable. With pointwise operations, C"[a, b] becomes a commuta-
tive algebra. We define a norm on C"[a, b] by

n

1
HEDIPA A

k=0

for f € C™[a,b]. This norm is submultiplicative. Indeed, for f,g € C"[a, b,

0 =3 0¥ =3 4 |3 (5) 70290

k=0 k=0 j=0 o
n k
=> 1D o fO) glh=)
= |z 3k =) N
< 9D gD
D20 Pl g — g™
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n
1 .
(7)
>l
l

||f|| Hgll

We claim that C™[a,b] is complete. To verify this, let (f,,)m be a Cauchy
bequence in C™[a,b]. Then, by definition of the norm, for each 0 < j <

n

1

n, ( fm )m 18 a Cauchy sequence in Cfa,b] with respect to the || - ||co-norm.

Let g; = limy, oo fm for 0 < 57 < n. We show by induction on j that gy is

j-times differentiable and g((J = g;. As nothing has to be shown for j = 0,

assume that 1 < j < n and that gg is (j — 1)-times differentiable and satisfies
(-1 _ .
90 = 9gj-1-
For all m € N and each t € [a,b] we have

F970 (1) = F9V(a) + / 19 (s)ds

Because f(J) and f,(nj_l) converge uniformly with limit g; and g;_1, respec-
tively, the inductive hypothesis gives

970 = 3520 = 1@ + [ ()5 =¥ @)+ [ gy(ds

for all ¢ € [a,b]. It follows that ¢/ ") is differentiable and (g5~ ") (t) = g;(t)

for all ¢ € [a,b]. This finishes the inductive proof. Thus, taking f = go, f is

n-times differentiable and f) = g; for 0 < j < n. Since f,g{) — g; uniformly

for each j, it follows that f,, — f in C"[a,].

Example 1.1.5. For f € C(T) and n € Z, the n'" Fourier coefficient ¢, (f)
is defined by

27
=, [ senear

Let AC(T) denote the space of all functions f € C(T) the Fourier series
> ez cn(f)e™ of which is absolutely convergent; that is, f € AC(T) if and
only if (¢, (f))n € I*(Z). Conversely, given (c,),, € [*(Z), define f € C(T) b

che t € [0,27].

keZ

Then, for each n € Z,

1 o ikt —int
en(f) = 27r/ <gzcke )e dt

= 9 ch/ ih=n)t gy
m

kEZ

—n
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Thus, equipped with the norm ||f|| =3, ., |cn(f)], AC(T) is a Banach space
and isometrically isomorphic to [*(Z). For f,g € AC(T) and n € Z,

Cn(fg) _ 2171— f 1t —1nt<zck —zkt)

kEZ
_ Z Ck ) —i(n—k)t g1
kGZ
= ch cn k
kEZ
This implies

Do lealfPl <D les (Nl lerl9)
nez JEZ kEZ

and hence AC(T) is a commutative Banach algebra under pointwise multipli-
cation. Note that the product on [*(Z), which makes the map f — (¢, (f))n
from AC(T) to I}(Z) an algebra isomorphism, is then given by the following
formula. For (an), and (8,)n in I1(Z), let (af)n = > e @n-iBr, n € L.
This is the convolution on I*(Z) (see Section 1.3).

Definition 1.1.6. Let A be a C-algebra. An involution on A is a mapping
% :x — x* from A into A satisfying the following conditions.

(1) (z+y)" =2" +y* and (\x)* = \a*,
(2) (wy)* = y*2" and (z7)" ==,

for all z,y € A and A € C. A is then called a *x-algebra or an algebra with
involution. A normed algebra (Banach algebra) with involution is called a
normed x-algebra (Banach x-algebra) if the involution is isometric; that is,
[lz*|l = ||| for all x € A.

Example 1.1.7. (1) Let A be an algebra under pointwise operations consist-
ing of complex-valued functions. Suppose that A contains with every function
f its complex conjugate f. Then f — f defines an involution on A.

(2) Complex conjugation does not define an involution on the disc algebra
A(D) because the function z — z is not holomorphic. However, one can define
an involution on A(D) by setting f*(z) = f(z) for f € A(D),z € D. With this
involution, A(ID) becomes a Banach *-algebra (Exercise 1.6.15).

(3) Let H be a Hilbert space, and for T' € B(H) let T* € B(H) denote the
adjoint operator. Then T' — T™* defines an involution on B(H) making B(H)
a Banach x-algebra.

An algebra A can always be embedded into an algebra with identity as
follows. Let A, denote the set of all pairs (z,\),x € A, A € C, that is,
A, = A x C. Then A, becomes an algebra if the linear space operations and
multiplication are defined by
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(@,A) + (y, 1) = (z+ 9y, A+ ), plx, A) = (pz, pA)

and
(2, \)(y, 1) = (zy + Ay + p, M)

for z,y € A and A\, p € C. A simple calculation shows that the element
e =(0,1) € A, is an identity for A.. Moreover, the mapping x — (z,0) is an
algebra isomorphism of A onto an ideal of codimension one in A.. Obviously,
A, is commutative if and only if A is commutative.

Now suppose that A is a normed algebra. We introduce a norm on A, by

(@ M| = [l + A, €A, AreC

It is straightforward that this turns A. into a normed algebra and that A,
is a Banach algebra provided A is complete. As (z,A) = (x,0) + A(0,1), it is
customary to write elements (x,A) as @ + Ae. The above process is usually
referred to as that of adjoining an identity to A and A, is called the unitisation
of A . The utility of A, is due to the fact that algebras with identity are often
easier to deal with than algebras without identity.

If A is a *x-algebra, then A, becomes a x-algebra by simply defining the
involution by (z + A)* = a* + Xe. It is also obvious that if A is a normed
x-algebra (Banach x-algebra), then so is A..

If A lacks an identity, then an approximate identity often serves as a good
substitute. We proceed by introducing this notion.

Definition 1.1.8. Let A be a normed algebra. A left (right) approzimate
identity for A is a net (ex)x in A such that exx — z (vex — z) for each
x € A. An approzimate identity for A is a net (ey), which is both a left and
a right approximate identity. A (left or right) approximate identity (ey)x is
bounded by M > 0 if |le)]| < M for all .

Definition 1.1.9. A has left (right) approzimate units if, for each x € A and
€ > 0, there exists u € A such that ||z — uz| < € (||z — zul| <€), and A has
an approximate unit if, for each x € A and € > 0, there exists u € A such
that ||z — uz| < € and ||z — 2ul] < e. A has a (left, right) approximate unit
bounded by M > 0, if the elements u can be chosen such that [Ju| < M.

Lemma 1.1.10. Let (ex)x and (f.), be bounded left and right approzimate
identities for A, respectively. Then the net

(ex+ fu— fuex)au
is a bounded approximate identity for A.

Proof. Let gx, = ex + fu — fuex. Then, for any = € A,

lgxpe =zl = l[(exz —z) + fulz — exx) | < (L +[[ful)llerz — ]|
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and, similarly,
lzga, — =l < (L+ llexl)llz =zl

Thus (gx,.)x,u is an approximate identity. Of course,

lgaul < llexll + I full + llexll - 1 £l
so that (gx,)a,. is bounded. O

Clearly, if a normed algebra has a left approximate identity (bounded by
M), then it has left approximate units (bounded by M). Actually, as the
following proposition shows, these two properties are equivalent.

Proposition 1.1.11. Let A be a normed algebra and let M > 1. Then the
following three conditions are equivalent.

(i) A has left approzimate units bounded by M.
(ii) Given finitely many elements x1, ..., x, in A and € > 0, there existsu € A
such that ||ul| < M and ||x; —uxj|| <€ forj=1,...,n.
(iii) A has a left approximate identity bounded by M.

Proof. To prove (i) = (ii), using the formal notation (1 — z)y = y — zy for

z,y € A, we successively choose uq,...,u, € A satistying |Ju;|| < M and
€ )
Definev € Aby 1 —v=(1-wu,) ...- (1 —wup). Then, for j = 1,...,n, we
have
[ = vayl| < (1 =wp) oo (L= i)l - [0 =ug) - (1= un)a|
< (14 M) ¢

2(1 + M)n—i+1
€

21+ M)

Let now R = max{||z;|| : 1 < j < n}, and choose u € A with [ju| < M and
[lv —wv] <€/(2R + 1). Then, for each 1 < j < n, it follows that

e = wasl| < llwj — vzjl| + low; — worsl| + [luz; — woz;]|
- € n Re n Me ce
~2(1+M) 2R+1 20+M) 7
as required.
(ii) = (iii) Let A be the family of all nonempty finite subsets of A. For
A € A, let |A| denote the number of elements in A. Ordered by inclusion, A is
a directed set. For each A € A, by (ii) there exists uy € A with [Juy| < M and
|z — uxz|| < |A[7! for all z € A\. Then (uy)y is a left approximate identity of
bound M for A.
Finally, as already noticed, (iii) = (i). O
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1.2 The spectrum of a Banach algebra element

The theme of this section is to introduce the basic concept of the spectrum
of an element of a Banach algebra and to establish several important results
about spectra. The reader will observe that this concept extends the notion
of spectrum of a bounded linear operator on a Hilbert space.

Definition 1.2.1. Let A be a complex algebra with identity e. An element
x € A is called invertible if there exists y € A such that xy = yz = e. Then y
is unique and called the inverse, denoted x—!, of z. Let G(A) denote the set
of invertible elements of A. Then G(A) is a group, and (xy)~! =y ta~! for
z,y € G(A).

For = € A, the set

oa(z)={reC:le—x & G(A)}

is called the spectrum of 2 in A, and its complement, pa(z) = C\ g4 (), the
resolvent set of x.

When A does not have an identity, we define o4(z) and pa(x) by oa(x) =
oa (%) and pa(z) = pa, (2).

Remark 1.2.2. For any algebra A and « € A, we have o4(2)U{0} = 04_(x).
To see this, suppose first that A does not have an identity. Then 0 € o 4(x)
because otherwise 271z € A. Thus, in this case o4 (2)U{0} = oa(z) = 04, (7).

Now suppose that A has an identity u. For y € A, it is then easily verified
that v —y € G(A) if and only if e —y € G(A.). Indeed, if u —y € G(A)
and (u—y)" ! = 2+wu,z € A then (e —y)(z+e) =e = (z+e)e —y),
and conversely, if e —y € G(A.) and (e —y)~! = 2+ pe,z € A, € C, then
it follows that 4 =1 and (v —y)(z+u) =u = (¢ +u)(u —y). For A #0
and z € A, this implies that Au — 2z = A(u — (1/N)z) € G(A) if and only
it e —x = Ae — (1/N)z) € G(Ac). Equivalently, A € o4(x) if and only if
A€ oa, (). Hence oa(x) \ {0} = oa,(x) \ {0}. Since 0 € o4, (), this shows
that o4(z) U{0} = o4, ().

Most times, whenever the algebra A under consideration is understood,
for © € A we drop the suffix A and simply write o(x) and p(z).

Example 1.2.3. (1) Let X be a compact Hausdorff space and f € C(X). If
A& f(X), then z — X\ — f(x) has no zero on X and hence x — (A — f(z))~!
is a continuous function. This implies that oc(x)(f) equals the range of f.

(2) Let X be a locally compact, noncompact Hausdorff space and let f €
Co(X). Since Cy(X) does not have an identity, {0}Uf(X) C o(f). Conversely,
let A # 0 such that A & f(X). We show that the function A — f(x) is invertible
in Cy(X)e = Co(X) 4+ C- 1x. The function g defined by

g(x) = /@)

= , reX,
1— 1 f()



1.2 The spectrum of a Banach algebra element 9

is continuous on X . Moreover, because f vanishes at infinity, so does g. Thus
g € Cp(X), and it is easily verified that

(5 +9@) = s =1

for all # € X. This proves that o(f) = f(X) U {0}.

Definition 1.2.4. Let A be a normed algebra. For x € A, the number
ra(z) = inf{||z"||"/" : n € N}

is called the spectral radius of x.

Obviously, 7(z) < ||z|| and r(Ax) = |Alr(x) for A € C. The formula in the
following lemma is called the spectral radius formula. These two labels, spec-
tral radius and spectral radius formula, are justified soon (compare Theorem
1.2.8).

Lemma 1.2.5. For every x € A, r(z) = lim,, ., ||2"||*/".

Proof. It suffices to show that, given ¢ > 0, there exists N(¢) € N such
that ||"||'/" < r(x) + € for all n > N(e). By definition of 7(z), there exists
k € N such that ||2*||"* < r(z) + ¢. Now, express any n € N in the form
n = p(n)k + q(n), where p(n) € Ny and 0 < g(n) < k — 1. It follows that

o (a0
n k n k’
as n — 00. Hence

™M™ < [l P a1 — < () + e,
and therefore ||z"||'/™ < r(z) + € for all sufficiently large n.

Next we have to find conditions that guarantee the invertibility of an
element of a unital Banach algebra.

Lemma 1.2.6. Let A be a Banach algebra with identity e and let x € A with
r(z) < 1. Then e — x is invertible in A and

(e—x)™' = e—l—Zx”.
n=1

Proof. Fix any 1 such that r(z) < 7 < 1. By Lemma 1.2.5, [|2™||*/" < 7 for
all n > N for some N € N. Then ||2"| < n™ for n > N, and since n < 1,
the series Y ° | ||2™|| converges. Since A is complete, the sequence of partial
sums Y, = e+ y o x™,m € N, converges in A with limit y =e+> 7 z".
Indeed, lly — ymll € 3y 12"l Now

(e = 2)Yym = Yym(e — ) = e — zmH

for all m. Because y,,, — y and 2™ — 0 as n — oo, we conclude that (e—z)y =
yle—z)=e O
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Lemma 1.2.7. Let A be a normed algebra with identity e.
(i) If z,y € G(A) are such that |y — z| < ||z~ 7", then

ly™ = < 2l ]ly — =.
In particular, the mapping v — x~ is a homeomorphism of G(A).
(ii) Suppose that A is complete. Then G(A) is open in A, and if v € A is such
that ||z —el| <1, then © € G(A).

Proof. (i) If z and y are as in (i), then

- - _ - - - I
byl =l < Ny =27 =Ny~ @ —w)a <y,
whence ||y~ || < 2||z7!|| and therefore
ly™ =27 <Ny - llz =yl - 27 < 2lla Py — 2.

Thus the bijection z — x~1 of G(A) is continuous and hence, being its own
inverse, a homeomorphism.

(ii) Let « € A be such that |je — || < 1. Then r(e — ) < 1 and therefore
x=e¢— (e—x) € G(A) by Lemma 1.2.6. Now let & be an arbitrary element
of G(A), and let y € A with ||y — z|| < ||[z~!||~!. Then

le =27 yll < a7 - llz — yll < 1.

By what we have already seen, 27!y € G(A) and hence y € G(A). This shows
that G(A) is open in A. O

The following theorem is one of the most fundamental results in the theory
of Banach algebras. The first proof we give is the standard one involving an
application of Liouville’s theorem. This use of Liouville’s theorem is the first
example of how the theory of holomorphic functions of one complex variable
enters the study of Banach algebras. We present several other examples of
this phenomenon in subsequent chapters.

Theorem 1.2.8. Let A be a Banach algebra and x € A. Then the spectrum
o(x) of x is a nonempty compact subset of C and

max{|A| : A € o(2)} = r(x).

Proof. Of course we may assume that A has an identity e. Note first that
o(z) is closed. In fact, G(A) is open in A by Lemma 1.2.7 and C \ o(z) is
the inverse image of the set G(A) with respect to the continuous mapping
A — Xe — x. Moreover, if |A| > r(z) then r((1/A\)z) < 1 and hence de — z =
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Ae—(1/X)x) is invertible by Lemma 1.2.6. Thus o(z) is contained in the disc
{AeC: |\ <r(x)}.
We show next that o(x) # ). Take any | € A* and consider the function
f on p(x) defined by
FO) =1((he —2)7h).

For A, i € p(x) we have

(e —x)~! -1

— (e —2) (e — o) (e — )

= O =) (5= Vet e =) (e =)
— (=N —2)" +¢) (e )"
=(p=Ne—z) H(pe—z)"" + (pe—z)7",
and therefore, when \ # p,

F) = f(w)

N =—l((Ae—2) " (pe—2)"").

Since [ is continuous and the mapping y — y~! of G(A) into itself is continuous
(Lemma 1.2.7), we conclude that f is a holomorphic function on p(x). For
[A| > ||x]|, we have

(e —2)"! = </\ (e— ix))l = i (e— /1\;10)1 = igA”x”

and hence

e\ 1 |
IO —2)Y] < ( - ,
|A|Z A T T el

which tends to zero as |A| — oo. Thus, since [f(\)| < ||I|| - [[(Ae — 2)7 Y, f
vanishes at infinity. In particular, f is a bounded function.

Assume now that o(x) = (. Then f is a bounded entire function and hence
constant by Liouville’s theorem. Since f vanishes at infinity, it follows that
f = 0. Because | € A* was arbitrary, we get that [((Ae — x)~!) = 0 for each
A € p(z) and all | € A*, contradicting the Hahn-Banach theorem. This shows
that indeed o(z) is nonempty.

Let s(z) = sup{|A| : A € o(z)}. Then s(x) < r(z). Towards a contradic-
tion, assume that s(z) < r(z) and select any p such that s(x) < p < r(z). By
what we have shown above, for [ € A* the function f(\) = I((Ae —z)71) is
holomorphic on the set U = {\ € C: |A| > s(z)} . Now, for |A| > ||z]|,

f) = i A D (),

n=0

Thus this series is nothing but the Laurent series of f on the domain [A| > ||z
Because f is holomorphic on U, it follows from uniqueness of the Laurent series
expansion that the series
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Zl —(n+1)

converges. This implies that {(u~(**YDz") — 0 as n — oo. So, for each | € A*,
the set of complex numbers

{I(u= "+ Vg™ . p e N}

is bounded. By the uniform boundedness principle, there exists C' > 0 such
that ||u~("*tD2"|| < C for all n € N. It follows that
r(z) = lim [|2"|Y™ < lim (Cp™ )Y = p.

n—oo n—oo

This contradiction shows that r(z) = s(x) and finishes the proof of the theo-
rem. a

Theorem 1.2.8 can be proved without recourse to the theory of holomor-
phic functions and Liouville’s theorem in particular. For illustration, we also
present such a proof. Let A be a Banach algebra and let x € A. We show that
there exists A € o(z) such that |\ = r(z). Of course, we can again assume
that A has an identity e.

To begin with, note that if 7(x) = 0 then 0 € o(z). Indeed, otherwise x is
invertible and

0< flell = llz" (=)™ || < [l2" - ="

for all n € N, which implies r(z) > ||z~ 7%, So let 7(x) > 0. Since r(ur) =
|p|r(z) and o(ux) = po(x) for p # 0, we can assume that r(x) = 1.
Forn e N, denote by (2,, the set of all n-th roots of unity. Forw € 2,,w #

1, we have Z 0 ' wi =0 since (1 — w) 35 ole =1—w" = 0. Thus, for each
1<k<n-1,
— n—1 k J
> ut=y <exp27r ) - <expzwn> o
we2y, 7=0 7=0

Now suppose that e — wz is invertible for every w € 2,,. Then

(e —wr)He— (wr)") =etwr+ -+ (wz)"

for all w € §2,, and hence

n—1
1 1
o= 3 (e—wn) = ( wﬁ)
WEN, wE2, k=0
l'n,
nk:O WEN,
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Thus e — 2™ is invertible in A and

(e—a™) = Tll Z (e —wx)~t.

we2,

Towards a contradiction, assume now that A\e — x is invertible for all A € C
with |[A| > 1 = r(x), that is, e — Az is invertible whenever |A] < 1. Because
the function A — [|(e — Ax)~!|| is continuous on p(z), it follows that

M = sup{|(e — Az) || : A € C, |\ < 1} < 0.

For each |[A] < 1 and w € 2, n € N, the element e — wAz is invertible.
Therefore the above formula for inverses and Lemma 1.2.7(i) yield

l(e = (Aa)") ™" = (e —a™) 7| < Tll Y le—wre)™ — (e —wa)™|

wES2,

2
" Y lie —wz) P lwre — wal|

we2,
< 2MZIA -1 - |,

IN

provided A is such that
1 -
=11 flzll = li(e —wAz) = (e —wal| < [i(e —wa)H| 7.

We claim next that (e — 2™)~! — e as n — oo. For that, let ¢ > 0 be given
and choose 0 < A < 1 such that

2M3 N —1] - < d x—1]- < .
| |- |lz]| < e and | | II’III_QM

Because M > ||(e — wx) Y|, we then get
I(e = (a)") ™ = (e—a") | <e
for all n € N. Now

lim |[(Az)" Y™ =r(\z) = A < 1,

and hence (Ax)" — 0 as n — oo. The map y — y~! being continuous on
G(A), we obtain that (e — (\z)")~! — e. It follows that

lle = (e —a™) 7| < 2

for n large enough. This proves the above claim. Finally, using continuity of
y — y~! again, we conclude that 2™ — 0 as n — oo. This contradicts the
fact that ||z™|| > r(z)™ =1 for all n € N. Thus there exists A € C such that
[A| > r(z) and Ae — x is not invertible.
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The following theorem, which turns out to be a simple consequence of
Theorem 1.2.8, is usually called the Gelfand—Mazur theorem. It is basic to
much of Gelfand’s theory, which is developed in Chapter 2, and it generalises
Frobenius’ classical theorem which says that every finite-dimensional complex
division algebra is isomorphic to the complex number field.

Theorem 1.2.9. Let A be a Banach algebra with identity e, and suppose that
every nonzero element x of A is invertible. Then A is isomorphic to the field
of complex numbers.

Proof. By Theorem 1.2.8, for every x € A, there exists A, € C such that
Age —x & G(A). Since G(A) = A\ {0} by hypothesis, it follows that A,e = .
Then, of course, A\, is unique, and the mapping x — A, is an isomorphism
from A onto C. a

The following lemma represents a special case of a more general spectral
mapping theorem in the context of the holomorphic functional calculus for
commutative Banach algebras (Section 3.1).

Lemma 1.2.10. Let p be a complex polynomial (without constant term if A
does not have an identity). Then, for every element x € A,

oa(p(z)) = ploa(@)) = {p(A) : A € oa(2)}-

Proof. Suppose first that A has an identity e. If p is constant, say p = «,
then p(x) = ae and hence o4(p(z)) = oa(ae) = {a} = p(oa(zx)). So let p be

non-constant. Momentarily, fix any A € C and let A1,..., A\, be the roots of
the polynomial ¢(z) = A — p(z). Then
Ae —p(x) =(A—p(2)(z) =a(Me—x)-...- (A\e —x),

where 0 # « € C, and hence A\e —p(x) € G(A) if and only if \;e—x € G(A) for
alli =1,...,n. It follows that if A € oa(p(z)) then A\; € o4(x) for at least one
i and therefore A = p(\;) € p(ca(x)). This shows that o4 (p(z)) C p(oa(x)).
Conversely, let p € oa(x) and put A = p(p). Then ¢(u) = 0 and hence
1 = A; for some i. This means that A\; € o4(x) and consequently Ae — p(z) is
not invertible, whence A\ € o4(p(x)).
Finally, suppose that A does not have an identity. Then

oa(p(x)) = oa.(p(x)) = ploa.(x)) = ploa(z))
by definition and by what we have shown already. O

Let A be a Banach algebra with identity e and let B a closed subalgebra
of A which contains e. It is an important concern to clarify the relationship
between o4 (z) and op(x) for elements x of B. The result, Theorem 1.2.12
below, is employed several times in Chapter 2.

In the sequel, for any topological space X and subset Y of X, Y° denotes
the interior of Y and O(Y) denotes the topological boundary of Y; that is,
Ye=X\(X\Y)and 0(Y)=Y \Y°.
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Lemma 1.2.11. Let A be a Banach algebra with identity e and B a closed
subalgebra of A containing e. If x € B, then

oa(xz) Cop(x) and I(op(x)) C I(oa(x)).

Proof. The first inclusion is immediate from the fact that if e —z € G(B),
then e — x € G(A). For the second inclusion it suffices to show that
d(op(x)) C ga(z), because then

3(05(2)) C oal@) N ps(e) C oa(@) N pale) = doa(a)).

Let A € 9(op(z)) and set y = Xe — x. Then y ¢ G(B) and there exists a
sequence (A, ), in pg(x) with A, — A. Thus, with y, = A,e — x, we have
yn € G(B) and y, — y. Let z, = y,',n € N. Then ||z,| — o0 as n — oo.
Indeed, otherwise there exist M < oo and a subsequence (zp,)r such that
[zn, || < M for all k and therefore

le = zn, ¥l = 120 WUny, — W < M||yn, —yll — 0

as k — oo. It follows that z,, y is invertible for large k, and hence y is invertible
in B, a contradiction. So

lznynll _ llell o
lzall  ll2nl
Because
znyll _ llznynll 1
- < @ =wa)ll < lly = yall = 0,
[zl Nzall [ ! !
the elements w,, = ||z, "'2n,n € N, of A satisfy ||w,| =1 and ||w,y|| — 0.

This implies that y cannot be invertible in A because otherwise
1= [Jwnll = [(way)y ™ || < llwayll -y~ — 0.
So A € 04(z), as was to be shown. O

Theorem 1.2.12. Let A be a Banach algebra with identity e and let x € A.
Then the following conditions are equivalent.

(i) pa(z) is connected.
(ii) oa(z) = op(x) for every closed subalgebra B of A containing x and e.

Proof. Suppose that (i) holds and let B be any subalgebra of A as in (ii).
We have to show that op(x) C o4(z), equivalently, that op(x) N pa(z) = 0.
Assume that there exists A € op(z)Npa(x) and select any p € pp(x) C pa(x).
Since pa(x) is connected and open in C, it is path connected. Hence there
exists a continuous function v : [0,1] — pa(x) with ¥(0) = X and (1) = p.
Since v(0) € op(x), the set {t € [0,1] : v(t) € op(x)} is nonempty. Let s
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be its supremum. Then s < 1, because v(1) € pp(x) and pp(x) is open. By
definition of s, v((s,1]) C pp(z) and therefore

(s) €((s,1]) € pp(x) and ~y(s) € 4([0,1]) Nop(z) C op(2),

whence v(s) € 9(op(x)). Lemma 1.2.11 shows that v(s) € d(ca(x)) C oa(x).
This contradicts ([0, 1]) C pa(x) and so op(z) N pa(z) = 0.

To show that conversely (ii) implies (i), let B be the closed subalgebra of
A generated by x and e. Then B is the closure of the subalgebra consisting of
all elements of the form p(z), where p is a polynomial. For z € C and ¢ > 0,
set K(z,0) ={A € C:|\—z| <d}. Let I" denote the connected component
of C\ o4 (x) that contains C\ K(0,7(z)) (recall that o4 (x) C K(0,r(x))). We
have to show that I" = pa(x).

The set I" is open and closed in p4(x) since p4(x) is locally path connected.
Thus C\ I" is closed and p4(z)\ " isopen in C. As C\I" = o4(z)U(pa(z)\I),
we get that

OCA\T) = (C\D)\ (C\I)° C(CND)\ (pa(x) \ ') C oa().

Since C\ I' is compact, for any polynomial p there exists zo € C\ I" such that
Ip(2)] < |p(20)] for all z € C\ I'. Then, necessarily, zo € 9(C \ I") whenever
p is nonconstant. In fact, otherwise K(zp,0) C C\ I" for some ¢ > 0 and
then the maximum modulus principle would yield that p is constant. Since
O(C\I') C oa(x), we thus conclude that

max{|p(z)| : 2 € C\ I'} <max{|p(z)|: z € oa(x)}

for every polynomial p. Now c4(p(z)) = p(ca(x)) by Lemma 1.2.10, and
hence

max{|[p(z)|: 2 € C\ I'} < r(p(x)) < ||p(x)]]

for every polynomial p.

By hypothesis pa(z) = pp(x). Thus it remains to show that pg(x) C I
To that end, fix A € pp(z) and let ¢(z) = X — z for z € C. Then ¢(x) =
e — x is invertible in B. Thus there exists a sequence (p,), of polynomials
such that p,(z) — (Ae — x)~!. For each n € N, define a polynomial ¢, by
qn(2) =1 — q(2)pn(2). Then

gn(r) = e —pu(x)(Ne —2) = e — (Ne —2) ' (Ne —x) = 0.

Since [¢n(2)] < |lgn ()], it follows that g,(z) — 0 for each z € C\ I'. On the
other hand, ¢(A\) = 0 and hence g,(A) = 1 for all n. Hence A € I', as was to
be shown. O

In particular, Theorem 1.2.12 applies when o4(xz) C R or when o4 (x)
is countable. We close this section with showing that the spectral radius is
subadditive and submultiplicative on commuting elements.
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Lemma 1.2.13. Let A be a normed algebra and suppose that x,y € A are
such that xy = yx. Then r(zy) < r(x)r(y) and r(z +y) < r(z) + r(y).

Proof. Since (xy)™ = «™y™ for all n € N, Lemma 1.2.5 yields that

r(ey) = lim [lz"y"|Y" < lim [l lim g™ V" = r(2)r(y).
The proof of the second inequality requires much more effort. Take any o >
r(z) and 8 > r(y) and set a = (1/a)x and b = (1/8)y. Then r(a) < 1 and

r(b) < 1.
Because  and y commute, we have

1/n
n S
e+ g)" 17 = Z()%
—\J
J
1/n
n i i
< Z(.)oﬂﬂ - )
=0

For each n € N, choose n’,n” € Ny such that n’ +n” = n and

a™ || - o™ = max [l | - [[b"77]].
0<j<n

With this choice of n’ and n”” we have

Mz +y) = T [|(z+ )" "

< (a+ B) limnf |la™ ||/ o ||/,

Now, the sequence (n’/n), C [0,1] has a convergent subsequence (n} /ng)x
with limit v, say. If v # 0, then n} — oo and hence

lim [|a"||Y/" = r(a)” < 1,
k—oo

whereas if v = 0, then
limsup [|a” ||'/™ < lim [ja]™/™ < 1.
—00 k—o0

Thus, in either case,

limsup [|a” ||/ < 1.

—00
Similarly, since (n}//ng ), converges,
limsup || ||/ < 1.
k—o0

The above upper estimate for r(z +y) now shows that r(z+y) < o+ . Since
this holds for all a > r(x) and 8 > r(y), it follows that r(z+y) < r(z)+r(y).
O
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Using the Gelfand homomorphism (Section 2.2), a much simpler proof of
the preceding lemma can be given. Thus, if A is commutative, r is an algebra
seminorm on A. In general, however, it is not a norm (see the examples in
Section 2.1).

1.3 L'-algebras and Beurling algebras

Let G be alocally compact group with left Haar measure and modular function
A. Then L'(G) is not only a Banach space under the norm || - ||1, but also a
normed algebra with convolution, which we define now, as multiplication.

Let f € LY(G@) and g € LP(G), 1 < p < oo. Then for almost all z € G, the
function y — f(xy)g(y~!) is integrable on G, and the function f * g, defined
almost everywhere on G by

(f*9)(z /fary dy,

belongs to LP(G). Moreover, || f * g|l, < [|fll1llgllp- If p = oo, then (f * g)(z)
is defined for all x € G and f * g is bounded and uniformly continuous.

With this convolution and the involution defined by f*(z) = f(z=1)A
(r71), L(G) is a Banach *-algebra. It contains C.(G) as a dense subalgebra
and is commutative if and only if the group G is Abelian.

For x € G, the left and right translation operators L, and R, on functions
on G are defined by L,f(y) = f(z7'y) and R, f(y) = f(yx), y € G. Then
IL.flli = ||f]ls and the map x — L,f from G into L'(G) is continuous
(compare Lemma 1.3.6 for Beurling algebras).

When G is discrete and the Haar measure is counting measure, (f*g)(x) =
> yea f(zy)g(y™1), and 6., the Dirac function at the neutral element e of G,
is an identity for I*(G). If G is not discrete, then L'(G) does not have an
identity, but it has a two-sided approximate identity with norm bound 1.
In fact, for any open relatively compact symmetric neighbourhood V' of e
in G, choose a functions uy € L'(G) such that uy > 0, |luy| = 1 and
suppuy C V. Then, for every f € LY(G), |luy x f — fll1 — 0 as V — {e}.
Similarly, ||f *uy — f]j1 — 0.

Recall that M (G) is the Banach space of all complex valued regular Borel
measures g on G with the norm ||u| = |u|(G), where |u| denotes the total
variation of p. For u,v € M(G), the convolution of p and v is defined by

(nxv,g) = /G /G g(wy)dp(z)dv(y)

for g € C.(@). Then p*v € M(G) and ||u* v| < ||u| - ||7||- Note that L*(G)
embeds into M (G) as a subalgebra (in fact, an ideal) by the mapping f — py,
where (uy,9) = [ g9(zx)f(x)dz for all g € C (@).

We refrain from provmg the preceding facts about LP(G) and M (G) here
and instead refer the reader to the Appendix and the literature given there.



1.3 L'-algebras and Beurling algebras 19
Definition 1.3.1. A positive function w on a locally compact group G is
called a weight or weight function if it has the following properties.
(i) w(zy) < w(x)w(y) for all z,y € G.

(ii) w is Borel measurable.

Example 1.3.2. (1) For a > 0, define w, on Z by wq(n) = (1 + |n|)*. Then
wq is a weight on Z.

(2) The functions ¢t — exp(|t|*),z € T, and t — (1 + [t|)* a > 0, are
weights on R. More generally, let § : R” — [0, 00) be any continuous function
satisfying d(z +y) < d(z) + 0(y) for all z,y € R™. Then w(zx) = (1 + §(x))*
defines a weight on R™.

We first note the interesting fact that a weight is bounded away from both
zero and infinity on compact sets.

Lemma 1.3.3. Let C' be a compact subset of G. Then there exist positive real
numbers a and b such that a < w(x) <b for all x € C.

Proof. We first establish the existence of b. To that end, for n € N, let
U,={z€G:w(x)<n}.

Then Uzozl U, = G and the sets U,, are measurable. Choose n € N such
that |U,| > 0. Then U2 has a nonempty interior. Fix z € (U2)° and let
V = (27'U2)°. Then V is an open neighbourhood of the identity, and hence
by compactness of C' there exist y1,...,ym € C UC~! such that

cuclCcyVu...uy,V.
Now, define b > 0 by
b=n?w(z"!) max{w(y;) : 1 <j <m}.
If z € CUC™!, then z = vy; for some v € V and j € {1,...,m} and hence
w(z) < w()w(y;) < nw(zHw(y;) < b,

as wanted. Finally, let
a =inf{w(x):z € C},

and suppose that a = 0. Then there exists a sequence (z,,), in C such that
w(x,) — 0. Because
1 < w(e) < wlan)wlz,),

we must have w(z,; 1) — oo, which contradicts the boundedness of w on the
compact set C 1.

Corollary 1.3.4. Let w be a weight function on a compact group G. Then
w(x) > 1 for all x € G.
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Proof. Assume that w(z) < 1 for some x € G. Since w(z™) < w(x)™ for all n,
we obtain w(z™) — 0 as n — co. However, G being compact, w is bounded
away from zero by Lemma 1.3.3.

The functions f on G such that fw E Ll(G) form a linear space, which is
denoted L'(G,w), and || f|[1.» = [, |f(z)|w(z)dz defines a norm on L'(G,w).
If (fn)n is a Cauchy sequence in L'(G, ) then f,w — g for some g € L(G)
and hence g/w € L'(G,w) and f, — g/w in L'(G,w). Thus L}(G,w) is
complete. With convolution, L!(G,w) is a Banach algebra. Indeed, for f,g €
LY(G,w),

L1 @t < [ o (/If () )|dy>dx

< [ [ centsentot sty
— [ ot ety AW - [ 1F@)w(e)ds
G G

= [fllellgll e,

and hence f x g € L'(G,w) and ||f * g|l1.. < o The involution
on L'(G,w) is defined in exactly the same way as for L'(G). The algebra
L' (G, w) is called the Beurling algebra on G associated with the weight w.

It can be shown that, given any weight w on G, there always exists an
upper-semicontinuous weight w’ on G such that L'(G,w) = LY(G,w’) (Exer-
cise 1.6.35). However, we are not using this fact.

Lemma 1.3.5. Let G be a locally compact group and w a weight on G.

(i) Every compactly supported function in L*(G) belongs to L' (G, w).
(ii) C.(G) is dense in L'(G,w).

Proof. (i) is immediate since w is bounded on compact subsets of G by Lemma
1.3.3.

(ii) By (i), C.(G) € LY(G,w). To show that C..(G) is dense in L' (G,w), let
f € LY(G,w) and € > 0 be given. Since fw € L'(G), there exists h € C.(G)
such that ||h — fw||1 < e. Let S denote the compact support of h and observe
that w(z) > ¢ for some ¢ > 0 and all € S (Lemma 1.3.3). Since w is bounded
on S, w|s € L'(S) and hence there exists a continuous function 1 : S — R
such that n(x) > 6 for all x € S and

€l
In(x x)|de < .
/ [[7]]o

Now define a function g on G by g(x) = h(z)/n(x) for x € S and g(x) =0
for x ¢ S. Since 1/n(z) < 1/0 for all x € S, it is easily verified that ¢ is
continuous on G. Thus g € C.(G) and
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m—fmw=Awmmmn—ﬂmuwﬁéwmmummm

We estimate the first integral on the right as follows:

/Sw(x)|9(x) f(x )Idx</ (ﬁ)‘h(x) h(z)

(
+/ @]|"
()| de

/Vz — w(e) f(x)lds
nwm/| s
+ [ @) (o) @)l

<e+/|h ) — w(z) f(z)|dx.

It follows that
M—Nwﬁef/W@—M@NMM+/ w(@)|f(2)|de
G\S
—e+/|h —w(z)f(x)|dr < 2e.

This shows that C.(G) is dense in L'(G,w).

Lemma 1.3.6. Let w be a weight on G and f € L*(G,w).

(i) For every x € G, L, f € LY(G,w) and ||Lyfll1.0 < w(@)]fl1.0-
(ii) The map © — Ly f from G into L'(G,w) is continuous.

Proof. (i) follows simply from submultiplicativity of w:

|wﬁmwzjﬁﬂxl

. w()
/Wf Vo™
/Lf—%w v H)dt
.
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(ii) Assume first that f € C.(G) with support S, say. Let © € G and

choose a compact neighbourhood K of x in G. Let
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C =sup{w(s): s € KS} < 0.

Then, for y € K,
1Lyf — Lofllie = / Py — fa ) w(t)dt

KS
< 0/ Fy) — f )
KS
=C||Lyf — Ly f]1,

which tends to zero as y — x.

Finally, let f be an arbitrary element of L*(G,w) and € > 0. By Lemma
1.3.5 there exists g € C.(G) such that ||f — g|l1.. < €. Then, for all z and y
in G,

Ly f = Lafll1w

1w

Lyl + 1 L2lDIf = gll1w + [ Lyg — Lagl
e(wy) +w(@)) +[1Lyg = Lagll1.e-

IAIA

Since w is locally bounded, the preceding paragraph finishes the proof.

Using Lemma 1.3.6 and the local boundedness of w, it follows easily that
the approximate identity of L*(G) specified above also forms a bounded ap-
proximate identity for L' (G, w). If w is bounded away from zero, then L}(G,w)
is a subalgebra of L!(G), whereas if w is bounded, then L (G) is a subalgebra
of L'(G,w). In particular, if G is compact, then L'(G,w) = L'(G) as algebras.

It follows readily from the corresponding fact for L!(G) that the dual
space of LY(G,w) equals L>=(G,w), formed by all complex-valued measur-
able functions g on G such that g/w € L>°(G) and equipped with the norm
l9]loo.w = ||g/wlls0- So the continuous linear functionals on L!(G,w) are pre-
cisely those of the form f — [, f(x)g(x)dz, where g € L®(G,w).

1.4 Ideals and multiplier algebras

In this section we study ideals of normed algebras and introduce the concept
of a multiplier algebra. As examples, we describe all the closed ideals of Cy(X)
and the multiplier algebras of Cp(X) and L!(G).

Definition 1.4.1. Let A be a complex algebra and I an ideal of A. Then I
is called modular, if the quotient algebra A/I is unital, that is, there exists
u € A such that the two sets

Al—u):={x—au:z € A} and (1 —uw)A :={x —uzx:zc A}

are both contained in I. Such an element u is called an identity modulo I.
The ideal I is said to be a maximal modular ideal if it is modular and also a
maximal proper ideal.
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Every ideal containing a modular ideal is itself modular. Therefore an ideal
I of A is a maximal modular ideal if and only if it is maximal within the set
of all modular proper ideals. We henceforth denote by Max(A) the set of all
maximal modular ideals of A.

Lemma 1.4.2. Fvery proper modular ideal is contained in a maximal modular
ideal.

Proof. Let I be a proper modular ideal and let u € A be an identity modulo
1. Let L be the set of all ideals L of A such that I C L and v ¢ L. Then L
is nonempty since I € £. We order £ by inclusion and show that £ satisfies
the hypothesis of Zorn’s lemma. Thus let I be a totally ordered subset of £
and put L = J{K : K € K}. Then u ¢ L, and L is an ideal since K is totally
ordered. So L € £ and L is an upper bound for . Hence, by Zorn’s lemma,
L has a maximal element M. Also, if J is a proper ideal containing M, then
u ¢ J since otherwise x = (v —uz) + ux € M + J = J for all z € A. Thus
J € L and hence M = L. So M € Max(A). O

Remark 1.4.3. Suppose that A is commutative and has an identity e. Then
an element « € A is invertible if and only if x &€ M for every M € Max(A).
Indeed, z € G(A) if and only if Az is a proper ideal, and by the preceding
lemma this is equivalent to Az C M for some M € Max(A).

Lemma 1.4.4. Let A be a normed algebra and I a closed ideal in A. Then
A/I, equipped with the quotient norm, is a normed algebra. If A is complete,
then so is A/I.

Proof. Because A/I, with the quotient norm, is a normed space and com-
plete whenever A is, it only remains to observe that the quotient norm is
submultiplicative. Now, for =,y € A,

I+ Dy + D)l = oy + 1] = in ay + 2]

IN

nf (@ +a)(y+b)]

IN

" |
inf [l +al - ly+b]

[l + T[] - ly + 11|,
as required. O

Lemma 1.4.5. Let A be a Banach algebra and I a proper modular ideal of
A. If u € A is an identity modulo I, then

IN{zeA:||z—ul| <1} =0.

In particular, I is also a proper ideal, and every mazximal modular ideal of A
is closed in A.
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Proof. Let A’ be defined to be A if A has an identity e and A’ = A, the
unitisation of A, otherwise. If z € A is such that ||z —u|| < 1, then e — (u — x)
is invertible in A’ by Lemma 1.2.6. Write (e — (u — x))™' = y + Ae, where
y € Aand A € C. Then

e=Xe+y— A u—yu+ \x+yz.
Towards a contradiction, assume that x € I. If e € A, then
e=Xe—Xe)ut+y—yu+ (Ae+y)zel,
which is impossible. If e & A, then
(I-XNe=y— u—yu+ I x+yx € A,

which forces A = 1 and v = y — yu + = + yr € I, a contradiction. Thus z
cannot be contained in I. a

As an application of Urysohn’s lemma, we now determine all the closed
ideals of Cp(X).

Theorem 1.4.6. Let X be a locally compact Hausdorff space, and for each
subset E of X let

I(E)={feCyX): f(x) =0 for all x € E}.

Then the map E — I(E) is a bijection between the collection of nonempty
closed subsets of X and the proper closed ideals of Co(X). Moreover, I(E) is
a modular ideal if and only if E is compact, and I(E) € Max(Co(X)) if and
only if E is a singleton.

Proof. It is clear that I(E) is a closed ideal of Cy(X). Since, given any point

x € X, there exists f € Cy(X) such that f(z) # 0, it follows that I(F) is

proper whenever E # (). Moreover, if E is a closed subset of X and z € X \ E,

then by Urysohn’s lemma there exists f € Cy(X) such that f|g = 0 and

f(x) # 0. This in particular implies that the assignment £ — I(E) is injective.
Now let I be a proper closed ideal and set

E={reX: f(x)=0forall fel}.

Then E is a closed subset of X and I C I(E). To prove that actually I = I(E),
we show first that every g € C.(G) with E Nsupp g = @) belongs to I. To that
end, let C' be any compact subset of X with C' N E = (). For every z € C
there exists h, € I such that h,(z) # 0. Then |h;|* € I,|h;[* > 0 and
|hz|?(z) > 0. Because C is compact, there exists a finite subset F' of C' such
that the function h defined by

reF zel
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is strictly positive on C. Note that h € I.

Now, let J be the set of all g € C.(X) such that ENsuppg = 0. By what
we have just seen, for any g € J there exists h € I such h(y) > 0 for all
y € suppg. Define a function f on X by f(x) = 0 for z € X \ suppg and
f(x) = g(x)/h(x) for x € suppg. It is easily verified that f is continuous.
Thus f € Co(X) and g = fh € I. This shows that J C I, as announced
above.

On the other hand, J is dense in I(E). To see this, let f € I(E) and € >0
be given and let C' = {z € X : |f(z)| > €}. Then C is compact and CNE = ().
Again, by Urysohn’s lemma, there exists h € C.(X) such that h(X) C [0, 1],
hlc =1 and supph C X \ E. Then g = fh € J and ||f — g|loo < €.

Since [ is closed, combining what we have shown yields that

I(E)CJCI=1CIE),

so that I(E) = I. Clearly, E # () since otherwise C,(X) C I, whence I =
Co(X).

Finally, if F is compact then there exists u € Cp(X) with u(x) = 1 for
all x € E, and this shows that Co(X)(1 —u) C I(E). Conversely, if I(E) is
modular, there exists v € Cy(X) such that Cy(X)(1—w) C I(E). This implies
that v = 1 on E and hence E is compact since u € Co(X). The remaining
assertion concerning maximal modular ideals is now obvious. O

Let G be a locally compact group. The closed ideals of L!(G) turn out to
be nothing but the closed translation invariant subspaces of L!(G).

Proposition 1.4.7. A closed linear subspace I of L'(G) is an ideal in L'(G)
if and only if I is two-sided translation invariant.

Proof. Suppose that I is two-sided translation invariant. We have to show
that g« f € [ and f*g € I foreach f € I and g € L(G). Let ¢ € L>(G) be
such that [, f(z)p(z)dx = 0 for all f € I. Then, for f € I and any g € L'(G),

s @z = [ ot ( [ aensora) ao
=/Gsa(w) (/Gg(y)f(ylar)dy) dx
- [ st ( / Lyf(xw(x)dx)

0.

Since L'(G)* = L*°(G), the Hahn-Banach theorem implies that g * f € I for
all f € I and g € L*(G). Thus [ is a left ideal, and using the right translation
invariance of I, it is shown in the same way that [ is a right ideal.

Conversely, let I be a closed ideal of L}(G) and z € G. Let V be a
symmetric compact neighbourhood of e in G and let |V| denote the Haar
measure of V. Then
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[ s [ ptatas

< [ ([ 1t = ey ) as

— v / |Lof — Lo(Lo f)|ads
1%

sup HLSf_LS(wa)Hl'

seV

1Lof — V] Loy # )1 = /G vt dy

IN

The map s — Lsg from G into L!(G) is continuous for any g € L!(G). Thus
for every € > 0 there exists V' such that

sup || Lsf — Ls(Laf)|1 < e
seV

As I is a closed ideal, it follows that L, f € I. Similarly, it is shown that I is
right translation invariant. O

The assertion of Proposition 1.4.7 also holds for Beurling algebras L*(G, w).
The proof is as for L!(G) (Exercise 1.6.38). The following two lemmas concern
the existence of bounded approximate identities in ideals of normed algebras.

Lemma 1.4.8. Let I be a closed ideal of a normed algebra A.

(i) Suppose that A has a (bounded) left approzimate identity. Then A/I has
a (bounded) left approximate identity.

(ii) Suppose that I and A/I have left approximate identities with bounds M
and N, respectively. Then A has a left approzimate identity with bound
M+ N+ MN.

Proof. (i) Clearly, if (e)) is a (bounded) left approximate identity for A, then
(ex + 1)y is a (bounded) left approximate identity for A/I.

(ii) Let 21,...,2, € A and € > 0. There exist u € A with ||u]| < M and
Yis-..,Yn € I such that

lj = uaj +ysll < j=1,...,n.

(1+N)’

Moreover, there exists v € I such that ||v|| < N and |ly; — vy,|| < €/2 for
1<j<n. Let w=u+wv—ou;then ||lw]| <M+ N+ MN and

l#; — wa;|| < [[(z; — ux; +y5) — v(z; —uw; + ;)| + ly; — vy;ll
- (1+N)e e
“2(1+N) 2
The statement now follows from Proposition 1.1.10. ad

Lemma 1.4.9. Let I and J be closed ideals with bounded left approximate
identities. Then the ideals INJ and I 4+ J both have bounded left approximate
identities.
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Proof. Let (ux)x and (v,), be bounded left approximate identities for I and
J, respectively. Then (ujvy,)z,, is a bounded left approximate identity for
I'nJ since uyv, € I'NJ and

[l — wyvpe| <l —wz| + [lusll - [ = vuz]] — 0

for every z € I'N J.
Let wx,u = ux + v, —vuux. Then, for x € I and y € J,

Iz +y) —wsu(z+yll < |z —use] +[ly — vyl
Hloull -z = wazll + [luxy = vauryll

This shows that (wx ,)x,, is a bounded left approximate identity for I+ J. A
simple approximation argument shows that the same is true for I + J. ]

Of course, there are obvious analogues of Lemmas 1.4.8 and 1.4.9 for right
approximate identities. We now introduce the important concept of multiplier
algebra.

Definition 1.4.10. A Banach algebra A is said to be faithful if for every
a € A, the condition Aa = {0} implies a = 0. A mapping T : A — A is called
a multiplier of A if x(Ty) = (Tx)y holds for all z,y € A. Let M(A) denote
the collection of all multipliers of A. The next proposition shows that M (A)
is a commutative Banach algebra, which is called the multiplier algebra of A.

Proposition 1.4.11. Let A be a Banach algebra and suppose that A is faith-
ful. Then M(A) is a commutative closed subalgebra of B(A) with identity.

Proof. For T € M(A), z,y,z € A, and «, f € C, we have

aT(oy + Bz) = (Tx)(ay + Bz) = a(Tx)y + B(Tx)z
=z(aTy + Tz).

Since A is faithful, this implies that T'(ay + 8z) = aT'y + Tz, so T is linear.
Moreover, if T € M(A), y,z € A, and (y,), is a sequence in A such that
Yn — y and Ty, — z, then for each z € A,

2z —2(Ty)|| < llz] - [z = Tynll + [(Tx)yn — (Tz)y||
<l - Nz = Tyall + 1T - llyn — yll-

Thus zz = z(Ty) for all + € A and hence, as A is faithful, z = T'y. By the
closed graph theorem, T is a bounded linear operator.

If (T))y is a sequence in M (A) and T' € B(A) is such that ||T,, — T'|| — 0,
then for all z,y € A,

[2(Ty) = (Tx)y[| < l2(Ty) — 2(Tay)|| + [(Taz)y — (Tz)y||
< 2l|z(l - lyll - 1T = T,
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and so z(Ty) = (T'z)y. Thus M (A) is closed in B(A).
Finally, to show that M (A) is commutative, observe first that if T" € M(A)
and x,y,z € A, then

2(2(Ty)) = z2(Tx)y) = (T2)x)y = (Tz)(xy) = 2T (2y),

and hence faithfulness implies z(T'y) = (Tx)y = T(zy) for all z,y € A.
Therefore, if T,.S € M(A), then

(T'(Sz))y = T((Sz)y) = (T'S)(zy) = T(2(Sy)) = =((TS)y)

and also
z((ST)y) = (Sz)(Ty) = (T(Sz))y

for all x,y € A. Thus (ST)y = (T'S)y, and hence M(A) is a commutative
subalgebra of B(A). O

It is easy to see that, with minor modifications of the proof, Proposition
1.4.11 remains valid when the hypothesis that Ae = {0} implies a = 0 is
replaced by aA = {0} implies a = 0.

Suppose that A is commutative and, for € A, define the multiplication
operator L, : A — A by L,y = xy. Clearly, L, € M(A). If A has an identity
e, then there are no other multipliers because every T' € M (A) satisfies

Tex=eTx= (Te)r = Lyex

for all x € A, which shows that T" = Lp.. However, when A is nonunital,
M (A) can be much larger. For instance, if A is an ideal in a larger algebra B,
then for every b € B, Ly|4 is a multiplier of A.

Theorem 1.4.12. Let A be a faithful commutative Banach algebra. Then the
mapping L : © — Ly is a continuous isomorphism of A onto the ideal L(A) =
{L, :x € A} of M(A). If A has an approzimate identity bounded by C > 0,
then 1/C < ||L|| < 1.

Proof. 1t is obvious that z — L, is a norm decreasing homomorphism of A
into M(A). The range of A is an ideal of M(A) since, for T € M(A) and
x,y € A,

(L, T)yy =x(Ty) = (Tx)y = Lrsy.

Let (eq)a be an approximate identity for A with norm bound C' > 0. Then

1 x
Ll = sup{layi] v € Ay <1} > 1, sup eea] > 7]

for each z € A, and so ||L|| > . O

We now identify the multiplier algebra in two concrete cases.
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Example 1.4.13. Let X be a locally compact Hausdorff space. We show that
the multiplier algebra of C(X) can be canonically identified with C*(X).

Clearly, any f € C°(X) defines a multiplier T of Co(X) by Trg = fg,9 €
Co(X), and || T¢|| < ||flloc. Conversely, let T be an arbitrary multiplier of
Co(X). For every x € X there exists g € Cp(X) such that g(z) # 0, and for
any two such functions g1, g2, we have

Tgi(x) _ Tga(x)

gi1(z)  ga(x)
since g2(T'g1) = (T'g2)g1. Thus we can define a function f on X by f(x) =
Tg(x)/g(x), where g € Co(X) is such that g(x) # 0. This function f is
continuous on X because f(y) = T'g(y)/g(y) for all y in a neighbourhood of
2. The function f also satisfies T'g(x) = f(x)g(x) for all g € Cp(X) and x € X
since (Tg(z))? = g(z)(T?g)(x) = 0 whenever g(z) = 0. Moreover, || f|lc <
[|T]]. In fact, given & € X, by Urysohn’s lemma there exists g € Cy(X) such
that g(z) =1 = ||g||oo, and this implies

[f (@) = Tg(@)] < [[Tgllec <71 llglloc = 1Tl

It follows that the mapping f — T’y provides an isometric algebra isomorphism
between C*(X) and the multiplier algebra of Cp(X).

Example 1.4.14. Let G be a locally compact Abelian group. We determine
the multiplier algebra of L!(G). Since L!(G) is an ideal in M (G), it is immedi-
ate that for every p € M(G), the convolution operator 7}, : L'(G) — L'(G),
defined by T, f = px f, f € L*(G), is a multiplier of L'(G) with ||T,,|| < ||pl-

It is less evident that every multiplier of L!(G) arises in this way. To see
this, let T € M (L'(G)) be given and view T as a continuous linear mapping
from L'(G) into M(G). Let (ua)a be an approximate identity for L(G) with
[lualls = 1 for all o, and consider the bounded net (Tuy)o. Now M(G) =
Co(G)* and the ball of radius ||T]| in M(G) is w*-compact by the Banach-
Alaoglu theorem. We can therefore assume that the net (T'uq)o converges in
the w*-topology to some p € M(G) for which ||u| < ||T]. We claim that
T = T),. Once this is shown, it also follows that ||T),|| = ||x]|.

Since C.(G) is dense in Ll(G) it suffices to show that T'(f) = px* f for all
f € Ce(G). Let ( = [o9(x) ) for g € Cyp(G) and v € M(G). For all
frg € Co(G) we then have

<gaT(u0¢ * f)> = <gvf * T(ua)> = <f* * g,T(Ua)>,
which converges to (f* * g, u) = (g, o * f). On the other hand,
(9, T (ua * f)) = (g, TN < Mlgllocl|TI| - e  f = fll1,
which tends to zero. It follows that

(9. T(f)) =g, f)

for all f and g in C.(G). This implies that T'(f) = p* f for all f € C.(G) and
hence T'=1T,.



30 1 General Theory of Banach Algebras

1.5 Tensor products of Banach algebras

The formation of tensor products, notably the projective and the injective
tensor product, of two Banach spaces is one of the most important processes to
construct new Banach spaces. In this section we consider these constructions
in the context of Banach algebras.

Proposition 1.5.1. Let A and B be algebras. On the vector space A®R B there
exists a unique product with respect to which A® B is an algebra, the algebraic
tensor product and which satisfies (a @ b)(c®@d) = ac®@bd for all a,c € A and
b,d € B.

Proof. Given a € A and b € B, there exists a unique linear operator A(a, b)
on A ® B such that

AMa,b)(c®d) =ac®bd (ce€ A,de B).

The mapping (a,b) — A(a,b) is bilinear. Thus there exists a unique linear
mapping p from A ® B into the space of linear mappings from A ® B into
itself such that
(@ ©b) = Aa,b)
for all a € A and b € B. The required product on A ® B can then be defined,
for u,v € A® B, by
wv = pi(u)(v).
It is straightforward to check that this is a product on A ® B, and it satisfies

(a®b)(c®d) =pla®b)(c®d) =Xa,b)(c®d) =ac® bd

for all a,c € A and b,d € B. Finally, it is clear that this last equation deter-
mines the product uniquely. a

Let A and B be Banach spaces and let 7 denote the projective tensor norm
on A® B and A®,B the projective tensor product, the completion of A® B
with respect to 7 (Appendix A.2). Recall for later use that every element x
of A®,B can be written as a series z = Z;’il a; ®@b;, where a; € A,b; € B,
and 3072, [lag|| - [|bs]| < oo (Proposition A.2.9). Now assume that A and B
are Banach algebras.

Lemma 1.5.2. The projective tensor norm on A ® B is an algebra norm.
Proof. Let x = E?:l a; @ b; and y = Z;n:l ¢; @ d;. Then

n m

Ty = Z Z a;cj & bidj

i=1 j=1

and



1.5 Tensor products of Banach algebras 31

DO llaics| - [1bids | < <Z lla:| - IIbi|> (Z llesll - IIdj|>-
i=1 j=1 j=1

i=1

Taking the infima over all such representations of = and y, we conclude that
m(zy) < m(@)m(y). O

Now let A and B be Banach algebras. By Lemma 1.5.2 we can extend the
product on A ® B to A®,B. Then A®,B becomes a Banach algebra, which
is commutative if and only if both A and B are commutative. Moreover, if A
and B are s-algebras, then A ®,B is a Banach #-algebra for the involution
defined by (a ®@b)* =a* ®@b* for a € A and b € B.

In passing we insert a simple result concerning the existence of bounded
approximate identities in A ®, B. We formulate it in terms of left approximate
identities, but of course the analogous assertions are true for right and two-
sided approximate identities.

Lemma 1.5.3. Let A and B be Banach algebras having left approzimate iden-
tities bounded by M and N, respectively. Then A ®@,B has a left approzimate
identity bounded by MN.

Proof. Let (ux)x and (v,), be left approximate identities bounded M and N
of A and B, respectively. Let = = > 72 | a;®@b; € A&, B such that > e llagll-
[[bj| < o0, and let € > 0. Choose n € N with the property that ||z —377_, a;®
b;|l < e and choose R > 1 so that ||a;]|, ||b;|| < R for 1 < j < n. There exist Ao
and /1 such that [|aj—uxa;|| < €/(nR) for all A > X\ and [|b; —v,b;|| < €/(nR)
for all g > pp and all 1 < j < n. It follows that

[ = (ux @ vu)z| < e(l+ MN)+

Y oa; @b — (A @u) Y a;®b;
j=1 j=1

<e(l+MN)+ Y [la; —uras] - [[bs]
j=1

+> Nl - 165 — vubs]
j=1

+ 3 llay —unay]| - [1b; — vabs |
j=1
1+ MN)2 €\
<
<e(l+ ) e+n(nR)
<e(d+ MN).

This shows that the net (uxvy)x,, is a left approximate identity for A&®.B
bounded by M N. O
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Let A be a Banach algebra and G a locally compact group with left Haar
measure dz. It is easily verified that L1(G, A) is a Banach algebra with con-
volution product given by

(f *9)(x /fxy )

for f,g € L*(G), and almost all z € G. Moreover, if A is a Banach x-algebra, it
is straightforward to check that f*(z) = A(z~!)f(z~1)* defines an isometric
involution on L!(G, A), so that L'(G, A) is a Banach *-algebra as well.

We now realize L'(G, A) as the projective tensor product of L'(G) and A.

Proposition 1.5.4. Let G be a locally compact group and A a Banach algebra.
For f € LY (G) and a € A define fa € LY(G,A) by fa(x) = f(z)a for
x € G. Then there is an isometric algebra isomorphism ¢ of L*(G) @A onto
LY(G, A) such that ¢(f ® a) = fa for all f € LY(G) and a € A.

Proof. The mapping (f,a) — fa from L'(G) x A into L'(G, A) is bilinear.
Hence there exists a unique linear mapping

¢: LYG)® A — LYG, A)

such that ¢(f ®a)(z) = f(x)a for all f € L}(G), a € A and almost all z € G.
The map ¢ is a homomorphism since

o(f rg) @ (/fxy )ab

— [ (Fewa)(aty iy
G

- /G o(f ® a)(zy)é(g ® )y~ )dy
= (&(f ® a) * bg ® b))(@),

for all f,g € LY(G),a,b € A and almost all z € G. For u = 1" | f; ® a; €
LY(G) ® A it follows that

[o(u)]l1 = Qi a; ()| dz

dx</ Zm il dz

az

= Z”fi”l”aiH'
i=1

This implies that ||¢(u)||1 < 7(u). Thus ¢ extends uniquely to a norm de-
creasing homomorphism, also denoted ¢, from L'(G) &, A into L'(G, A).
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Now, let f € L'(G, A) be a Bochner integrable simple function,

= Z Ly, (7)a;
j=1

say, where a; € A and the M; are measurable and pairwise disjoint subsets
of G, 1 <j<n.Let

u:Zle@)aj ELl(G)®A
j=1
Then ¢(u) = f and
<> It lhllagh =D 1M1 - llagll = 111 = llé ()]s
j=1 J=1

The space of integrable simple functions is dense in L!(G, A). Thus it follows
that ¢ is an isometric isomorphism from L!(G) ®.A onto L}(G, A). O

If G and H are locally compact groups, their direct product G x H will
be equipped with the product of left Haar measures of G and H.

Proposition 1.5.5. Let G and H be locally compact groups. Then there exists
an isometric x-isomorphism ¢ from L'(G) &, L' (H) onto L' (G x H) such that

o(f @9)(z,y) = f(x)g9(y)
for all f € LY(G), g € L'(H), and almost all x € G and y € H.
Proof. We define a linear mapping ¢ from L'(G x H) onto L'(G,L'(H))

by [Y(F)(z)](y) = F(z,y). It is easy to check that ¢(F*) = ¢ (F)*. Using
vector-valued integration, we have

WEMMMU—LMFww()ﬁwwMﬁ
= [ ] pEes e e
= [ B <Pl
— ([t umie) o

for Fy, Iy € LY (G x H). Moreover,

me:LWWMM=LAmewMﬂWh



34 1 General Theory of Banach Algebras

In Proposition 1.5.4 we have seen that there exists an isometric isomorphism
p from L'(G) ®,LY(H) to L'(G, L*(H)) satisfying p(f @ g)(z) = f(z)g for
all f € LYG), g € L*(H), and almost all + € G. Clearly, p preserves the
involution. Since p is surjective and the range of 1 contains p(L(G)® L' (H)),
1 is also surjective. So

p=1"'op: L'(G)®L'(H) — L'(G x H)
is the desired isometric *-isomorphism. O

It does not seem to be clear at all under what conditions the injective
norm on the algebraic tensor product of two Banach algebras A and B is an
algebra norm. The following proposition in particular shows that this is the
case when B = Cy(X) for some locally compact Hausdorff space X.

Proposition 1.5.6. Let X be a locally compact Hausdorff space and A a Ba-
nach algebra. Then Cy(X) @A is isometrically isomorphic to Co(X, A).

Proof. For f € Cp(X) and a € A, fa € Cy(X, A) is defined by fa(z) =
f(@)a,z € X. The mapping (f,a) — fa from Cy(X) x A into Cy(X, A) is
bilinear. Hence there exists a unique linear map ¢ : Co(X) ® A — Cp(X, A)
such that ¢(f ® a)(z) = f(x)a for all f € Co(X),z € X,a € A. Clearly, ¢ is
a homomorphism. For u =>"" | fi ® a;, fi € Co(X), a; € A, we have

()]l = sup{l[¢(u)(z)| : z € X}

= sup{ Tx € X}
> gl fi

= sup :geAT,xeX}
i=1

{
o [S] e
s

=sup | gla)u(fi)| g€ Af,pe CO(X)T}

n

Z fi(z)a;

=1

= e(zn:fi@)ai).
i=1

Thus ¢ is an isometry. It remains to show that ¢(Co(X) ® A) is dense in
Co(X, A). Since C.(X,A) is dense in Cy(X, A), we can assume that X is
compact. Let f € C(X,A) and € > 0 be given. Choose x1,...,x, € X such
that for each x € X there exists j so that ||f(z) — f(z;)|| < e For1<j<n,
define V; C X by V; = {z € X : || f(z) — f(z;)|| < €}. Then the sets V1,...,V,
form an open cover of X. Because X is a compact Hausdorff space, there is
a partition of unity subordinate to this cover. That is, there are continuous
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functions h; : X — [0,1],1 < j < n, satisfying h;(z) = 0 for ¢ V; and
S hj(xz) =1 for all z € X. For each x € X, follows that

Hf(:c) - ¢<Zhj ® f(%)) ()
j=1

> () (f(x) - f(me

j=1
< hi@)||£(@) - f(=)]| <e

where the last summation extends over all 1 < j < n such that x € V. This
shows that the image of Cp(X) ® A is dense in Cy(X, A). O

Let X and Y be locally compact Hausdorff spaces. It is easy to see that
Co(X,Cp(Y)) is isometrically isomorphic to Co(X x Y) (Exercise 1.6.47).
Combining this with Proposition 1.5.6 shows that Cy(X) ®.Co(Y) is isomet-
rically isomorphic to Cp(X x Y).

1.6 Exercises

Exercise 1.6.1. A seminorm on an algebra A is a function s : A — [0,00)
satisfying s(z + y) < s(z) + s(y) and s(A\zx) = |Ms(z) for all z,y € A and
A € C. Suppose that s has the square property s(z?) = s(x)?, x € A. Show
that

s(ay +yo) < 2[s(2)? + s(y)* + s(x)s(y)]

for all z,y € A.

Exercise 1.6.2. Let A be a commutative algebra and || - || a norm on A
satisfying the square property |z%| = ||z||?, z € A. Proceed as follows to
show that || - || is submultiplicative.

(i) The equation day = (z +y)? — (z — y)* implies 2[|lzy[| < (|l=[| + [ly[)?
for all z,y € A.

(ii) Deduce that |lzy| < 2||z| - ||y|| by first considering the case where
]I, llyll < 1.

(iii) Replace = and y by 2" and 3", n € N, respectively, and let n — oo
to conclude that [|zy|| < ||z|| - ||yl

Exercise 1.6.3. Let A be a Banach algebra and let « and y be two commuting
idempotents in A, that is, 22 = z,y? = ¥y, and zy = yz. Prove that either
x =y or |z —y| > 1. Find an example showing that this may fail if zy # yx.

Exercise 1.6.4. Let Ay, A € A, be a family of Banach algebras and let

A={z=(zr)x€ H Ay sup [z, < oo}
e xeA

Prove that, with componentwise algebraic operations and the norm ||z| =
supye4 ||za]|, A becomes a Banach algebra.
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Exercise 1.6.5. Let A be a Banach algebra and let A* and A™* denote the
first and the second dual of A. For a,b € A, f € A*, and m,n € A** define
elements f-a and m - f of A* and mn of A** by

(f-a,b)y = (f,ab), (m- f,a) = {(m, f-a) and (mn, f) = (m,n- f),

respectively. This product (m,n) — mn on A** is called the first Arens prod-
uct. Show that A**, equipped with the first Arens product, is a Banach algebra
and that the canonical embedding i : A — A** is an isomorphism between A
and the subalgebra i(A) of A**.

Exercise 1.6.6. Retain the notation of Exercise 1.6.5 and suppose that A is
commutative. Then A** need not be commutative.

(i) Show that ma = am for m € A** and a € A.

(ii) Show that, for fixed n € A**, the mapping m — mn is continuous for
the w*-topology on A**.

Exercise 1.6.7. A derivation on an algebra A is a linear mapping of A into
A such that
D(xy) = 2(Dy) + (Dz)y  (z,y € A).

Show that a derivation D satisfies (with the convention that D° = I) the

Leibniz rule N
" (zy) =Z<>D”3 )(D7y)

j=
(neN,z,y € A).

Exercise 1.6.8. Let D be a continuous derivation on a Banach algebra A.
Show that

— 1
expD:A— A, (expD)x:Z Dz,
— n!

is a continuous automorphism of A.

Exercise 1.6.9. Show that for 1 < p < oo, I? = [P(N) with multiplication
defined by (an)n(bn)n = (anbn)n and the || - [|,-norm is a Banach algebra,
which has an unbounded, but no bounded approximate identity.

Exercise 1.6.10. Let X be a noncompact locally compact Hausdorff space
and denote by X the one-point compactification of X. Show that C'(X) is
algebraically (though not isometrically) isomorphic to the algebra obtained
by adjoining an identity to Cp(X).

Exercise 1.6.11. For 0 < « < 1, let Lip,[0, 1] be the space of all continuous
complex valued functions on [0, 1] which satisfy a Lipschitz condition of order
a. That is, f € C[0, 1] belongs to Lip,[0, 1] if and only if
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[fllo = sup |f(®)|+ sup |f(5)_— fa(t)| .
0<t<1 0<s<t<1 |s—t]

Prove that, with pointwise multiplication and the norm f — || f|a, Lipa[0, 1]
is a Banach algebra.

Exercise 1.6.12. Define a convolution product on L![0,1] by

(f *g)(t) = / f(t— $)g(s)ds, frg € L'0.1], teo,1].

With this product, L'[0, 1] becomes a commutative Banach algebra, called the
Volterra algebra and denoted V. Clearly, V' does not have an identity. Prove
that V has a bounded approximate identity.

Exercise 1.6.13. Let D° be the open unit disc. For any 1 < p < oo, let
HP?(D°) denote the classical Hardy space. Recall that H?(DD°) consists of all
holomorphic functions f : D° — C for which the values [, |f(rz)[Pdz are
bounded as r varies through 0 < r < 1. With the norm

1 2m 1/p
= su re't pdt) ,
S O

HP(D®) is a Banach space. Show that H”(ID°) becomes a commutative Banach
algebra when endowed with the so-called Hadamard product. This product is
given by
1 _ _
(Fo)e) = o [ Flwiglew o,

2w

r

where |z| <7 < 1 and v,(t) = re*™ ¢ € [0, 1]. Note that because f and g are
holomorphic on D°, the value of this integral does not depend on the choice
of r with |z| <r < 1.

Exercise 1.6.14. Let A be a unital algebra with involution * and let u be an
invertible element of A such that u* = u. For x € A, define ¥ by ¥ = v~ 'z*u.

Show that z — 7 is an involution on A.

Exercise 1.6.15. Show that an involution can be defined on the disc algebra
A(D) by setting f*(z) = f(z) for f € A(D), z € D. Verify that this involution
is isometric, but does not satisfy the C*-condition.

Exercise 1.6.16. For z € D, let v, € A(D)* denote the point evaluation at
z, that is, . (f) = f(z) for all f € A(D). Let z,w € D such that z # w. Show
that [[¢. — pullam)- = 2 if and only if |z| = 1 or |w| = 1.

Exercise 1.6.17. Let A be a Banach algebra and let (z,,), be a sequence of
invertible elements of A converging to a non-invertible element. Prove that

lim,, o0 |2, 2] = 00.
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Exercise 1.6.18. Let A be a Banach algebraand r4 : A — [0,00),2 — 74(x)
the spectral radius function. Show that r4 is upper semicontinuous, and if
x € A is such that r4(z) = 0, then ry4 is continuous at x.

Exercise 1.6.19. Let A be a Banach algebra, let © € A, and let U be an
open subset of C containing o4 (x). Prove that there exists 6 > 0 such that
oa(y) CU for all y € A with ||y — z|| < . Compare this with Exercise 1.6.18.

Exercise 1.6.20. Let A = B(I*(N)) and let T € A be the unilateral shift
defined by (Tx); = 0 and (Tz), = z,_1 for n > 2 and z = (x,), € [*(N).
Show that o4 (T*T) # ca(TT™*).

Exercise 1.6.21. Let A be the convolution algebra ['(Z) and B the closed
algebra consisting of all z = (z,,), € [*(Z) such that z,, = 0 for all n < 0.
Show that (TA(51) 75 0']3(51).

Exercise 1.6.22. Let X = {2 € C:1<|z|] <2} and f(2) =2,2€ X. Let A4
be the smallest closed subalgebra of C(X) that contains 1 and f, and let B be
the smallest closed subalgebra of C'(X) that contains f and 1/f. Determine
the spectra o4 (f) and op(f). Do the same when X is a circle.

Exercise 1.6.23. Let H>°(D°) denote the algebra of all bounded holomor-
phic functions on the open unit disc D°. Equipped with the supremum norm,
H®(D°) is a Banach algebra. Show that o(f) = f(ID°) for every f € H>(D°).

Exercise 1.6.24. Let A be a Banach algebra with identity e, and let B be a
closed subalgebra of A with e € B. Suppose that A is not commutative and
B is a maximal commutative subalgebra of A. Show that o4 (z) = op(x) for
every x € B.

Exercise 1.6.25. Let A be a Banach algebra with identity e and let z € A
be such that 22 = x. Show that o4(x) C {0,1} and compute the resolvent
function R(z,\) = (Ae —x)~ L.

Exercise 1.6.26. Let A be a Banach algebra with identity e and B a closed
subalgebra of A containing e. Show that if z € B is such that op(z)° = 0,
then o4 (z) = op(z).

Exercise 1.6.27. Let X be a locally compact Hausdorff space.

(i) Prove that o, (x)(f) = f(X) for every f € Co(X).

(ii) Show that o, (x)(f) = f(X) for every f € Co(X) if and only if X is
not o-compact.

Exercise 1.6.28. Let A be a Banach x-algebra and B a C*-algebra, and let
¢ : A — B be a x-homomorphism. Show that ¢ is continuous and ||¢|| < 1.

Exercise 1.6.29. Let G be a discrete group and 0 < p < 1. Show that IP(G)
with the convolution product is a commutative Banach algebra.
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Exercise 1.6.30. (i) Let G be nontrivial discrete group. Show that the || - [|1-
norm on the Banach #-algebra [1(G) fails to be a C*-norm by considering a
linear combination of, say, three Dirac functions.

(ii) Prove the analogous statement for L(R™).

Exercise 1.6.31. Let n € N, 1 < p < oo and
A={feL'R"): feL’R")]}.
Show that A becomes a Banach algebra under the norm || f|| = || f||1 + HJ?HP

Exercise 1.6.32. Let L!(R™") denote the subalgebra of L!(R) consisting of
all functions f such that f(¢) = 0 for all ¢ < 0. The purpose of this exercise
is to show that L!'(R") is generated by the function f defined by f(t) = e~?
fort >0 and f(¢t) =0 for t <O0.

(i) Show that f(y) =1/(1+ iy) for all y € R. Hence (f)(j) is a constant
multiple of (f)7 ! for all j € No.

(ii) Deduce from (i) that the n-fold convolution product f™ satisfies
f(t) = cot™ 1 f(t) for all t € R and n € N and some c,, # 0.

(iii) Let g € L°(RT) = L' (R*)* be such that

(f",9) = /OOO fr(t)g(t)dt =0

for all n € N. Define a function F’ on the right half plane by
F(z)= / e Zg(t)dt.
0

Then F is holomorphic and satisfies F(™) (1) = 0 for all n € Ny. Therefore
F(1+4y) =0 for all y € R. Conclude that g = 0.

Exercise 1.6.33. Let k € N and C = [0,1]* C R¥ and view Z* as the set of
all points in R* with integer coordinates. For a continuous function f on R*
define

M(f) = .
(f)= 3 max|f(a+n)|
nezkr
Let A be the set of all functions f for which M (f) < oo. Prove that A is a
subalgebra of L'(R*) and f — M(f) is a Banach algebra norm on A.

Exercise 1.6.34. Give an example of a weight w on Z with the property that
if f € IY(Z,w), then the function f*, defined by f*(n) = f(—n), need not
belong to I1(Z,w).

Exercise 1.6.35. Let G be a locally compact group and w a weight function
on GG. Let V be the family of all compact neighbourhoods of the identity of G
and define w’ on G by
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"(z) = inf cy e Vi)
o'(z) = if {sup{w(zy) :y € V}}

Prove that w’ is an upper semicontinuous weight on G and that L'(G,w) =

LY(G,uw").

Exercise 1.6.36. Let G be a locally compact Abelian group and let w; and
wy be two weights on G such that L'(G,w;) C LY(G,ws). Show that there
exists a constant ¢ > 0 such that wo(x) < cwi(x) locally almost everywhere
on G.

(Hint: [Lf]] = [1./]

Exercise 1.6.37. A weight function w on R™ is said to be of regular growth
if it satisfies the following two conditions.

(1) w(z/t) <w(z) for all z € R™ and ¢ € [1, 00).

(2) There are constants C' > 1 and « > 0 such that w(tx) < C't*w(z) for
all z € R™ and ¢t € [1, 00).

Observe that condition (2) implies that w(x) < D-||z||* whenever ||z|| > 1,
where D = C - sup{w(z) : ||z|| = 1}. Let v be any measurable function on
R™ satistying v(x) > 0, v(z + y) < v(x) + v(y) and ~(z/t) < v(x) for all
x,y € R", ¢t > 1. Show that then w(z) = (1 + v(x))%, o > 0, defines a weight
of regular growth on R™.

1w+ || fll1.w, defines a complete norm on L'(G,w1).)

Exercise 1.6.38. Let G be a locally compact group and w a weight on G.
Adopt the proof of Proposition 1.4.7 to show that a closed linear subspace
of LY(G,w) is an ideal in L'(G,w) if and only if I is two-sided translation
invariant.

Exercise 1.6.39. Let H be a Hilbert space and K(H ) the algebra of compact
operators on H. Let P be a projection of finite rank in H. Show that KC(H)P
is a closed modular left ideal of K(H).

Exercise 1.6.40. Let H be a Hilbert space. Determine the minimal closed
proper left ideals of O(H) and the maximal modular left ideals of IC(H).

Exercise 1.6.41. Let X be a compact Hausdorff space, Y a closed subspace
of X and I theideal {f € C(X) : f|y = 0}. Show that C'(X)/I is isometrically
isomorphic to C(Y).

Exercise 1.6.42. Let A be the space of all sequences f : N — C such that
kf(k) — 0 as k — oco. With pointwise multiplication and the norm

[f|I = sup{k|f(F)| : k € N},

A is a Banach algebra. Show that the multiplier algebra of A is isometrically
isomorphic to {*°(N), where g € {*°(N) acts on A by pointwise multiplication.

Exercise 1.6.43. For 1 < p < oo, let [P = [P(N) be as in Exercise 1.6.9. Show
that the multiplier algebra of (P is isometrically isomorphic to [°°.



1.7 Notes and references 41

Exercise 1.6.44. Let G be a compact Abelian group and let T" be an injective
multiplier on L'(G). Use the two facts that M(L'(G)) = M(G) and that
G C LY(G) to show that T has dense range.

Exercise 1.6.45. Let A be a faithful Banach algebra. Let T' € M(A) and
suppose that 7' is bijective. Show that T~ € M(A).

Exercise 1.6.46. Let A be a faithful Banach algebra. Show that the multi-
plier algebra M (A) is complete in the strong operator topology on B(A) in
which a net (Ty), converges to T if and only if | Tpx — Tx|| — 0 for all z € A.

Exercise 1.6.47. Let X and Y be locally compact Hausdorff spaces. For
f € Cuo(X,Cu(Y)), define ¢(f) on X x Y by ¢(f)(x,y) = f(z)(y). Show that
the mapping ¢ : f — ¢(f) is an isometric isomorphism from Cy (X, Cy(Y))
onto Cp(X x Y).

Exercise 1.6.48. Let X and Y be nonempty sets and endow [*(X) and
(V) with the pointwise product. Show that the projective tensor product
IM(X) ®,11(Y) is isometrically isomorphic to I*(X x Y).

Exercise 1.6.49. Let A be a Banach algebra and w4 : A @,A — A the
continuous homomorphism satisfying 74 (a ® b) = ab for all a,b € A. Suppose
that A has an identity e. Show that ker w4 equals the closed linear span of all
elements of the form a ® b — e ® ab.

Exercise 1.6.50. Let A be a Banach algebra and X a locally compact Haus-
dorff space. It follows from Proposition 1.5.6 that the injective tensor norm on
A ® Cy(X) is an algebra norm. Prove this without appealing to Proposition
1.5.6.

1.7 Notes and references

Most of the material collected in this chapter can be found in several books
on Banach algebras. Therefore we confine ourselves to only a few references
and historical remarks.

Theorem 1.2.8, which is one of the most striking results in Banach algebra
theory, is in full generality the work of Gelfand [38]. His proof is based on
complex analysis. The more elementary proof, which we have also included
and which avoids the use of function theory, is due to Rickart and presented in
his monograph [108]. The Gelfand-Mazur theorem was announced in [86] and
proven in [38]. The permanence properties of spectra such as Theorem 1.2.12,
which are essential for this treatise, appear to be due to Shilov. Concerning
approximate identities, we refer to [2], [27], [104], and [138].

Weighted convolution algebras on the real line were introduced by Beurling
[12]. They were subsequently defined on arbitrary locally compact groups,
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termed Beurling algebras, and investigated by many authors. The literature
on them is enormous (compare [25]). That weight functions are bounded away
from both zero and infinity on compact sets, was observed in [29].

The basic results on ideals in Banach algebras, given in Section 1.4, are all
standard, including the description of the closed ideals of Cy(X). A very good
reference to the theory of multipliers is [74]. The fact that the multiplier alge-
bra of L(G) is isomorphic to the measure algebra M (G), is Wendel’s theorem
[135]. It is worth mentioning that Wendel’s theorem admits a generalisation
to Beurling algebras.



2
Gelfand Theory

Our main objective in this chapter is to develop Gelfand’s theory for commuta-
tive Banach algebras. Associated with any such algebra A is a locally compact
Hausdorff space A(A), the structure space of A, and a norm-decreasing homo-
morphism I'4 from A into Cy(A(A)) (Section 2.2). If A has an identity, A(A)
is compact. The converse is true whenever I'4 is injective (A is semisimple),
a fact that can be shown only later (Chapter 3). This representation of A as
an algebra of functions on a locally compact Hausdorff space is fundamental
to any thorough study of commutative Banach algebras. Thus basic questions
are when I'4 is injective or surjective. It turns out that I'4 is an isometric
isomorphism onto Cy(A(A)) precisely when A is a C*-algebra (Section 2.4).

If A is unital and (topologically) finitely generated by n elements, say,
then A(A) can be canonically identified with a compact subset of C™ (Section
2.3). There is a complete characterisation of subsets of C" arising in this way
as structure spaces of finitely generated commutative Banach algebras. This
leads to the study of uniform algebras, closed unital subalgebras of C(X),
for a compact subset X of C™, which separate the points of X. In Section
2.5 we investigate the algebras P(X) and R(X) of polynomial and rational
functions on X, respectively. Comparison of such algebras is interesting from
the approximation theory point of view. Considerably more complicated is
the algebra A(X) of continuous functions on X which are holomorphic on the
interior of X (Section 2.6).

Following our intention to emphasize the connections with commutative
harmonic analysis, we extensively study the convolution algebra L!(G) of
integrable functions on a locally compact Abelian group G. The structure
space A(L(G)) turns out to be homeomorphic with the dual group G of G,
and the Gelfand homomorphism is injective, but surjective only when G is
finite (Section 2.7). Much more subtle are weighted group algebras L' (G, w).
We confine ourselves to showing that L!(G,w) is always semisimple and to
determining A(L'(G,w)) in some special cases (Section 2.8).

E. Kaniuth, A Course in Commutative Banach Algebras, Graduate Texts in Mathematics,
DOI 10.1007/978-0-387-72476-8 2, (© Springer Science+Business Media, LLC 2009
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Proceeding further with algebras of functions associated with locally com-
pact groups, in Section 2.9 we elaborate the Gelfand representation of the
Fourier algebra A(G) for an arbitrary locally compact group G. Next, ap-
plying the Gelfand theory to the C*-algebra of almost periodic functions,
we establish the existence of the Bohr compactification of a locally compact
Abelian group (Section 2.10).

Finally, we investigate tensor products of two commutative Banach al-
gebras A and B, especially the projective tensor product A ®,B. Although
A(A®,B) is in the obvious manner homeomorphic to A(A) x A(B), semisim-
plicity of A®,B is a very delicate question (Section 2.11). In fact, by us-
ing failure of the approximation property for Banach spaces one can con-
struct semisimple commutative Banach algebras A and B such A&, B is not
semisimple.

2.1 Multiplicative linear functionals

A linear functional ¢ on an algebra A is called multiplicative if ¢(zy) =
o(x)p(y) for all z,y € A. We start with identifying the multiplicative ones
among all linear functionals on A in terms of spectra (Theorem 2.1.2). We do
not assume here that A is commutative.

Lemma 2.1.1. Let A be a real or complex algebra with identity e, and let ¢
be a linear functional on A satisfying

ple) =1 and p(2*) = p(z)*
for all x € A. Then ¢ is multiplicative.

Proof. By assumption we have
p(2?) + p(zy +ya) + o(y*) = p(a® + zy +ya +y?)
p((z+y)%) = (o(x) + 9(y))?
p(2?) + 20()(y) + o(y?),

and therefore
plry +yr) = 2¢(2)e(y)
for all z,y € A. Thus it remains to verify that ¢(yx) = ¢(zy). Now, for
a,b € A, the identity
(ab — ba)* + (ab + ba)? = 2[a(bab) + (bab)a]
implies
(ab —ba)?) + ¢(ab + ba)?

p(ab — ab)® + 4p(a)?p(b)* = ¢
©((ab — ba)* + (ab + ba)?)
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Taking a = x — p(x)e, so that p(a) =0, and b = y we obtain p(ay) = ¢(ya)
and hence p(zy) = p(yx). O

The following theorem is often called the Gleason—Kahane—Zelazko theo-
rem.

Theorem 2.1.2. Let A be a unital Banach algebra. For a linear functional ¢
on A the following conditions are equivalent.

(i) ¢ is monzero and multiplicative.
(ii) p(e) = 1 and @(x) # 0 for every invertible element x of A.
(iii) p(x) € ca(x) for every x € A.

Proof. If ¢ is nonzero and multiplicative, then ¢(e) =1 and 1 = ¢(z)p(x~1)
whenever x is invertible. Thus (i) = (ii). Also, (ii) = (iii) is obvious since if
A € pa(x), then 0 # p(x — Ae) = p(z) — A\

Now assume (iii) and note first that ¢(e) = 1. We are going to show
that ¢(2?) = ¢(x)? for all x € A. To that end, let n > 2 and consider the
polynomial

PN = ¢ — 2)")

of degree n. Denoting its roots by A1, ..., \,, we have for each 1,
0=p(Ai) = o((Aie —x)") € ga((Xie — 2)").

This implies that \; € o4(x) and hence |\;| < ra(z). Now

n
n

il;[l()\ — i) =p(\) = A" —np(x) A"+ < 2) ()N 4 (1) p(a™).

Comparing coefficients we see that

ix\izmp(x) and > A = <g) o(2?).

1<i<j<n

On the other hand, by the second equation,

n

n 2 n
<Z/\i> =D N+2 ) AN =) N 4nn— Dp@?).
=1 =1

1<i<j<n i=1

Combining these formulae yields

n?lo(x)? — p(a?)] = ‘—w(ﬂrZ) + Y X < nlp(®)] +nraz)®.

=1

This being true for all n, we conclude that ¢(z?) = ¢(x)? for all z € A. Tt
follows now from Lemma 2.1.1 that ¢ is multiplicative. a
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Throughout the book, for any Banach algebra A, A(A) denotes the set
of all nonzero multiplicative linear functionals on A. It is very important to
know how A(A) and A(A.) are related.

Remark 2.1.3. Because i(e) = 1 for every ¢ € A(A.), each ¢ € A(A) has
a unique extension ¢ € A(A.) given by

e+ re)=p(x)+ A, xze€A IeC.

Let A(A) = {@ : ¢ € A(A)}. Moreover, let ¢oo denote the homomorphism
from A. to C with kernel A, that is, oo (x + Xe) = A. Then

A(Ae) = A(A) U {pac ).

In fact, if € A(A) and ¥ # @, then P[4 € A(A) and hence § =9[4,
Identifying A(A) with A(A) C A(A.) we always regard A(A) as a subset of
A(A.). In this sense, A(A.) = A(A) U {poo}-

Remark 2.1.4. A simple unitisation argument shows that for a linear func-
tional ¢ on a Banach algebra A, condition (iii) in Theorem 2.1.2 is equivalent
to multiplicativity of ¢ without assuming that A has an identity.

Lemma 2.1.5. Let A be a Banach algebra. Every ¢ € A(A) is a bounded
linear functional on A and |p(x)| < ra(x) holds for all x € A. In particular,
lell <1 and ||l =1 if A is unital.

Proof. We can assume that A has an identity e. If z € A and A\ € C are such
that [A| > ra(z), then r4((1/A)z) < 1 and hence de —z = A(e — (1/N)z)
is invertible in A by Lemma 1.2.6. This implies ¢(x) # A for all such A, so
that |¢(x)] < ra(z). This implies that ||| < 1 and actually ||¢| = 1 since

ple) = 1. O

The obvious problem which we have to encounter is the existence of non-
zero multiplicative linear functionals on commutative Banach algebras A. To
start with let A be a complex Banach space and define a product on A by
setting xy = 0 for all z,y € A. If ¢ is a multiplicative linear functional on A,
then

p(2)* = p(zz) = ©(0) = 0.

Less trivial examples showing that nonzero multiplicative linear functionals
need not exist are the following two. Note that, for any commutative Banach
algebra A, A(A) = () whenever r4(x) = 0 for every x € A.

Example 2.1.6. Let A = P(D) as a Banach space. For f,g € A define a
function f og on D by

fog(z)= 2/0 flz —tz)g(tz)dt,
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z € D. We claim that f o g € A. For that notice first that if polynomials

Zajzj and ¢(z Zbkz

aj, by € C, are given then, for any z € D,

n m 1
(Plooalp)(z) = 3.3 ajbysi ! / (1~ ey,

=0 k=0 0

so that p|p o ¢|p equals the restriction to D of a polynomial. Now, given
arbitrary f and g in A and € > 0, let p and ¢ be polynomials such that
I/ = ppllec < €and ||g — ¢lplleo < €. Then, for any z € D,

Fog(=) - plpoaln(2)] < / |F(= — t2)g(t2) — plz — t2)a(te)|dt
1
< / ()] - 1f (2 — t2) — p(z — 2)|dt
+ / Ip(z — t2)] - lg(t2) — a(t=)dt

|9lloo|l.f = Plpllco + llPIDllocllg — dlplloo

<
< 6(Hf”oo + ”gHoo + 6)'

Hence fog is the uniform limit of polynomial functions on D, whence fog € A.
Clearly, ||f o glloc < ||fllocllgllco- Moreover, the multiplication (f,g) — fog
is commutative, associative, and distributive. In fact, this is straightforward
from the definition of f o g. Thus A with product o is a commutative Banach
algebra.

We proceed to show by induction that

1f"(2)] < £ 5l

1
(n—1)!

for every f € Aand all z € D and n € N. The case n = 1 being obvious, assume
the estimate to hold for n. Let z € D and write z = re??,0 < r < 1,0 € R.
Then

f"“(z) = re'¥ /1 flz— trei“’)f”(trei“’)dt
0
= ew/ f(z — se) fm(se)ds
0

and hence by the inductive hypothesis,
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P @) < [l / £ (s6%)|ds
<o o [ eas
= -l J)
1 n+1l n
Il

1
= IFIE

as required. Thus, for every f € A and n € N,

1115

[ lloo < (n—1)

and hence, by the spectral radius formula,
1 1/n
ra(f) = Jim |fIE" < e Jim () 2y )" =0

This shows that o4(f) = {0} for all f € A, and therefore A(A) = 0.

Example 2.1.7. Define a bounded linear operator T on C0, 1] by

Tf(t):/f(s)ds, fecqcio], telo,1].
0

Let A be the norm closure in B(C0, 1]) of the set of all polynomials in 7" of
the form

n
ZaiTi, ai,...,a, € CineN.
i=1

A is a commutative Banach algebra which does not have an identity. A
straightforward induction argument shows

T £ < o

for all t € [0,1] and n € N. Hence

” 1
1T Flloo < 1 l1e

1/n
I < ( ' )
n!

for all n € N. Since (n!)'/™ — oo as n — oo, we get ra(T) = 0. The spectral
radius r4 is subadditive and submultiplicative (Lemma 1.2.13) and continu-
ous. Therefore it follows that r4(S5) =0 for all S € A.

and this inequality gives
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Of course, the algebra A is reminiscent of the Volterra algebra which was
introduced in Exercise 1.6.12. In fact, restricting the convolution of Example
1.6.12 to C[0, 1] and denoting by u the constant one function on [0, 1], we have

(1) = / u(t — 5)f(s)ds = u x f(t)

for all f € C[0,1] and ¢t € R. It is now easily verified that u", the n-fold
convolution product of u, is given by u"(t) = ¢"~1/(n — 1)!, n € N. Since the
polynomials are uniformly dense in C[0, 1], it follows that A equals the closure
of in B(C[0,1]) of the algebra of all convolution operators

T,:C[0,1] — C[0,1], f — g f,

g € C[0,1]. Because of this similarity, A is also sometimes termed Volterra
algebra.

If A is a unital commutative Banach algebra, the anomaly just discussed
cannot occur. This is an immediate consequence of the next theorem which
forms the basic link between A(A) and ideals in A.

Theorem 2.1.8. For a commutative Banach algebra A, the mapping
p —kerp={xeA:p(x)=0}

is a bijection between A(A) and Max(A), the set of all mazimal modular ideals
in A.

Proof. For ¢ € A(A),ker ¢ is an ideal and a closed linear subspace of codi-
mension one in A. To verify that ker ¢ is modular simply choose u € A such
that ¢(u) = 1. Then, for any x € A,

p(ur —z) = p(u)p(z) — p(z) =0,

whence uz — 2 € ker ¢. Thus w is an identity modulo ker ¢, and hence ker ¢
is a maximal modular ideal.

Let now that ¢1, pa2 € A(A) be such that ker ¢1 = ker ¢9 and denote this
ideal by I. Let u be an identity modulo I. Then, since the codimension of I
is one, each x € A can be uniquely expressed as

r=Xu+y, yel, MeC.
As p(u) = 1 for every homomorphism ¢ with ker ¢ = I, we get
p1(x) = Ap1(u) + 1Y) = A = Apa(u) + @2(y) = @2(x).

Finally, let M € Max(A) and let u be an identity modulo M. We already
know that M is closed in A, so A/M is a Banach algebra. Suppose there exists
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x € A\ M such that x + M is not invertible in A/M. Then A/M(x + M) is
a proper nonzero ideal in A/M since

z+M=wu+M)(z+M)ec A/M(x+ M)

is nonzero. This contradicts the maximality of M. Thus A/M is a Banach
division algebra and hence, by the Gelfand—Mazur theorem (Theorem 1.2.9),
isomorphic to the field of complex numbers. Clearly, this isomorphism defines
a homomorphism ¢ : A — C with ker ¢ = M. a

Definition 2.1.9. Let A be a commutative Banach algebra. The radical of
A, rad(A), is defined by

rad(A) = (J{M : M € Max(A)} = ({kery : ¢ € A(A)},

where rad(A) is understood to be A if A(A) = ). Clearly, rad(A) is a closed
ideal of A. The algebra A is called semisimple if rad(A) = {0} and radical if
rad(A) = A.

In Examples 2.1.6 and 2.1.7 we have already seen examples of radical
Banach algebras with nontrivial multiplication. On the other hand, it will
follow from Theorem 2.2.5 in the next section that A is semisimple if and
only if for every € A, ra(z) = 0 implies that = 0. Because the spectral
radius is subadditive and submultiplicative, this means that A is semisimple
if and only if 74 is an algebra norm on A. Thus A(A) # 0.

Returning to the existence of nonzero multiplicative linear functionals,
assume that A is a commutative Banach algebra with identity. Then the
proper ideal {0} is contained in some maximal ideal which, by Theorem 2.1.8,
is the kernel of a homomorphism from A onto C.

We continue with a number of interesting applications of Lemma 2.1.5.

Corollary 2.1.10. Let ¢ be a homomorphism from a commutative Banach
algebra A into a semisimple commutative Banach algebra B. Then ¢ is con-
tinuous.

Proof. By the closed graph theorem it suffices to show that if z,, € A,n € N,
are such that z, — 0 and ¢(z,) — b for some b € B, then b = 0. Let
¢ € A(B). Then p o ¢ € A(A) U {0} and hence both, ¢ and ¢ o ¢, are
continuous by Lemma 2.1.5. It follows that

p(b) = Tim @(¢(zn)) = lim (po@)(zn) = 0.

Since this holds for all ¢ € A(B) and B is semisimple we get b = 0. O

Corollary 2.1.11. On a semisimple commutative Banach algebra all Banach
algebra norms are equivalent.
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Proof. Suppose A is a semisimple commutative Banach algebra, and let || - ||;
and || - |2 be two Banach algebra norms on A. The statement follows by
applying Corollary 2.1.10 with ¢ the identity mappings (A4, ||-]l1) — (A4, -|]2)
and (A, [ [l2) = (A, [ - [l1)- o

Corollary 2.1.12. Every involution on a semisimple commutative Banach
algebra A is continuous.

Proof. Let || - || be the given norm an A. We define a new norm |- | on A
by |z| = ||z*||. It is clear that |- | is submultiplicative. If =, € A,n € N,
form a Cauchy sequence for |- |, then (z}), is a Cauchy sequence for || - .

Consequently, ||z} — z|| — 0 for some x € A, and hence |x,, — 2*| — 0. This
shows that (A, |- |) is complete. By Corollary 2.1.11 there exists ¢ > 0 such
that

"] = || < c||]]

for all x € A, as was to be shown. O

Let C*°[0, 1] denote the algebra of all infinitely many times differentiable
functions on [0, 1].

Corollary 2.1.13. The algebra C*°[0, 1] admits no Banach algebra norm.

Proof. Suppose there is a Banach algebra norm || - || on C°°[0,1]. Applying
Corollary 2.1.10 to the identity mapping from C>°[0, 1] into C|0, 1] we see that
there exists ¢ > 0 such that

[ flloo < cllfll

for all f € C*°[0,1]. Using this inequality, we prove that the differentiation
mapping D : f — f/ from C*°[0,1] into itself is continuous. Thus, let f, €
C*°[0,1],n € N, be such that

lim [|fu]| =0 and lim [|f;, —g]| =0
for some g € C*°[0, 1]. Then
lim ||fu]lee =0 and lim ||f, — g|lec = 0.

Since for each z,y € [0, 1],

Y Y

/ g()dt| < fuly) — ful@)] + / (1) — ()t

x x

< 2|fulloc + ly — 2l - 1.f7 = 9lloos

it follows that fwy g(t)dt = 0. Hence g = 0 because = and y are arbitrary. By
the closed graph theorem, D is continuous. Thus there exists d > 0 such that
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1 < dllfll
for all f € C>[0,1]. Now, let f(t) = €2, ¢ € [0,1]. Then
2d|| £ = 17l < dll £II-
This contradiction shows that there cannot exist a Banach algebra norm on
™[0, 1]. a

2.2 The Gelfand representation

In this section we develop the basic elements of Gelfand’s theory which repre-
sents a (semisimple) commutative Banach algebra as an algebra of continuous
functions on a locally compact Hausdorff space.

Definition 2.2.1. Let A be a commutative Banach algebra and, as before,
A(A) the set of all nonzero (hence surjective) algebra homomorphisms from
A to C. We endow A(A) with the weakest topology with respect to which all
the functions

A(4) = C, p— (), z€A,

are continuous. A neighbourhood basis at @9 € A(A) is then given by the
collection of sets

U(po, @1y .. Zn,€) ={p € A(A) : |p(x:) —po(z:)| < e,1<i<n},

where € > 0,n € N, and x4, ..., z, are arbitrary elements of A. This topology
on A(A) is called the Gelfand topology. There are several names in use for
the space A(A), equipped with the Gelfand topology: The structure space,
the spectrum or Gelfand space of A, and the mazximal ideal space, the latter
notion being justified through the bijective correspondence between A(A) and
Max(A) (Theorem 2.1.8).

Remark 2.2.2. We have seen in Lemma 2.1.5 that A(A) is contained in the
unit ball of A*. The Gelfand topology obviously coincides with the relative
w*-topology of A* on A(A). When adjoining an identity e to A, A(A.) =
A(A) U {¢oo} (Remark 2.1.3) and according to the following theorem the
topology on A(A) is the one induced from A(A.).

Theorem 2.2.3. Let A be a commutative Banach algebra. Then

(i) A(A) is a locally compact Hausdorff space.
(ii) A(Ae) = A(A) U {poo} is the one-point compactification of A(A).
(iil) A(A) is compact if A has an identity.
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Proof. 1t is easy to see that A(A) is a Hausdorff space. Indeed, if @1 and ¢
are distinct elements of A(A), then for some z € 4,6 = }|p1(z) — pa(z)| >0
and hence

Ulpr,2,6) NU(p2,2,0) = 0.

To prove that A(A) is compact if A has an identity e, let

C=][{zeC: |zl <}

r€A

Equipped with the product topology, C' is a compact space by Tychonoff’s
theorem. Since |¢(z)| < |jz| for all ¢ € A(A) and = € A, we can define a
mapping ¢ from A(A) into C by

() = (p(7))zea-

Then ¢ is injective and, by definition of the Gelfand topology, a homeomor-
phism from A(A) onto ¢(A(A)). Thus, in order to establish that A(A) is
compact it remains to show that ¢(A(A)) is closed in C. To this end, let
A = (Az)zea € C lie in the closure of ¢(A(A)) and let z,y € A,o, 0 € C
and ¢ > 0 be given. If ¢ € A(A) is such that |p(a) — Aq] < e for
a € {z,y,xy, ax + Py}, then

lahs + BAy — /\anrﬁyl <ol |Ae = w(2)] + B |)‘y — oyl
+ |90(0‘$ + By) — /\anrﬁyl
<e(laf + (8] +1)

and

Aay = Aady| < [Aay — @(ay)] + oY) [(x) = A
+ 1Al lo(y) = Ay
< e+ [lyll + llz[))-

Since € > 0 was arbitrary, it follows that ¢ : + — A\, A — C is a homomor-
phism. Moreover, ¥ € A(A) because ¥(e) = Ac = 1. This completes the proof
of statement (iii).

Now we drop the hypothesis that A be unital and consider A(A.) and
A(A) C A(A.). We denote the basic neighbourhoods in A(A4) and A(A.) by
U and U,, respectively. Then, for ¢ € A(A),e > 0 and a finite subset F of A,

_ JU(p,Fie) U{ps} if [p(x)| < € for all z € F,
Uelep, ) = { Ulp, Fe) otherwise.

It follows that the Gelfand topology on A(A) coincides with the relative

Gelfand topology of A(A.). However, the singleton {¢s} is closed in A(A4.),

so that A(A) is open in A(A.) and hence is locally compact. This proves (i).
Finally, for x € A and € > 0,
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Ua(sooo,w):{%o}u{weﬂ( ) lp()] < €}
A(A)\{Y € A(A) : [Y(x)] > €}

Now, the sets {p € A(A.), |[¢(x)| > €}, x € A, are closed in A(A.) and
hence compact. The complement of a basic neighbourhood of ¢, is a finite
union of such compact sets. Therefore it follows that A(A.) is the one-point
compactification of A(A). O

A natural question arising in view of the preceding theorem is whether
a semisimple commutative Banach algebra A has to possess an identity if
A(A) is compact. Actually, this is true. This turns out to be a consequence of
Shilov’s idempotent theorem, the proof of which utilises the several-variable
functional calculus. A considerably simpler proof is available when A is regular
(Corollary 4.2.11).

Definition 2.2.4. For z € A, we define z : A(A) — C by Z(¢) = ¢(x). Then
Z is a continuous function, which is called the Gelfand transform of x. It is
easily checked that the mapping

Wi A— C(AA), z—=Z

is a homomorphism, the Gelfand homomorphism or Gelfand representation of
A. We quite often denote I'4(A) by A.

Fundamental properties of the Gelfand transform and the Gelfand repre-
sentation are given in the next theorems.

Theorem 2.2.5. Let A be a commutative Banach algebra. For each x € A,
oa(x) \ {0} € Z(A(A)) = {¢(z) : ¢ € A(A)} C a().
If A is unital, then T(A(A)) = oa(x).

Proof. Suppose first that A has an identity e. Then p(z) € oa(x) for every
v € A(A) (see Theorem 2.1.2). Conversely, if A € o4(z), then

=Xe—1x)A

is a proper ideal in A and hence contained in ker ¢ for some ¢ € A(A) (Lemma
1.3.2 and Theorem 2.1.8). It follows that ¢(Ae —z) = 0, so that A € Z(A(A)).

If A fails to be unital, then by the preceding paragraph and the definition
of the spectrum,

oa(® )\{0}—0,46(96)\{0} 2(A(Ae)) \ {0}
T(A(A)) = 2(A(Ae)) = oa. ()

= UA(a:),

as was to be shown. O
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The following corollary is an immediate consequence of Theorem 2.2.5 and
the spectral radius formula.

Corollary 2.2.6. For x € A,z = 0 if and only if

ra(z) = lim ||a:"||1/" =0.
Theorem 2.2.7. Let A be a commutative Banach algebra and I the Gelfand
representation of A.

(i) I" maps A into Co(A(A)) and is norm decreasing.
(ii) I'(A) strongly separates the points of A(A).
(iii) I" is isometric if and only if ||x||* = ||2?|| for all x € A.

Proof. (i) Since, by Theorem 2.2.3, A(A.) is the one-point compactification
of A(A) and Z(ps) = 0 for z € A, we have T € Cy(A(A)). Moreover, by
Theorem 2.2.5,

[Z]loc = ra(z) < [l

(ii) It is clear that I'(A) strongly separates the points of A(A), that is,

I'(A)(p) # {0} for each p € A(A), and if 1 # pa, then Z(p1) # Z(p;1) for
some x € A.

(iii) If ||y||? = ||y?|| for all y € A, then ||2" || = ||=||*" for every z € A and
n € N. Hence
IZ]lo = ra(e) = lim [l2*"|['/2" = z]].
n—oo
Conversely, ||72]| = ||7%]|« = [|Z]|%, = ||z||* when I" is an isometry. O

We now present three simple examples. More difficult and challenging ones
are discussed in subsequent sections.

Example 2.2.8. Let X be a locally compact Hausdorff space. The closed
ideals in Cy(X) have been completely determined in Theorem 1.3.6. In par-
ticular,

x— M, ={f€CyX): f(z) =0}

sets up a one-to-one correspondence between the points of X and the maximal
modular ideals of Cy(X). On the other hand, by Theorem 2.1.8, we have a
bijection
A(Cy(X)) = Max(Co (X)), ¢ — kerep.

This yields a bijection X — A(Cy(X)),x — ¢, where p,(f) = f(x) for
f € Cp(X). The map z — ¢, is a homeomorphism. Indeed, given z € X
and an open neighbourhood V of z, by Urysohn’s lemma there exists f €
Co(X) such that f(z) # 0 and f[x\y = 0, and hence V contains the Gelfand
neighbourhood {y : |¢y(f) — ¢z ()| < |f(z)|} of z. After identifying X with
A(Cy(X)), the Gelfand homomorphism of Cy(X) is the identity mapping.
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Example 2.2.9. Let A = C"[a,b], and for each ¢ € [0,1] define p, € A(A)
by @:(f) = f(t). We claim that

¢ :la,b] = A(A), t— g

is a homeomorphism. Obviously, ¢ is injective and continuous. Let M be any
maximal ideal in A. Then, by the same reasoning as in the proof of Theorem
1.3.6, we find s € [a,b] such that M = {f € A : f(s) = 0}. It follows that
M = ker p;. Hence ¢ is a homeomorphism since [a, b] is compact and A(A)
is Hausdorff. As in the previous example, after identifying [a,b] with A(A),
the Gelfand homomorphism of A is the identity mapping.

Example 2.2.10. We determine the structure space of [}(Z). For z € T,
define ¢, : I}(Z) — C by

() = 3" Fm)=.

nez

Then, for f,g € I*(Z),

p:(frg) =) <Z fln— m)g(m)> z "
nezZ \mezZ
= 3" Fm)g(m)z

n,mez

= 02 (fp=(9).

Thus ¢, € A(I'(Z)) and the map z — ¢, is clearly injective. Conversely,
every ¢ € A(I*(Z)) is of this form. Indeed, let z = p(6_1). Then

P(0_pn) =0 _1%...%0_1) =p(0_1)" = 2"

and hence also ¢(0,) = 1/p(d_,) = z~™ for all n € N. Since the finite linear
combinations of Dirac functions §,, n € N, are dense in ['(Z), it follows
that ¢ = .. By routine arguments it is shown that the map z — ¢, is a
homeomorphism.

We have seen earlier (Example 1.1.5) that the commutative Banach algebra
AC(T) is isomorphic to [*(Z), the isomorphism being given by f — (¢, (f))n,

where
1
Cn(f) - o

for n € Z. Thus, by the preceding example, A(AC(T)) can be identified with
T as follows. For z € T, let

0-(f) =D ealf)z", f € AC(T),

neZ

2T
f(eit)efintdt
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Then z — ¢, is a homeomorphism between T and A(AC(T)). On making
this identification,
F2) =D calf)2" = f(2)
nez
for all f € AC(T), so that the Gelfand representation of AC(T) is the identity.
As a simple consequence we obtain the following classical result due to Wiener.

Theorem 2.2.11. If f € AC(T) is such that f(z) # 0 for all z € T, then
1/f € AC(T); that is, 1/ f has an absolutely convergent Fourier series.

Proof. With the previous identification of A(AC(T)) with T, the assumption
on f means that f belongs to no maximal ideal of AC(T). Thus f is invertible
in AC(T) and so 1/f € AC(T). O

Lemma 2.2.12. Let A and B be commutative Banach algebras. If A and B
are algebraically isomorphic, then A(A) and A(B) are homeomorphic.

Proof. Suppose ¢ : A — B is an algebra isomorphism. Let ¢* : A(B) — A(A)
be the dual mapping; that is,

¢"()(a) = p(¢(a)), ac A, ¢eAB).

It is easily checked that ¢* is a bijection. ¢* is continuous provided that all
functions
AB)—=C, ¢—¢"(p)(a), acA,

are continuous. However, that such functions are continuous follows immedi-
ately from the definition of ¢* and the definition of the topology on A(B).
(¢*)~! is continuous on the same grounds. O

Corollary 2.2.13. For locally compact Hausdorff spaces X and Y the follow-
ing conditions are equivalent.

(i) Co(X) and Cy(Y) are isometrically isomorphic.
(ii) Co(X) and Co(Y') are algebraically isomorphic.
(iii) X and Y are homeomorphic.

Proof. (i) = (ii) is trivial, and (ii) = (iii) is a consequence of the preceding
lemma and Example 2.2.8. Finally, if ¢ : X — Y is a homeomorphism, then
f — f o ¢ is an isometric algebra isomorphism from Cy(Y') to Co(X). a

We continue with a proposition which often can efficiently be used to
identify the Gelfand topology.

Proposition 2.2.14. Let X be a locally compact Hausdorff space and let A
be a family of functions in Co(X) which strongly separates the points of X.
Then the topology of X equals the weak topology with respect to the functions
x — f(x), f € A.
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Proof. The given topology on X is stronger than the weak topology. Thus
it suffices to show that given = € X and an open neighbourhood U of x in
X, there exists a set V' such that z € V' C U and V is open in the weak
topology. Let X be X if X is compact, and let X = X U {oo} be the one-
point compactification of X if X is noncompact. Every f € Cp(X) extends
continuously to X by setting f(co) = 0. Since A strongly separates the points
of X, for every y € X \ U there exists fy € A such that

ey = |fy(y) — fy(x)] > 0.

Then, for every y € X \ U,
Vy={z€X:[f,(2) = f,(¥)| < /2}

is an open neighbourhood of y in X , and because X \ U is compact there are
finitely many y1,...,y, € X \ U such that X \ U C |Jj_, V. Let

V={2eX:|fy,(2) = fy,(x)] <ey,/2foralll<j<n}
Then z € V and V is contained in U. Indeed, if z € V and z € U, then z € V,,
for some 7, and hence
| fy; (@) = fy, i)l < |y, (@) = fy, ()] + [ fy, (2) = fy, (05)] < ey,
This contradicts the definition of ¢, . O

For a closed ideal I of a commutative Banach algebra A, we now relate
the Gelfand topologies on A(I) and on A(A/I) to the Gelfand topology on
A(A). For a subset M of A, the hull h(M) of M is defined to be

h(M) ={p € A(A) : o(M) = {0}}.

Lemma 2.2.15. Let I be a closed ideal of A and q : A — A/I the quotient
homomorphism.
(i) The map ¢ — @ o q is a homeomorphism from A(A/I) onto h(I).
(ii) The map ¢ — |1 is a homeomorphism from A(A) \ h(I) onto A(I).
Proof. (i) Tt is obvious that the map is a bijection. It is a homeomorphism
since

Ulp,x+1e)oq={yoq: e AA/),[p(x + 1) —p(x+ )| <e}

={pehl):|p(z) —poq(z) <e}

for all p € A(A/I),x € A and € > 0.

(ii) If 1, p2 € A(A)\ h(I) are such that v1|r = 2|1, then choosing x € I
such that o (z) = 1, it follows that
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P1(y) = p1(yz) = p2(yz) = p2(y)

for all y € A. So the map ¢ — ¢|; is injective, and it is clearly continuous.
Given ¢ € A(I), again choose x € I with ¢(x) = 1 and define ¢ on A by
o(y) = ¥(yx), y € A. Then ¢ extends 9, and it is easily verified that ¢ €
A(A)\h(I). Finally, let ¢ € A(A)\h(I),y € A,y # 0, and € > 0 be given and
let 6 = min{e/2, ¢/2||ly||}. Then, if p € A(A) is such that p|; € U(pl|r, z,yz, ),
it follows that

lp(y) — )| < [p(W)] - [p(x) — p(2)] + [p(yz) — P(yz)]
<Oyl +6 <e,

whence p € U(p,y,€). Thus the map ¢ — ¢|; is also open, hence a homeo-
morphism. O

By Lemma 2.2.15, for each y € A there is a unique continuous function
fy on A(I) such that yz(¢) = f,(¢)z(p) for all ¢ € A(I) and € A. This
in particular applies when a commutative Banach algebra A has a bounded
approximate identity and hence can be considered as a closed ideal of its mul-
tiplier algebra M(A) (Theorem 1.4.12). The following proposition, however,
shows that this same conclusion holds if A is merely assumed to be faithful
(see Proposition 1.4.11).

Proposition 2.2.16. Let A be a commutative Banach algebra and let T €
M(A). Then there exists a unique continuous function f on A(A) such that

@(gp) = f(p)x(p) for all p € A(A) and x € A. Furthermore, f is bounded
and || flloe <[ T1-

Proof. If ¢ € A(A) and z,y € A are such that Z(¢) # 0 and y(¢) # 0, then
it follows from (Tz)y = x(Ty) that

Ta(p) _ Tyly)
z(e) Yl
For each ¢ € A(A) choose x € A with Z(p) # 0, and define

The above equation shows that this definition is independent of the choice of
x, and hence f is a well-defined continuous function on A(A). Moreover, if
Z(p) = 0 then Tx(¢) = 0. Indeed, this follows from

Tz()(p) = () Ty(y)

by choosing y such that y(¢) # 0. Thus the equation f;\v(go) = f(¢)Z(p) holds
for all x € A and ¢ € A(A).
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If g is a second continuous function on A(A) satisfying Tz = g7 for all
x € A, then (f(p) — g(9)x(p) = 0 for all z € A and ¢ € A(A), and this

implies f(¢) = g(®). So f is unique.
To show that f is bounded, observe that

(@) = [Tx(@)] < llell - 1T] < [l - 1T - [l

for all z € A and ¢ € A(A). Taking = € A with ||z|| = 1, we obtain

[F (@) - sup{[Z(@)] = [l] = 1} < o]l - Tl

for all ¢ € A(A) and hence || f|loc < ||T. O

2.3 Finitely generated commutative Banach algebras

Many naturally occuring Banach algebras are generated (in the sense of the
following definition) by finitely many elements. Such algebras admit a partic-
ularly satisfying description of their structure spaces and this is the theme of
the present section.

Definition 2.3.1. Let A be a commutative Banach algebra with identity e. A
subset F of A is said to generate A if every closed subalgebra of A containing
E and e coincides with A. Equivalently, the set of all finite linear combinations
of elements of the form

ey -cxrr, x; € B, ny e NU{0}, reN,

T

is dense in A. A is called finitely generated if there exists a finite subset of A
that generates A.

As a very simple example, recall that [1(Z) is generated by the two Dirac
functions 67 and d_;.

Definition 2.3.2. Let A be a commutative Banach algebra with identity
and let z1,...,z, € A. Then the joint spectrum of x1,...,x, is the subset
oa(xy,...,x,) of C" defined by

oalxr, ..., xn) ={(o(x1),...,0(xn)) : ¢ € A(A)}.

Since A(A) is compact and the mapping

A(A) = C" o= (1), p(20))

is continuous, 0 4(x1, ..., x,) is a compact subset of C". It is also evident from
Theorem 2.2.5 that the joint spectrum of a single element x reduces to the
spectrum o 4(x) of x.
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Lemma 2.3.3. Let A be a unital commutative Banach algebra, and suppose
that E C A generates A. Then the mapping

A) = [[oa@), ¢ = (p@))ees

reE

is a homeomorphism between A(A) and ¢(A(A)) C [[,cpoa(x). In particu-
lar, if E is finite, say E = {x1,...,x,}, then we have a homeomorphism

A(A) = oa(zr, .. xn), ©— (o(x1),...,0(z0)).

Proof. Assume first that ¢1,p2 € A(A) are such that ¢1(z) = po(x) for
all x € E. Let B denote the smallest subalgebra of A containing E and the
identity. Then B is dense in A, and ¢1(y) = w2 (y) for ally € B. Since elements
in A(A) are continuous it follows that ¢1 = ¢o. Hence ¢ is injective.

Now [ [, 0a(x) carries the weak topology with respect to the projections

yi [[ ea(@) = oaly), yeE.
el

Therefore ¢ is continuous provided that all the functions p, o ¢,y € E, are
continuous. However, this is clear from p, o ¢(¢) = ¢(y). Thus

¢ A(A) = #(A(4)), ¢ = (¢(@))zer

is a continuous bijection between a compact space and a Hausdorff space, and
hence is a homeomorphism. O

We now aim at characterizing those compact subsets of C™ which arise in
this way as structure spaces of commutative Banach algebras generated by n
elements, n € N (Theorem 2.3.6). The relevant geometrical notion is that of
polynomial convexity.

Definition 2.3.4. A compact subset K of C",n € N, is said to be polyno-
mially conveg if for every z € C™ \ K there exists a polynomial p such that
p(z) =1 and |p(w)] < 1 for all w € K.

Lemma 2.3.5. Every compact convex subset K of C™ is polynomially convez.

Proof. We view C" as a 2n-dimensional real vector space. Then, given w €
C" \ K, there exist a real linear functional ¢ on C* = R?*" and o € R such
that

PY(w) > o and P(z) < a for all z € K.

Let z = (21,...,2,) € C", with z; = z; +iy;, j,y; € R. Then ¢ has the form

n
Z (ajz; + bjy;),
Jj=1
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where aj,b; € R,1 < j < n. Let ¢; = a; —ibj,1 < j < n, and consider the
function

n
z) = exp E %
=1

on C". Then

|f(2)| = exp (Re chzj ) = exp (Z a;z; + b;y; ) =expt(z)

7j=1 Jj=1

and hence |f(w)| > e* and |f(z)| < e for all z € K. It follows that, for a
suitable N € N, the polynomial g defined by

satisfies |g(w)] > e and |q(z)| < e® for all z € K. Finally, the polynomial
p = |q(w)|~1q has the properties required in Definition 2.3.4. O

Theorem 2.3.6. For a compact subset K of C" the following conditions are
equivalent.

(i) There exists a unital commutative Banach algebra A which is generated
by n elements x1,...,x, such that K = oa(x1,...,2,).
(ii) K is polynomially convez.

Proof. To prove (i) = (ii), let e denote the identity of A and let
A= (/\1,...,)\71) S (C”\UA(xl,...,xn).

Then, given any ¢ € A(A), p(x;) # A; for some 1 < j < n. Equivalently, for
each M € Max(A) there exists j such that z; — \je ¢ M. Consider the ideal

I= {Zn:(xj —Aje)y; 1 y; € A}

j=1

of A. If I were a proper ideal, then I C M for some M € Max(A), but
xz; —Aje € I and zj — Aje € M for some j. Thus I = A, and hence there exist
Y1, ---,Yn € A such that

n
E =e.
Jj=1

Choose & > 0 such that 6377, [lz; — Aje[ < 1. Since A is generated by
Z1,...,Tn, there exist polynomials pq,...,p, in n variables such that
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1pj (1, sen) —ysll <0

for 1 < j < n. It follows that

n
Z e)p;(x1,..., o)

Now, define a polynomial p on C" by

n
<Yl = Asell - lly; —pi(@, )| < 1
=1

n
p(zla"'a Z pj Zla"'azn)'

Jj=1

Then p(A1,...,A\,) =1, and for every ¢ € A(A)

lp(p(z1), ..., p( L= (o) = \)py (), w@(xn))‘
j=1
)= > ela; — Aie)p(ps(ar, ... an))]
j=1
Z e)p;(x1,...,Tn)
< 1. -
This proves that o4 (x1,...,x,) is polynomially convex.

Conversely, suppose that K C C"™ is polynomially convex. Let A = P(K),
the algebra of all functions f : K — C that are uniform limits of polynomial
functions on K. Then A is generated by the functions

fi(z) =2, z=(z1,...,2) €K, 1<j<n.

We are going to show that K = c4(fi,..., fn). For z € K, define ¢, € A(A)
by ¢.(f) = f(z). As distinct points can be separated by the functions f;, the
mapping
o K — A(A), z— @,

is injective. ¢ is also continuous since A(A) carries the weak topology with
respect to the functions ¢ — ¢(f), f € A, and z — . (f) = f(z) is continuous
on K. Thus ¢ is a homeomorphism from K onto ¢(K) C A(A). We claim that
d(K) = A(A). Towards a contradiction, suppose there exists p € A(A)\ ¢(K)

and put
=p(f;), 1<j<n, and A= (A1,...,\p).

Then A ¢ K since otherwise ¢x(f;) = f;(A) = Aj = ¢(f;),1 < j < n,
and hence p = @) as A is generated by f1, ..., fn. Because K is polynomially
convex, we can choose a polynomial p in n variables such that [p(z1,. .., 2z,)| <
1 for all z = (z1,...,2,) € K and p(A\) = 1. Then, as K is compact,
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[plxllse = sup [p(2)] < 1,
zeK

and hence |1(p|x)| < 1 for all ¢ € A(A). Now, p|x is a finite linear combina-
tion of functions of the form

z— 22y ezt = fr(2)™ fa ()T f(2)

As o(f;) = Aj,1 < j < n, we obtain ¢(p|x) = p(X) = 1, which is a contradic-
tion. It follows that ¢(K) = A(A), and hence

O’A(fl,...,fn) = {((Pz(fl),...,goz(fn)) z € K}
={(21,...,2n): 2€ K} = K.

This shows (i) = (i). O

It is worth emphasising that the proof of (ii) = (i) in Theorem 2.3.6 shows
that A(P(K)) = K when K is polynomially convex.

The following theorem provides a topological description of polynomially
convex subsets of C.

Theorem 2.3.7. A compact subset K of C is polynomially convex if and only
if C\ K connected.

Proof. We first assume that K is polynomially convex and that nevertheless
C\ K is not connected. Then C\ K has a bounded connected component
S # (0. Then S is closed in C\ K and also open C\ K, since C \ K is locally
connected. Hence S is also open in C, and therefore its boundary 9(S) is
contained in K.

By Theorem 2.3.6 there exists a commutative Banach algebra A with
identity that is generated by some element a € A such that K = oa(a).
For every x € A there is a sequence p,,n € N, of polynomials such that
lpr(a) — z|| — 0. Because

IPn(p(a)) = @(2)] = l@(pn(a)) — (@) < |pnla) — ||

for all ¢ € A(A), (pn)nen converges uniformly on K = o4(a) = a(A(A))
with limit Z. Since 9(S) C K, (pn)nen converges uniformly on all of S by the
maximum modulus principle. We now fix some A € S. Note that lim, e pn(A)
does not depend on the particular choice of polynomials p,, with p,(a) — x.
Indeed, if (g, ), is a second sequence of polynomials such that g¢,(a) — =z,
then for each ¢ € A(A)

IPn(p(a)) — an(p(a))| < |pa(p(a)) — ()] + lgn(p(a)) — @(x)] = 0,

so that p,, — ¢, converges uniformly to zero on K, and hence on S. It follows
that

lim p,(A\) = lim ¢,(A).

n—oo
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This allows us to define ) : A — C by setting
d(x) = lim pn(X),

where (p,)n is any sequence of polynomials with p,(a) — . It is now easily
verified that v is a homomorphism. For example, if p,(a) — z and ¢, (a) — y,
then (pngn)(a) — xy and therefore

n—oo

With p, = 1,n € N, we get ¢(e) = 1, so that ¢ € A(A). Finally, choosing
pn(z) = z for all z € C,n € N, we obtain p,,(a) = a and hence

b(a) = lim p,(A) = A

Thus A € a(A(A)) = K, contradicting the fact that A € S C C\ K.
Conversely, suppose that C\ K is connected, and consider A = P(K) as
in the proof of Theorem 2.3.6, (ii) = (i). Then A is generated by the function
f(z) = z. Moreover, oc(x)(f), the spectrum of f in C(K), equals K since
z — A— f(z) is invertible in C'(K) if and only if A € K. As C\ K is connected,
Theorem 1.2.12 implies K = 04(f), and hence K is polynomially convex by
Theorem 2.3.6, (i) = (ii). O

Remark 2.3.8. More generally, it is true for arbitrary n € N, that if K C C"
is polynomially convex, then C™\ K is connected. This is proved analogously
by employing the maximum modulus principle for polynomials of several com-
plex variables. However, the following example shows that for n > 2 there ex-
ist compact subsets of C™ which fail to be polynomially convex, even though
C™\ K is connected.

Example 2.3.9. Let n > 2 and
K={2=(z1,...,2p) €C": |25/ = 1,1 < j <n}.

Assuming that K is polynomially convex we find a polynomial p in n variables
such that |p(z)| < 1 for all z € K and p(0,1,...,1) = 1. Define a polynomial
¢ in one variable by

g(w) =p(w,1,...,1), weC.

Then |¢(w)| < 1 for all w € C with |w| = 1 and ¢(0) = 1. This contradicts the
maximum modulus principle. Nevertheless, C™ \ K is connected. To see this,
let

Aj={z=(21,...,20) € C" : |25] > 1}
and

Bj={z=(z1,...,2n) € C" 1 |2;| < 1},
1 < j < n, we see that C" \ K = U;-Zzl(Aj U Bj). The sets A; and B; are
arcwise connected, A; N Ay # 0, BjN By, # 0, and, for j # k, A;N By # 0. It
follows that C™ \ K is connected.
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2.4 Commutative C*-algebras

In this section we investigate the question of when the Gelfand homomor-
phism of a commutative Banach algebra A is an isometric isomorphism onto
Co(A(A)). We start with the relevant definition.

Definition 2.4.1. Let A be a Banach algebra with involution z — z*. Then
A is called a C*-algebra, if its norm satisfies the equation ||z*z| = ||x||? for
all x € A. The definition of a C*-subalgebra is evident.

Note that a C*-algebra is a Banach x-algebra since the equation |z||? =
||[z*z|| implies ||z|| < ||«*| and hence ||z|| = ||z*|| for all x € A.

Now let A be a commutative Banach algebra for which the Gelfand ho-
momorphism is an isometric isomorphism onto Co(A(A)). Notice first that in

this case for every & € A there is a unique element z* € A such that x* = 7.
Obviously, the mapping x — z* is an involution. Moreover,

27| = ll2* [l = [[Zllc0 = [l]I,

and hence
o z]| = 2% 2] oo = [ZZ]|0o = 12112, = l|2]|>.

Thus A is a C*-algebra. The main purpose of what follows is to show that
conversely for each commutative C*-algebra A the Gelfand homomorphism is
an isometric *-isomorphism onto Cy(A(A)). This is one of the most striking
results in Gelfand’s theory.

Example 2.4.2. (1) Let X be an arbitrary topological space. With the in-
volution given by f*(x) = f(z) and the supremum norm || - ||s, C®(X) is
a commutative C*-algebra. If X is a locally compact Hausdorff space, then
Co(X) is a C*-subalgebra of C*(X).

(2) Let H be a complex Hilbert space, and recall that for T' € B(H), T*
denotes the adjoint operator of T'. Then B(H) is a C*-algebra since | T*T|| =
|IT]|? holds for all T € B(H). However, B(H) is not commutative whenever
dim H > 2. K(H), the closed ideal consisting of all compact operators in H,
is a C*-subalgebra of B(H) because T* is compact whenever T is.

(3) Suppose T' € B(H) is normal, that is, T7*T = TT*, and let A(T) de-
note the smallest closed subalgebra of B(H) containing 7', 7* and the identity
operator of H. Then A(T) is a commutative C*-algebra with identity.

(4) The Gelfand-Naimark theorem [39] states that for every C*-algebra
A there exists a Hilbert space H such that A is isometrically #-isomorphic to
some C*-subalgebra of B(H).

(5) Let G be a locally compact Abelian group. Then L!(G) is a commuta-
tive Banach *-algebra. However, whenever G # {e}, the L'-norm fails to be
a C*-norm. In fact, it is not difficult to construct f € L*(G) such that

L7 flly # 17113
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(Exercise 2.12.25).

(6) The assignment f — f*, where f*(z) = f(z), defines an involution
on the disc algebra A(D) (Example 1.1.7(2)). However, A(D) fails to be a
C*-algebra (Exercise 1.6.15).

If A is a x-algebra, then so is A, once we define
(a+Xe)*=a*+Xe, acA, NeC.

Then A, is a normed *-algebra with ||a + Ae|| = ||a]| + |A|, yet in general not
a C*-algebra if A is. The following lemma, where we do not assume A to be
commutative, shows that nevertheless a different norm can be introduced on
A, which extends the norm on A and turns A, into a C*-algebra.

Lemma 2.4.3. Let A be a C*-algebra without identity. There exists a norm

- llo on Ae such that |lallo = |la|| for all a € A and (Ae,| - |lo) becomes a
C*-algebra.
Proof. Let || - || denote the above norm on A.; that is,

lla+ Xe|| = |la]| + |A], a€ A, XeC.
For x € A., let L, : A — A be defined by L,(a) = za, a € A. Then
[Lzal < [z - [lall,

so that L, is bounded and ||L.| < ||z
We claim that ||z||o = || L,| defines a C*-norm on A, extending the given
norm on A. Note first that, for a € A,

| La(a®)|| = llaa™]| = llal* = |lal| - [la*]

and hence ||Ly|| > |la|| and therefore ||L,|| = ||al|. Now, x — ||z|/o is a norm
on A, as soon as we have seen that L, = 0 implies = 0. To this end let

r=b+Xe, be A IeC,

be such that xza =0 for all a € A. If X\ # 0, then a = (—(1/A)b)a for all a € A,
that is, u = —(1/A)b is a left identity for A. Since

ut =t = (wn) = ()" =,
and hence, for all a € A,

au = au” = (ua*)* = (a*)* = q,

u is also a right identity for A. This contradiction yields x = b € A, and
therefore = 0 as ||b|| = || Ls||. Moreover, || - ||o is an algebra norm since
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lzyllo = | Layll = [|La © Lyll < [[Lallll Lyl = lIzllollyllo,

and A, is complete because A is complete and A./A is one-dimensional.
Finally, || - |lo is a C*-norm on A.. Indeed, from
ILe()l” = [lzall? = ||(za)* (za)]|
= lla*(@"z)al < [ - [ Lo=aall

< llall?[| La~e|l

it follows that

[2/l5 = 1 Lall® < [[Lawzll = l2*zllo < | Lox ||| Lall = lz*[lo]lz]lo,
and this in turn gives
[zllo < [[2*"[lo and [[z*[[o < [lz*[lo = [|z[[o-
Thus [[z*(|o = [|z]lo, and [|z*z([o < [[#*[o[lz]lo = l|2]|3- O

Lemma 2.4.4. Let A be a commutative C*-algebra. Then the Gelfand homo-
morphism is a *-homomorphism; that is, v* = T for all x € A.

Proof. We have to show that ¢(z*) = ¢(x) for p € A(A) and = € A. Of
course, we can assume that A has an identity e. Let

o) =a+if and @(z*) = v + id,
a, B,7,d € R. Towards a contradiction, assume that g+ 6 # 0 and let
y=(B+0) "z +az*— (a+7)e) € A
Then y = y* and
p(y) = (B+0) " a+iB+7y+id — (a+7) =i
This implies that, for all t € R,
oy +tie) = ¢(y) + ti = (t + 1)i,
and hence |t + 1| < ||y + tie||. Since y = y*, the C*-norm property gives

(t+ 1) < ||y + tie||* = [|(y + tie)(y + tie)"|
= ||(y + tie)(y — tie)|| = [ly* + %]
< ly?|| + 2.
However, this inequality cannot hold for large ¢. This shows that § = — 3 and
therefore
e((iz)") = p(—iz") = —ip(z") = —i(y +1i6) = —f — i7.

On the other hand p(ix) = i(a+i3) = — 3+ ia. Applying what we have seen
so far with iz in place of z, we obtain v = « and hence ¢(z*) = p(z). O



2.4 Commutative C*-algebras 69
We are now ready to prove the first main result of this section.

Theorem 2.4.5. For a commutative C*-algebra A the Gelfand homomor-
phism is an isometric x-isomorphism from A onto Cyo(A(A)).

Proof. To prove that x — T is isometric, note first that if y = y* € A, then
lyll? = lv*y|l = ||l¥?|| and hence by induction ||y||?>" = ||y*"|| for all n € N, so
that

2 =l

ra(y) = lim [y
n—oo
If now & € A is arbitrary, then by what we have just seen,
ra(e*z) = ||z*z|| = ||z||*.

Recalling that z* = Z (Lemma 2.4.4) and o4(z) \ {0} C Z(A(A)) C oa(x)
(Theorem 2.2.5) we conclude that

22| = [[(272) oo = ra(z”a) = ||z]*.

12113 =

Thus z — 7 is isometric and, in particular, the image Aof Ais complete with
respect to the supremum norm and hence closed in Cy(A(A)). On the other
hand, Aisa x-subalgebra of Cy(A(A)) which strongly separates the points of
A(A) (Theorem 2.2.7). Thus A'is dense in Co(A(A)) by the Stone—Weierstrass
theorem. This proves that A = Co(A(A)). O

The preceding theorem, together with the following corollary, sets up a
bijection between the homeomorphism classes of locally compact Hausdorff
spaces and the isomorphism classes of commutative C*-algebras.

Corollary 2.4.6. For two commutative C*- algebras A and B the following
are equivalent.

(i) A(A) and A(B) are homeomorphic.
(ii) There exists an isometric *-isomorphism between A and B.
(iii) There exists an algebra isomorphism between A and B.

Proof. The implication (ii) = (iii) is trivial and, as we have seen earlier
(Lemma 2.2.10), the implication (iii) = (i) holds even for general commu-
tative Banach algebras A and B. To prove (i) = (ii), note first that if
¢+ A(A) — A(B) is a homeomorphism, then f — f o ¢ is an isometric
isomorphism from Cy(A(B)) onto Co(A(A)) satistying f — fo¢. On the
other hand, by Theorem 2.4.5, A and B are isometrically x-isomorphic to
Co(A(A)) and Cy(A(B)), respectively. It follows that A and B are isometri-
cally x-isomorphic. O

Corollary 2.4.7. Let A be a commutative C*-algebra. For x € A consider
the following conditions.
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*

He=cz
(ii) oa(z) CR
(iil) Z is real-valued.
(iv) x = y*y for some y € A.
(v) 0a() C [0,00).
(vi) & > 0.

Then (i), (ii), and (iii) are equivalent, and so are (iv), (v), and (vi).

Proof. The equivalence of (ii) and (iii) and of (v) and (vi) follows immediately
from

F(A(A)) U {0} = oa(z) U {0}

The Gelfand homomorphism is injective and satisfies z* = Z. Therefore (i)
and (iii) are equivalent. If (iv) holds, then Z = y*y = 77 > 0. Conversely,
itz >0, let f € Co(A(A)) be the positive square root of z. The Gelfand
homomorphism being surjective, there exists y € A such that 4 = f. Now y
satisfies y*y = 7 and hence y*y = z. O

In the sequel we present two applications of Theorem 2.4.5. The first one
(Theorem 2.4.9) is the construction of a functional calculus in which contin-
uous functions act on elements of a commutative C*-algebra, and the second
(Theorem 2.4.12) concerns the existence of a Stone-Cech compactification for
a completely regular topological space.

We know that in general the spectrum of an element in a Banach algebra
may become larger upon passing to a subalgebra. We need that for C*-algebras
this cannot happen as we observe next.

Lemma 2.4.8. Let A be a commutative C*-algebra with identity e and B a
C*-subalgebra of A containing e. Then oa(x) = opg(x) for each x € B.

Proof. 1t suffices to show that if y € B is invertible in A, then y is already
invertible in B. Let y € BN G(A) and note first that y* € G(A) since

(y—l)*y* _ (yy—l)* — e = ee* = (6*6)* — ™ — e,

Thus yy* € G(A) and, by Theorem 2.2.5, yy*(A(A)) = g4 (yy*). On the other
hand, by Lemma 2.4.4,

yy(AA)) = {elyy™) - o € AA)} = {le(y)* : 0 € A(A)}.

Hence 04 (yy*) C [0,00), so that pa(yy*) = C\oa(yy*) is connected. Theorem
1.2.12 now yields

os(yy") = oalyy™).

Therefore, yy™* is invertible in B and hence so is . O
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Theorem 2.4.9. Let A be a commutative C*-algebra with identity e and x €
A. Let A(x) denote the smallest C*-subalgebra of A containing x and e. There
exists a unique isometric x-isomorphism

¢: Cloa(x)) = Alx), [ — flx)

with the property that ¢ maps the constant function 1 onto e and the function
A — X onto x.

Proof. Because 04(z) = 04(,)(7) by Lemma 2.4.8, we can assume that A =
A(x). This means that the set of all polynomials in z,z*, and e is dense in
A. Let f € C(oa(x)) denote the function f(A) = A, and suppose that ¢y
and ¢o are isometric -isomorphisms from C(o4(x)) onto A = A(z) with
¢j(1g,(z)) = € and ¢;(f) = x. Then

¢; (@) =¢; (@) = f, j=1,2,

so that gbfl and ¢ ! coincide on all polynomials in z, z* and e. Since A = A(z)
and (bl_l and ¢, L are continuous, we conclude that (bl_l =0y L

To prove the existence of ¢, we show first that ¢ — () defines a home-
omorphism between A(A) and o4(z). Every ¢ € A(A) is determined by
its value at z since ¢ is continuous, A is generated by z,z*, and e, and
p(z*) = p(x) and p(e) = 1. Thus ¢ — p(z) is injective. On the other hand,
Z(A(A)) = oa(z) by Theorem 2.2.5. Clearly, the map ¢ — ¢(x) from A(A)
onto o 4(z) is continuous, and hence it is a homeomorphism since A(A) is com-
pact and o4(x) is a Hausdorff space. Let ¢ denote the associated isometric
k-isomorphism between C(o4(z)) and C(A(A)); that is,

P(9)(p) = g(e(@)), geCloalr)), ¢e AlA).

By Theorem 2.4.5 the Gelfand homomorphism y — 7 is an isometric *-
isomorphism from A = A(x) onto C'(A(A)). Composing its inverse with 1,
we obtain an isometric #-isomorphism ¢ : C(ca(z)) — A = A(z) given by

#(g) =y if and only if () = g(p(z)) for all ¢ € A(A).

Then ¢ has the required properties since 1, ,)(¢(7)) = 1 = €(p) and
Flpl)) = o) = () for all ¢ € A(A), 0

Remark 2.4.10. Returning to Example 2.4.2; let T' be a normal operator in
a Hilbert space H and A(T) the closed subalgebra of B(H) generated by T',T"*
and the identity operator I on H. According to the preceding theorem, there
is a unique isometric *-isomorphism from C(o(T")) onto A(T) which maps the
function f(A) = A to T and the constant one function to I. This result can
be used to derive the spectral theorem for normal operators in Hilbert spaces.
Because of this, Theorem 2.4.9 is often referred to as the abstract spectral
theorem.
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For the second application of Theorem 2.4.5 mentioned above we first
recall some notions from topology.

Definition 2.4.11. Let X be a Hausdorff space. A pair (Y, 3), consisting of a
compact Hausdorff space Y and a mapping 5 : X — Y, is called a Stone—Cech
compactification of X, if the following conditions are satisfied.

(i) B(X) is dense in Y, and 8 : X — [(X) is a homeomorphism.
(ii) Every f € C*(X) extends continuously to Y in the sense that there exists

f € C(Y) such that f(B(x)) = f(x) for all x € X.

Of course, fis then uniquely determined since 5(X) is dense in Y.

Suppose now that X possesses a Stone-Cech compactification (Y, 3). Then
given a closed subset E of X and 2 € X \ E, there exists f € C*(X) such
that f|lg = 0 and f(x) # 0. In fact, if C' is a closed subset of Y with C' N
B(X) = B(E), then B(z) € C, and hence by Urysohn’s lemma we find g €
C(Y) such that g(B(z)) # 0 and glc = 0. Now, f = go f € C"(X) has
the desired properties. A Hausdorff space X for which C°(X) shares this
separation property is called complelety regular.

Stone and Cech proved that every completely regular space admits a
Stone—Cech compactification, which is uniquely determined up to homeomor-
phisms. We conclude this section by showing that the existence of a Stone—
Cech compactification can be obtained as an application of Gelfand’s theory.

Theorem 2.4.12. Let X be a completely reqular topological space. Let Y =
A(CY(X)) and define B: X — Y by B(z) = ¢, where ¢a denotes the evalua-
tion of functions in C(Y') at x. Then (Y, 3) is a Stone—Cech compactification
of X.

Proof. C*(X) is a commutative C*-algebra with identity. Therefore, ¥ =
A(CP(X)) is compact, and the Gelfand homomorphism f — f is an isometric
*-isomorphism from C?(X) onto C(Y). The map

B:X =Y, x—p,

is one-to-one because given distinct points x; and xo in X, the complete
regularity of X guarantees the existence of some f € C?(X) with

Py (f) = fl21) # f22) = @u, (f)-

Condition (ii) of Definition 2.4.11 is satisfied with f= J? since, by definition
of 3, R R
fB) = flpe) = ¢u(f) = f(2)
for all f € C*(X) and z € X.
To verify that 8 : X — B(X) is a homeomorphism, for zo € X, e > 0, and
fis--oy fn € CP(X) consider the sets
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V=AzeX:|filx)— fi(zo) <el<i<n}CX
and

U ={px € B(X) : [@u(fi) = e (fi)| < &,1 < i <m} CBX).

Then V = 371(U) and V is open in X. These sets U form an open basis
for the relative topology on B(X) C Y = A(C*(X)). Hence f3 is continuous,
and for 3 to be open it suffices to show that such sets V' form a basis for the
topology on X. For that, let W be an open subset of X containing xy. Then,
since X is completely regular, there exists f € C?(X) such that f(zg) # 0
and f[x\w = 0. It follows that

zg € {z € X :[f(z) — f(zo)| < |f(xo)|[} CW.

To complete the proof of the theorem it remains to show that §(X) is dense
in Y. Assuming the contrary, there exists ¢ € C(Y) such that g # 0, but
9lp(x)y = 0. The Gelfand homomorphism maps C*(X) onto C(Y). Thus we

find f € C*(X) such that f = g. Then

~

0=9(pz) = f(ez) = a(f) = f(x)

for all x € X. However, f = 0 implies ¢ = 0. This contradiction shows that
B(X) is dense in Y. O

2.5 The uniform algebras P(X) and R(X)

The next two sections centre around elaborating the Gelfand representation
of certain algebras of continuous functions on compact spaces.

Definition 2.5.1. Let X be a compact Hausdorff space. A closed subalgebra
A of C(X), equipped with the || - ||so-norm, is called a uniform algebra if A
separates the points of X and contains the constant functions.

In Example 1.1.2 we have already introduced, for X a compact subset of
C, the uniform algebras P(X), R(X), and A(X). The definitions in the more
general case of a compact subset of C" are analogous. Instead of polynomials,
rational functions, and holomorphic functions in one variable we simply have
to take such functions in n complex variables.

Remark 2.5.2. If A is a uniform algebra on X then, because X is compact
and A(A) is a Hausdorff space, the mapping ¢ : © — ¢,, where ¢, (f) = f(z)
for f € A, is a homeomorphism of X onto its range ¢(X) C A(A). In general,
however, ¢(X) is a proper subset of A(A).
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Our goal is to determine the structure spaces of P(X), R(X), and A(X).
In this section we treat P(X) and R(X) for X C C™ and in the next section
A(X) for X C C. Moreover, we study the problem of when equality holds for
any of the inclusions P(X) C R(X) and R(X) C A(X).

Example 2.5.3. Let D ={z € C:|z| <1} and T = {z € C: |z| = 1}, the
boundary of D.

(1) The algebra P(D) is generated by the function f(z) = z,z € D. Now,
opm)(f) = D. In fact, if [A| > 1, then the function

Z_>)\—1f(z) /\1— )\Z( )

is a uniform limit of polynomials on D, and hence the function A\ — f is invert-
ible in P(ID). Thus, by Lemma 2.3.3, the mapping z — ¢, where ¢.(g) = g(2)
for g € P(D), is a homeomorphism between I and the structure space of P(D).

By the maximum modulus principle, the mapping r : ¢ — ¢g|r is an iso-
metric isomorphism from P(D) onto P(T). It follows that A(P(T)) = D via
the mapping z — ¢, p.(h) = r~1(h)(z) for h € P(T).

(2) We claim that P(D) = A(D) # C(D). Since the function z — z fails to
be holomorphic, A(D) # C(D). To show that P(D) = A(D), let f € A(D) and
for 0 < t < 1, define f; by fi(z) = f(¢tz). Then f; is a holomorphic function
on {z € C: |z] < 1/t}, and f; — f uniformly on D as ¢ — 1 because f is
uniformly continuous on . Finally, f; admits a power series representation
and hence can be uniformly approximated by polynomials on D. Thus f is a
uniform limit of polynomials on D, as required.

Definition 2.5.4. Let X be a compact subset of C". The polynomially convex
hull, X, of X is the set

)A(p ={ze€C":|p(2)|] < |Ip|x]loo for all polynomials p}.

Then, by Definition 2.3.4, X is polynomially convex if and only if X = )?p.
The rational convex hull )/fr of X is the set of all z € C™ such that

) < @) |1

q

o0

for all polynomials p and ¢ with ¢ # 0 on X. Finally, X is said to be rationally
conver if X, = X.

We continue with some simple observations concerning X, and X,.

Remark 2.5.5. (1) Clearly, X C X, C )A(p. In particular, if X is polynomially
convex, then it is rationally convex.

(2) Each compact subset of C is rationally convex. Indeed, if zyp € C\ X,
then ¢(z) = z — 2o satisfies 1 > 0 = |¢(20)] - ||(1/¢)| x|/ .- On the other hand,
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recall that X is polynomially convex if and only if C\ X is connected (Theorem
2.3.7).
(3) Both X and X are compact. To Verlfy this, since these sets are

closed and X, C Xp, it is enough to show that Xp is bounded. Now, with
pj(z) = 2z;,1 < j <mn, for everyzeXp,

n n
1201 =D 1pi ()2 < Y lpslx Iz
j=1 J=1

Lemma 2.5.6. For any compact subset X of C™,
X, = {z € C": p(z) € p(X) forevery polynomial p}.

Proof. Let z € C™ and suppose that there is a polynomial p such that p(z) ¢
p(X). Then ¢(w) = p(w) — p(z) is non-zero on X and

o= i

so that z & X'T. Conversely, if z ¢ XT7 then there are polynomials p and g,
with ¢ # 0 on X, such that

O ETCIN M

In particular, p(z) # 0. If ¢(z) = 0, we are done since 0 ¢ ¢(X). Otherwise,
replacing p by g = q(2)p(2) " !p, we get that g(z) = ¢(z) and

9 q(z) Hp H
= . < 1'
H |XH ‘p(Z) q|X o
Then the polynomial f = ¢ — g satisfies f(z) =0 and 0 € f(X), for if z € X
and f(z) =0, then (g/¢)(x) = 1 contradicting ||(g/¢)|x |l < 1. O

We can now work out the Gelfand representation of P(X) and R(X).
Theorem 2.5.7. Let X be a compact subset of C™.

(i) The restriction map ¢ : f — f|x is an isometric isomorphism from P()?p)
onto P(X). Moreover, for x € X,, define ¢, : P(X) — C by

o(f) =07 (f)x), fePX).

Then x — @y is a homeomorphism from )?p onto A(P(X)).
(ii) The map ¢ : f — flx is an isometric isomorphism from R(X,) onto
R(X), and v — @, where

(pr(f):d)_l(f)(ﬂj), fER(X), $€)?r,

is a homeomorphism between X, and A(R(X)).
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Proof. (i) The map q|;{p — ¢|x takes the dense subalgebra of P(X),) consist-

ing of all polynomial functions on )/fp homomorphically onto the corresponding
subalgebra of P(X). This map preserves the norm since

l9(2)] < llglxllo

for all polynomials ¢ and all z € )?p. It follows that ¢ is an isometric isomor-
phism from P()A(p) onto P(X). For each z € )/fp, ¢z as defined above belongs
to A(P(X)), and the mapping = — Lpz,)A(p — A(P(X)) is injective. It is
continuous since

z = @a(f) = ¢~ (f)(2)

is a continuous function on )?p for every f € P(X). Hence x — ¢, maps X,
homeomorphically onto its image in A(P(X)). It remains to show that given
p € A(P(X)), there exists © € )Z'p such that ¢ = ¢,. To that end, let z; =
©(pjlx), where p;(2) = 2zj,1 < j < n. We claim that x = (z1,...,2,) € )A(p
and ¢ = ¢,. For any polynomial ¢,

q(z) = q(e(p1|x),- -, 0Pnlx)) = ¢lalx),

and hence |¢(x)] < ||¢|x||co- This proves z € )/fp, and ¢ = ¢, follows from

vz(pjlx) = pj(z) = 7; = v(pjlx),

1 < j < n, since the functions p;|x generate P(X).
(i) is proved in very much the same way as (i). Note first that if f =
(p/q)|,, where p and ¢ are polynomials with ¢ # 0 on X,, then [|f|le =

| f1x lloo since for each z € X,

(o) <l 1|

Consequently, f — f|x maps the dense subalgebra of rational functions in
R()?T) homomorphically and isometrically onto a dense subalgebra of R(X).
This yields the first statement in (ii).

Clearly, for each = € )?T,

vo(f) =07 (f)(@), feRX),

defines an element of A(R(X)), and the mapping z — ¢, X, — A(R(X)) is
injective and continuous. What is left to be shown is that every p € A(R(X))

is of the form ¢ = ¢, for some z € X,. Given ¢, as in (i) define 2 =
(x1,...,2n) € C" by
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Now, for every polynomial g,

9(@) = qle(P1]x), - (Pnlx)) = 0(alx) = dlx (¢) € or(x)(alx) = q(X).

According to Lemma 2.5.6 this shows that z € X,. Finally, ¢, (pjlx) =2; =
¢(pjlx) implies ¢, (px) = ¢(p|x) and hence

CR SRR

for all polynomials p and ¢ with ¢ # 0 on X. It follows that ¢ = @,. ad

In the proof of part (i) of Theorem 2.5.7, for surjectivity of the map z — ¢,
from X, to A(P(X)) we could alternatively have appealed to the proof of
Theorem 2.3.6. We now obtain the following approximation result.

Theorem 2.5.8. If X is a compact subset of C", then P(X) = R(X) if and
only if Xp = X,.. In particular, for a compact subset X of C, P(X) = R(X)
if and only if C\ X is connected.

Proof. Suppose first that P(X) = R(X), and let x € )A(p. Then the function
0zt f — (71 f)(x), where ¢ is as in part (i) of Theorem 2.5.7, defines an
element of A(P(X)) = A(R(X)). By Theorem 2.5.7(ii), ¢, = ¢, for some
Yy € X, Tt follows that

q(y) = ¢y(dlx) = ¢alalx) = q(z)

for all polynomials ¢, so that = y. This shows )?p - )?T and hence )?p = )?T
(Remark 2.5.2).

Conversely, let )?p = X,.. To prove R(X) C P(X) it suffices to show that
if ¢ is a polynomial such that ¢(z) # 0 for all z € X, then g| x s invertible in
P(X). Now, by Lemma 2.5.6, ¢ has no zero on X,.. Since X, Xp = A(P(X)),
this implies ¢(¢|x) # 0 for every ¢ € A(P(X)). Therefore ¢|x is contained
in no maximal ideal of P(X), and therefore is invertible in P(X).

Finally, suppose that n = 1. If C\ X is connected, then X is polynomially
convex (Theorem 2.3.7) and hence X, = )/fp. Conversely, if )Z'p — X, then,
because every compact subset of C is rationally convex (Remark 2.5.5), X is
polynomially convex and hence C \ X is connected. a

Next we show an interesting result about generation of R(X).

Theorem 2.5.9. If X is a compact subset of C™, then R(X) is generated by
n+1 elements.

Proof. The set of n + 1 generators we produce consists of the coordinate
functions p;(z) = z;,z € X,1 < j < n, and an additional function f which
has to be constructed. Notice first that since P(X) contains a countable dense
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subset, there exists a sequence of polynomials g,,, m € N, such that ¢, # 0
on X and the set

{ P |X :meN;pa polynomial}
dm

is dense in R(X). Let g, = ¢m|x, and by induction define positive real num-
bers ¢, m € N, so that

cm |9l <27 and em |9 gn]l, < 27w

for 1 < k <m — 1. Then the series S 77, crg; '(z) converges uniformly on X
and hence defines an element f of R(X). We claim that A, the unital closed
subalgebra of R(X) generated by f and all the p;,1 < j < n, coincides with
R(X).

The set of functions of the form (pg;,})|x, m € N, p a polynomial, is dense
in R(X). Therefore it is enough to show that g,.,! € A for every m € N. Let

fm = Z ckgk_1 € R(X).

k=m

Next, observe that, for each m € N, g.-! € A provided that f,, € A. Indeed,
this can be seen as follows. If f,, € A, then f,,9,» € A and, by the choice of
Ck,

oo oo
[ fmgm —eml| =1 D Ckgmg,Ql’ < > allomer
k=m-+1 0 k=m-+1
oo
<cm Z 27k < Crmy-
k=m+1

Thus f,,gm is invertible in A, and hence so is g,,. It now follows by induc-
tion that f,, € A for all m € N. Indeed, f; = f € A, and supposing that
fi,--, fm € A, by the preceding paragraph, g; ', ..., g, ' € A. It follows that

frpr=Ff=> gy € A
k=1

This finishes the proof of the theorem. a

It is worth pointing out that we have not proved that R(X) admits a
system of n 4+ 1 generators, each of which is a rational function. In fact, this
strengthened version is false, as can already be seen in the plane: if X is a
compact subset of C and C\ X has infinitely many connected components, then
R(X) cannot be generated by a finite family of rational functions (Exercise
2.12.41) even though it is doubly generated as a Banach algebra.

A nice geometric consequence of Theorem 2.5.9 and the previous results
is the following
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Corollary 2.5.10. Every rationally convex compact subset of C™ is homeo-
morphic to some polynomially convex subset of C*+1.

Proof. If X is a compact subset of C" and rationally convex, then X =
A(R(X)) by Theorem 2.5.7. On the other hand, R(X) is generated by n + 1
elements fi,..., fnt1, and hence, by Lemma 2.3.3, A(R(X)) is homeomorphic
to the joint spectrum

UR(X)(fla RN fn+1) - (Cn+17
which is polynomially convex by Theorem 2.3.6. d

We proceed by constructing a compact subset X of C with empty interior
such that R(X) # C(X). This example is usually called Swiss cheese, a label
which becomes apparent from the construction.

Example 2.5.11. As before, let D denote the closed unit disc. We are going
to show the existence of a sequence of closed discs A;,j € N, of radii r; > 0
with the following properties.

(1) A; € D° ={z€C:|z| <1} and A; N A, =0 for j #k.

(2) 272 < 1.

(3) D\ UjZ; A§ has an empty interior.

Let y1,y2, . .. be a numbering of the countable set of complex numbers a+i3 €
D° with «, 8 rational. We construct by induction on n a sequence (4A,), of
closed discs such that (1) holdsfor 1 <j <k <n,0<r; <2 for1<j<n
and

n n
v € [ J A= A
Jj=1 j=1

For y € C and r > 0, let B(y,r) denote the closed disc of radius r around y.
Choose 0 < 11 < ; such that Ay = B(y1,71) € D°. Suppose that Aq,..., A,
with the required properties have been found. Then y,, & U?Zl A; for some
m > n + 1. Indeed, otherwise y;, € U?:l A; for all k and hence, because the
set {yy : k € N} is dense in D°, D° = [Ji_, A;, which is impossible. Let m be
minimal such that y,, ¢ U;-Zzl Aj, and choose 0 < rypq1 < 2~ (n+1) such that
Apy1 = B(Ym, rnt1) satisfies

An+1 g D° and An+1 n U AJ = (Z)
j=1

This finishes the inductive step. It is obvious that the sequence (4A;); has
properties (1) and (2).
Now, let X = D\ U;il Aj. Then X has empty interior because y, €

Uj=, 43 for each n. So (3) holds also.
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To prove that R(X) # C(X), we construct a bounded linear functional /
on C(X) such that I # 0 and I| g(x) = 0. Let z; denote the centre of Aj, j € N,
and let I, j € N, be the curve defined by

Ii(t) =z +rje’, telo,2n).
Moreover, define Iy by
Io(t) =e™ ™, telo,2n]
For f € C(X), let

(NH=> | f()dz
j=0""13

Note that since >, r; < oo and

/Fj f(z)dz

the above series converges absolutely, and therefore [ defines a bounded linear
functional on C'(X).
Now, fFo zdz = —2mi and

2m
T flz + rje”)ieitdt‘
0

<2717 fl oo,

2
/ Zdz = ir; / (zj +rje”)etdt = 27rirJ2-
r 0

j
for j > 1. Thus, by property (2),

oo

l(z— 2)=2mi ZT?—l #0.

J=1

It remains to show that I|r(x) = 0.

To that end, let p and ¢ be complex polynomials such that ¢(z) # 0 for
all z € X. Then ¢ # 0 on some open neighbourhood V of X. Let X,, =
D\ U?:l A2, so that X,,41 C X, for all n and X = N, Xy It follows
that X,, C V for all n > ng for some ng € N. We want to apply Cauchy’s
integral formula to the holomorphic function f = (p/q)|v and the closed
curves [o, I, ..., I, in V, n > ng. For every point z ¢ I';([0, 27]), let w(I7}, 2)
denote the winding number of I'; with respect to z. If z € C\ V, then either
z ¢ D and hence w(I7j,z) = 0 for all j € Ng, or z € D. In the latter case,
z € Uj_; A3 because D\ |Jj_, A7 = X,, C V for n > ng, and therefore
z € A3 for exactly one j € N. This implies that

wak, =w(l},z)+w(lp,z)=1—1=0.
k=0
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Thus we have seen that X} w(I},2z) = 0 for all z € C\ V and n > ng. A
version of Cauchy’s integral formula (see [23, p. 206]) now yields that

ij:O/Fj f(z)dz=0

for all n > ng and hence I(f|x) = 0. Since [ is continuous, it follows that
Ur(x)=0.

The next theorem holds more generally for compact subsets of C of
Lebesgue measure zero and in this generality is referred to as the Hartogs—
Rosenthal theorem.

Theorem 2.5.12. Let X be a countable compact subset of C. Then P(X) =
C(X).

Proof. We first observe that C\ X is connected. To see this, let 21, 20 € C\ X.
Since X is countable, there is a ray L emanating from z; which does not
intersect X. For any point z € L, let z, zo denote the line segment connecting
z and z. Again, because X is countable, one of them, say z, z5, misses X. So
z1 and 29 are connected in C\ X by z1,2z U 2, z9. Theorem 2.5.5 now shows
that P(X) = R(X).

It remains to show that R(X) = C(X). Let p € C(X)*, that is, a bounded
regular Borel measure on X, and suppose that u is nonzero and nevertheless
annihilates R(X). Note that, for every z € C\ X, the function w — 1/(w — z)
belongs to R(X) and hence [y 1/(w — z)du(w) = 0. Since supp p is countable
and compact, at least one of the points of supp p is open in supp p. So there
exist zo and an open disc U centered at z of radius R > 0 such that pu({z0}) #
0 and U Nsupp p = {20}. Since X is countable, we find 0 < r < R such that
the path v(t) = zo + 7€', t € [0, 27], does not meet X. An easy application of
Fubini’s theorem shows that

L(/}{wizdu(w)) dz:/X</71/(w—z)dZ> dp(w).

Now the left-hand side of this equation is zero since X N ~[0,27] = ) and
Jx 1/(w = z)du(w) = 0 for every z ¢ X. On the other hand, the right-hand
side is nonzero. To see this, note first that if w € supp p, then either w ¢ U or
w = zo. In the first case, [ 1/(w —z)dz =0, whereas [ 1/(w — z)dz = —2mi
in the second case. It follows that

/x <L w 1— zdz> dp(w) = —2mip({zo}) # 0.

This contradiction shows that there is no nonzero p € C(X)* annihilating
R(X). Thus R(X) = C(X) by the Hahn—Banach theorem. O
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Since a countable compact subset of C has empty interior, Theorem 2.5.12
is a very special case of Mergelyan’s theorem which states that if X is a com-
pact subset of C such that C\ X is connected, then P(X) = A(X). It is also
worth pointing out that R(X) = C'(X) holds more generally whenever X is
totally disconnected. In fact, this follows from Corollary 3.5.6 because every
compact subset X of C is rationally convex (Remark 2.5.5) and therefore
homeomorphic to A(R(X)) (Theorem 2.5.7). However, the proof of Corollary
3.5.6 relies on Shilov’s idempotent theorem. A somewhat surprising conse-
quence of Theorem 2.5.12 is the following corollary.

Corollary 2.5.13. Let X be a countable compact Hausdorff space and let A
be a closed subalgebra of C(X). Then A is self-adjoint.

Proof. Let f € A. Then f(X)U {0} is a countable compact subset of C. By
the preceding theorem there exists a sequence of polynomials p,,n € N, such
that p,(z) — z uniformly on f(X)U {0}. Let ¢, = pn — pn(0). Then each
gr is a polynomial without constant term and ¢,(z) — z uniformly on f(X).
Thus ¢,(f(z)) — f(z) uniformly on X. Since g, is without constant term,
Gn o f € A. This proves that f € A. a

In concluding this section we present a theorem (Theorem 2.5.15 below),
which is usually referred to as Wermer’s maximality theorem. The proof re-
quires the following lemma.

Lemma 2.5.14. Let X be a compact Hausdorff space and A a uniform algebra
on X. If f and g are functions in A such that |1+ f + gllec <1, then f+g¢
is invertible in A.

Proof. Let h = f+gand ¢ = [[1+Reh[o. Since |1+ f+gll < 1 and hence
14+ f+ 9l <1, we have

1
l1+Rehl|o = 2Hl—|—f—|—g+1—|—f‘|’g”oo<1.

Thus, for all z € X, |1 + Reh(x)| < ¢ < 1. This means that h(z) lies in the
left half-plane for all &, which suggests that, for small € > 0,1+ € h(z) lies in
the unit disc for all z. In fact,

|1+ eh(z)|* = 1+ 2¢Reh(z) + 2|h(z)|?
< 1+42¢(c—1)+€|h2,

for all x € X. Since ¢ < 1, it follows that |1+ €h|lo < 1 for sufficiently small
€ > 0. This eh is invertible (Lemma 1.2.6) and hence so is h. O

Theorem 2.5.15. Let A be a uniform algebra on the unit circle T such that
P(T) C A. Then either A= P(T) or A= C(T).
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Proof. For h € C(T) and k € Z, let

1 27 . .
cr(h) = 271_/0 h(e)e~*tdt,

the k-th Fourier coefficient of h. Then h € P(T) if and only if ¢;(h) = 0 for
all & <0.

Now suppose that A # P(T). Then there exists h € A with ¢, (h) # for
some k < 0. Without loss of generality we can assume that ¢_;(h) = 1. Indeed,
the function g defined by g(z) = h(z)z~**+1) belongs to A since A D P(T)
and —(k+1) > 0 and c¢_1(g) = cx(h) # 0. Choose a trigonometric polynomial

r with ||k — 7|l < } and define s € C(T) by

s(2) =r(z2)+ (1 —c_1(r))z %
Then c_1(s) = c_1(r) + (1 —c_1(r)) = 1 and

I8 = Plloo < [l = Plloc + 1 = ca(r)] = [Ir = hlloc + c1(h — 7))
<2[h —r|le < 1.

Thus s is of the form

-2 N

s(z) = Z cr(s)2F + 271 + Z cr(s)2"

k=—N k=0

for some N € N. It follows that

-2 N

zs(z) = Z cr(s)2F 142 Z cr(s)zF

k=—N k=0
= zp(2) + 1+ 2q(2),

where p and ¢ are polynomials in z. Since ||s — h||oo < 1, we obtain that
14 2(q = h) + 2pllec = [z = 2h[loc = [[s = hlloc < 1.
Since ¢ — h € A and p € A, Lemma 2.5.14 shows that the function
z = 2(q(2) = h(2)) + 2p(2) = 2(¢ — h + p)(2)

is invertible in A. So the function z — z is invertible in A, and hence A
contains all the functions z — 2z, m € 7Z. Because the linear combinations of
these functions are dense in C'(T), we conclude that A = C(T). O
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2.6 The structure space of A(X)

Let X be a compact subset of C. Recall that A(X) is the closed subalgebra of
C(X) consisting of all functions in C'(X) which are holomorphic on the interior
X° of X. Our aim is to work out the structure space of A(X). Since A(X)
is a uniform algebra, the mapping = — ¢,, where ¢, is the point evaluation
vz (f) = f(x), f € A(X), at z, is an embedding of the compact set X into
A(A(X)). As might be expected, this map is actually surjective, but this is
much harder to prove than the corresponding fact for R(X). To establish this
result, we need a sequence of preparatory lemmas.

In passing, we mention that in some special cases we already know that
A(A(X)) = X.

Remark 2.6.1. Clearly, R(X) C A(X), and A(X) = C(X) whenever X° =
(). There exist sets X such that R(X) is strictly contained in A(X). An ex-
ample is provided by the so-called Swiss cheese (Example 2.5.11) which was
obtained by deleting countable many disjoint open discs from the closed unit
disc in an appropriate way. On the other hand, P(D) = A(D) # C(D) (Ex-
ample 2.5.3).

In the sequel, A\(M) denotes the Lebesgue measure of a Borel subset M of
C.

Lemma 2.6.2. Let X be a Borel subset of C. Then, for any z € C,

1

/ dr < 2(mA(X))V2.
x |z — 2|

In particular, the functions v — 1/(xz — z), z € C, are integrable on compact

subsets of C.

Proof. Nothing has to be shown if A(X) = 0 or A(X) = oco. Thus we can
assume that 0 < A\(X) < oo.Let R =71~ /2\(X)/2, S = {z € C: |z—2| < R}
and, for any ¢ > 0, S, = {z € C: e < |z — z| < R}. Then, introducing polar
coordinates, we get

1 2
/ dr = lim dx = hm/ / de dr
sz — 2| =0 S€$—2|
= lirr(lJ 2n(R —€) =27R
= 2(mA\(X))Y/2.

It therefore suffices to show that

A
o= = s e 2]

To that end, note first that A\(X) = 7R? = A(S) and X = (X N S)U (X \ 9)
and hence
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AMXNS) =AX) = AMXNS) =AXS\AMSNX)=AS5\X).

Now 1/|z — 2| >1/Ron S\ X and 1/|x — 2| <1/Ron X \ S. It follows that

1 1 1
/ dx:/ dx—i—/ dx
x |z — 2| xns [T — 2| X\S |z — 2|

1 1
< dr+ _MX\S
/ms|x—z| pAENS)

:/X ! dx+;%)\(S\X)

ns |z — 2|

1 1
g/ dfc+/ dz
xns [T — 2| S\X |z — 2|

1
z/ dx,
s |z — 2]

as required. O

Lemma 2.6.3. Let K be a compact subset of C and g a bounded Borel mea-
surable function on K. Define a function f on C by

_ [ 9@)

Then f wvanishes at infinity and f is holomorphic on C\ K and continuous
everywhere.

Proof. First of all, the integral exists for all z € C because the function
x — 1/(z — z) is integrable on compact sets (Lemma 2.6.2) and ¢ is bounded.
If R > 0 and the distance from z to K is > R, then

16 < [ lat@ias < 25 ol

This shows that f vanishes at infinity.
Next, for z,zp € C\ K with z # 25 we have

IOI 1 (0 @ Yy [,
z— 2o z—20 Jg\z—2 x—2 x (@—2)(x—2)
Since zg ¢ K, the function x — g(x)/(x — z)(x — 2¢) converges uniformly on
K, as z — zg, with limit g(x)/(x — 29)?. Therefore, as z — zo,

O [ g
K

z— 20 (x — 20)?

Thus f is holomorphic on C\ K.
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It remains to show that f is continuous at all points of K. We fix R > 0
so that K CU = {x € C: |z| < R/2} and prove that f is continuous on U.
Since the function z — 1/z is integrable on any compact subset of C (Lemma
2.6.2) and C,(C) is dense in L*(C), given ¢ > 0, there exists h € C.(C) such
that

dr < e.

For y € U we then have

10~ [ atntu—a] < [l 1~ =] au
<lgllo [ |}, A
Slgle [ |, )] do

< ¢el|gllco-

As h is uniformly continuous, there exists § > 0 such that, for all z,y € C,
|h(x) — h(y)| < € whenever |z —y| < ¢. For z,y € U with |x —y| < ¢ it follows
that

£@) = £ < 2 gl + /|g (=) = h(u—y)ldu
< clgll2 + MK

This shows that f is (uniformly) continuous on U. O

Lemma 2.6.4. Let X and K be compact subsets of C and let f € A(X).
Extend f to all of C by setting f(x) =0 for all x € C\ X, and define h on C

N (&)~ f(2)
@ -1
Z)_/K T —z

Then h is continuous on C and holomorphic on X°.

Proof. Since x — f(z) — f(#) is a bounded Borel measurable function on C,
h(z) is defined for all z € C and h is a continuous function (Lemma 2.6.3).
Therefore, to show that h is holomorphic on X°, by Morera’s theorem it is
enough to verify that f,y h(z)dz = 0 for every triangle path v which together
with its interior is contained in X°. For that, fix v, let I" denote the trace of
v, and note first that the function

flx) = f(2)

r—z

(z,2) —

is a Borel function on K x I' satisfying
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/(/K 'f<ﬁ:£|(z>'dx> dz < oo

(Lemma 2.6.2). Thus we can apply Fubini’s theorem to conclude that

/h(z)dz:/</K f(x;:f(z)da:>dz:/l(</ f(xx):ic(z)dz>dx.

Now the inner integral along «y is zero for all x € C\ I'. In fact, this is so
for every x € C\ X° since then the function z — (z — 2)71(f(z) — f(2)) is
holomorphic on X° | whereas for each x € X°\ I',

/ f(xa): : Z(Z) dz = 2mi <f(x) . /() dz) =0

21 N 2 X

by the Cauchy integral formula. Since K N I" has Lebesgue measure zero, it
follows that fv h(z)dz = 0, as required. 0

The preceding three lemmas together lead to the following approximation
result which is the main tool to prove that A(A(A)) = X.

Lemma 2.6.5. Let X be a compact subset of C and let zo € X and f € A(X).
Then there exists a sequence (fn)n in A(X) such that

f(2) = f(20) = (z = 20) fn(2) = 0
uniformly on X as n — oo.

Proof. Replacing X by X —2p and f by f — f(20), we can assume that zo = 0
and f(z9) = 0. Extend f to all of C by setting f(x) =0 for z € C\ X. For
neN, let K, ={ze€C:|z|] <1/n} and define f,, on C by

[ f@) =),

T Jk, T—z

fn(2) =

Then each f,, is continuous on C and holomorphic on X° (Lemma 2.6.4).
Since A\(K,) = 7/n?, we have for all z € C,

)= 1) =" [ n (119 ) a

™ T —z
We need to estimate the integral on the right. For r > 0, let
M(r) =sup{|f(2)]: z € X,|z| <r}.

With this notation, for all z € C, it follows that

W - s@r< " (i (D) ) [

o — 2|
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Now, if |z| > 1/n, then |z — z| > |z| — 1/n for all x € K, and hence

2 1 1
(2) " / do < .
T Ji, | — 2] lz| = 1/n

On the other hand, if ¢ > 1 and |z| < ¢/n, then by Lemma 2.6.2

1 1 1 2
/ dx:/ dmg/ dr <27 q’
K, 1T — 2] K-z |7 ja|<2q/n [] K

and hence, for all such z,

TL2

1
(3) / dx < 4qn.
T Jk, | — 2|

Now let € > 0 be given and choose ¢ € N, ¢ > 1, such that (¢ — 1)e > || f]|co-
If |z| > g/n > 1/n, then combining (1) and (2) yields

[2[M() + 1If(Z)I

2] —
! 1 1

1+ " M o
( +|z| i) (. ) nl ez
< (),

<, ()
Similarly, if |z| < ¢/n then combining (1) and (3) gives
2 = g < aan (Dr () 4 L (1))

:4q<qM( >+M(n))

However, M(r) — 0 as r — 0 since f is continuous on X and f(0) = 0. It
follows that zf,,(z) — f(2) — 0 uniformly on X. O

[2fn(2) = f(2)] <

IN

+ €.

Theorem 2.6.6. Let X be a compact subset of C. Then the mapping x —
vz, where p,(f) = f(x) for all f € A(X), is a homeomorphism between
X and A(A(X)). With this identification of A(A(X)) and X, the Gelfand
homomorphism of A(X) is the identity.

Proof. We only have to show that given ¢ € A(A(X)), there exists x € X
such that ¢(f) = f(z) for all f € A(X).

Let © = ¢(idx). Then # € X since, for every A € C\ X, the function
z — 1/(A = z) belongs to A(X) and therefore
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AZoax)(idyx) = idx (A(A(X))).

Now, for any f € A(X), by Lemma 2.6.5 there exists a sequence (f,)n in
A(X) such that

f(z) = f(@) = (z =) fu(2) = O
uniformly on X. This implies that

o(f) = f() = Tim (plidx) = 2)e(fn) =0,

as was to be shown.

2.7 The Gelfand representation of L'(G)

In commutative harmonic analysis the central object of study is the L'-algebra
of a locally compact Abelian group. In this section we present its Gelfand rep-
resentation. Thus, in the sequel, G always denotes a locally compact Abelian
group and L!(G) the convolution algebra of integrable functions on G.

To begin with, we introduce the dual group of G which turns out to be
canonically identifiable with A(L(G)).

Definition 2.7.1. A character o of G is a continuous homomorphism from
G into the circle group T. Clearly, the pointwise product of two characters is
again a character and so is a ! defined by a~!(z) = a(x) for all x € G. Thus
@, the set of all characters of G, forms a group, the dual group of G.

We proceed to show that there is a bijection between G and A(LY(G)).
Theorem 2.7.2. For o € G, let @, : LY (G) — C be defined by

:/f(x)a(x)dac, feLa).
G

Then oo € A(LY(G)) and the mapping o — @, is a bijection from G onto
A(LYG)).

Proof. Of course, ¢, is a linear functional. For f,g € C.(G), Fubini’s theorem
and the invariance of Haar measure yield

Palf*g) = / /f )g(yLx)dydz

/ / F(y)alz)gly~)dedy
/ / F(y)alyz)g(z)dzdy
/ / ) (y)dady

Palg)-
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Since |¢a(f)] < ||f|l1 for all f € L1(G), this formula even holds for all f,g €
LY(G). Moreover, ¢,, is nonzero since for any nonnegative function f in C.(G),
f # 0, we have

Yalaf) = /Gf(x)|oz(a:)|2da: > 0.

This shows that ¢, € A(L*(G)). Moreover, the map a — ¢, is injective.
Indeed, if a, B € G are such that

0= oalf) —ps(f) = /G f(2)(a(z) - B(x))de

for all f € LY(G), then a = B because L'(G)* = L*°(G) and « and f3 are
continuous functions. N

It remains to show that given ¢ € A(L'(G)), there exists a € G such that
© = @q. To that end, choose g € L'(G) such that ¢(g) = 1 and observe that
since p € L'(G)*, there exists x € L>(G) such that o(f) = [, f( x)dx
for all f € L'(G). The function

(z,y) = x(@)f(y)gly"z)

belongs to L'(G x G), and hence Fubini’s theorem implies that

o(f) = o(f = / (/ Wy~ dy) dz
=/Gf(y) </Gg(y1x)x(x)dw) dy
:/Gf(y)sa(Lyg)dy

for all f € LY(G). Now, define a : G — C by a(y) = ¢(Lyg), y € G. The
function « is continuous because the map y — L,g from G into L'(G) is
continuous and

loa(z) — a(y)| = [¢(Leg — Lyg)| < [|[Lzg — Lygll
for all x,y € G. From g * Lyyg = L,g * Lyg it follows that
a(ry) = ¢(Layg) = ¢(9) ¢(Leyg) = (g * Layg)

= p(Lzg * Lyg) = p(Lzg)p(Ly9g)
= a(x)a(y).

We claim that |a(z)| =1 for all # € G. For that, notice that

la(y)| = [o(Lyg)| < [[Lygll = [lgll1

for all y € G, and hence, by the multiplicativity of «,
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a(@)[" = la(z")| < gl

for all n € Z. Since a(e) = ¢(g) = 1, we conclude that |a(z)| = 1 for every
x € G. This shows that o € G and ¢, = ¢. a

After identifying A(L* (G)) as a set with G, our next purpose is to describe
the Gelfand topology on G in terms of G itself rather than LY(G).

Lemma 2.7.3. Let f € LY(G) and o € G.

(i) For all x € G, (f xa)(x) = a(x)f(a) = I:_Tf(a), In particular, L/l(E)
is invariant under multiplication with functions of the form a — «a(x),
zed.

(i) Ifg € LY(G) is defined by g(z) = a(z)f(z), then g = Lof. In particular,
Ll(G) C CO(G) is translation invariant.

(iii) ?; =f and Ll(G) C Co(@) is norm-dense in Co(G).

Proof. (i) f * « is a continuous function and

(f %)z /f 2)dy = a(z) fla)

for all x € G. On the other hand,
(f % a)(z /1fxy =L, 1 f(a)
(ii) For all 8 € G, we have
900) = | 1)@ = fla™8) = Lof(0).

so that Lof =3 € L/lia)
(iii) For each a € G, we have

o) = [ e = [ f@a)ds = o).

so that f* = f. Thus Ll(G) is a self-adjoint subalgebra of Co(@) which

strongly separates the points of G' and therefore is dense in (Co(@), [I1lo0) by
the Stone-Weierstrass theorem. O

Lemma 2.7.4. Let f € L'(G) and ¢ > 0 and let o denote the Gelfand topology
on G. Then there ezists a neighbourhood W of e in G with the following
property. If y,x € G and B, € G are such that y € Wz, ¢o(f) = 1, and
BeU(a, f,L.f,€/3), then

16(y) — alz)] <e

In particular, the function (x,o) — a(x) is continuous on G x (é, o).
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Proof. For arbitrary y,x € G and f,a € G such that f(a) = 1 we obtain
from Lemma 2.7.3,

B(y) — o@)| < |B(y) = BWFB)] + 18) F(B) — B) F(B)]

+18(2) F(B) — a(x) f(o)]

= 1= F(B)| + Ly F(B) — Lo f(B)| + | Lo f(B) — Luf ()]
<1F(B) = F(@)| + 1Ly f = Laflh + Lo f(B) — Lo f(a)-

Now let W be a neighbourhood of e such that |[|[Lsf — L f]|1 < ¢/3 whenever
t~ls € W. For all y € Wz and 8 € Ula, f,L.f,¢/3) it then follows that

16(y) — e(z)] <e.

For the last statement of the lemma we only have to recall that given
a € G, there exists f € L1(G) such that f(a) = 1. O

We now consider the compact open topology 7 on G. A T-neighbourhood
basis of ay € G is formed by the collection of sets

Viag, K,e) = {a € G : |a(z) — ap(x)| < € for all z € K},

where € > 0 and K is any compact subset of G. Then (é,’i’) is a topological
group since V(ap, K,¢)™' = V(ag ', K, €) and

V(O[()v Ka 6)V(605 K7 6) g V(aﬂﬁ()a K7 26)
In fact, the latter inclusion follows from

[aB(z) — aofo()] < @) (B(x)) = Bo(x))| + |Bo(x)(a(z) — ao(z))|
< [B(x) = Bo(@)] + o) — ao ()]

Theorem 2.7.5. On G the Gelfand topology and the compact open topology
coincide.

Proof. Let 1g denote the trivial character of G. Note that, for o € CAv', 6 >0,
and f1,..., fn € L*(G), we have

aU(1G7f1,"'7fn,5) = U(a7fla7"'7fna75)'
In fact, for # € G and f € L'(G),

5(fa) — palfa) = / f(@)a(@)(B(x) — a(z))dz

- [ 1@ ~1)da

- @a*lﬁ(f) ‘Plc(f)-

Hence we only have to verify that every 7-neighbourhood of 15 contains a
o-neighbourhood of 15 and vice versa.
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Let V(1g, K, 6) be given and choose f € L'(G) such that [, f(z)dx = 1.
By Lemma 2.7.4, there exists a neighbourhood W of e in G such that if
x,y € G satisty y € Wz and if « € U(lg, f, Ly f,6/3), then |a(y) — 1] < 6.
Because K is compact, we find z1,...,2, € K so that K C U§:1 Wz It
follows that

U(lGa f7 Lw1f¢ s 7L5Erf7 5/3) - V(1G7 K, 6)

Conversely, let U(1q, fi,.-., fn,d) be given. We can assume that f; # 0
for all j =1,...,n. For every j, choose g; € C.(G) with || f; — g;|l1 < /4. Set

K = J{suppg; : 1 <j <n}

and

o . _ .
e= pmin{|fj] 1< <n}

We claim that
V(1G7K7 6) g U(lGaflv - '7fn75)'

Indeed, if « € V(1g, K, €) then, for each j =1,...,n
ealls) — 916(f3)] < /K 1£5(@)] - lada) — 1]dz
+/ 1£5(@)] - la(z) — 1)da
G\K
<elfili+z [ 1)z
G\K

=€||fj||1+2fg\K|fj(:v) — g;(@)lda

<ellfjlli +20f; — gillx
< 4.

This completes the proof. O

Since (@,cr) is locally compact and (CAJ, 7) is a topological group, Theo-
rem 2.7.5 in particular shows that G i is a locally compact group. Identifying
A(L'(G)) as a topological space with @G, the Gelfand representation of L!(G)
is the mapping f — f, where f S CO(G) is defined by

a) = /Gf(a:)oz(a:)da:, aeG.

We now present a number of simple examples of dual groups, such as fR, Z,
and T.
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Example 2.7.6. (1) The dual group of the real line R is topologically iso-
morphic to R. In fact, for each y € R, define a character a, of R by
ay(z) = exp(2mizy), x € R. Then the map y — «, from R into R is in-
jective and every character of R arises in this way (see Exercise 2.12.29). In
addition, y — oy, is a homeomorphism. Now,

Do, (f) = /Rf(x) exp(—2mizy)dz = f(y).

Thus, after identifying R with R, the Gelfand homomorphism of L (R) agrees
with the Fourier transformation.

(2) In Example 2.2.10 we have already determined the Gelfand represen-
tation of I*(Z). Implicit in the arguments given there is the fact that the map
z — ay, where a,(n) = 2" for n € Z, is a homeomorphism between T and the
dual group 7. N

(3) It follows from Z = T and the duality theorem for locally compact
Abelian groups (a proof of which we present in Theorem A.5.2) that T is
isomorphic to Z. However, this can be seen directly as follows. First, for every
n € Z, the function z — 2" is a character of T. To show that every character
a of T is of this form, consider the functions f; on T defined by fi(z) =
2% (k € Z). By the Weierstrass approximation theorem the linear span of
these functions f, is dense in C(T) and hence in L*(T). Thus fk(a) # 0 for
at least one k. On the other hand, for arbitrary k,l € Z,

o= filz) = /tk(t_lz)ldt = 2% = fu(2)
T
if k = I and = 0 otherwise. Thus fi(a)fi(a) = fi(a) if | = k and fi(a)fi(a) =
0 otherwise. This implies that fi(a) = 1 for exactly one k and fi(a) = 0 for
all | € Z, | # k. Now, because

f[(ak) = / Zl_kdz = 0
T

for all [ € Z, we obtain that a = ay, as was to be shown. Finally, the relation
fl(ak) = 0kt (k,l € Z) also shows that the Gelfand topology on T is discrete.
Thus T is topologically isomorphic to Z, and identifying T with Z, we have

= / f(z)z7"dz
T
for f € L}(T) and n € Z.
(4) Let G; and G be two locally compact Abelian groups and G = G1 x G4
their direct product. It is not difficult to show that the map

(v, ) — a, a(zr,22) = a1 (z1)a(x2) (o € @j,a:j €G,j=12)
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furnishes a topological isomorphism from @1 X ég to G. Therefore, combin-
ing the cases (1), (2), and (3), the Gelfand representation of L!(G) can be
explicitly given for groups of the form R x Z™ x T", m,n,r € Ny.

Our next goal is to show that L!(G) is semisimple. To achieve this opens
the opportunity to introduce the regular representation of L!(G) and the
group C*-algebra of G. Both are needed anyway in Chapter 4 in our approach
to establish regularity of L!(G).

To start with, recall that for f € L'(G) and g € C.(G), the convolution
product f x g is given by

(f * 9)a /f

for every © € G, and f * g is a continuous function. For g,h € C.(G) and
f € LY(Q), using Fubini’s theorem and Holder’s inequality, we get

L+

Vh(z)dydx

‘ / / e yx)dwdy‘
/ £()| / |9(2) Ly ()| dzdy

< /G F@)] - 1Ly-shll2lgll2dy
< [ fll:llgll21lR]l2-

Since C.(G) is dense in L?(G) it follows that the map

h— [ @) o) @yt

extends to a bounded linear functional on L?(G) the norm of which is at
most || f||1]|gll2. Since L?(G)* = L*(G), we conclude that f x g € L*(G) and
IIf = gll2 < |Ifll1llgllz (see also Proposition A.4.7). Thus the linear mapping
g — f g from C.(G) into L%(G) extends uniquely to a bounded linear
transformation Ay : L2(G) — L?(G) and ||| < [|f]]1.

Theorem 2.7.7. The mapping A : f — \¢ from LY(G) into B(L*(G)) is an
injective x-homomorphism.

Proof. Tt is clear that ) is linear. For fi, fo € LY(G) and g € C.(Q),

Aot (9) = fr* (faxg) = A (Mg (9))-

Thus A is a homomorphism. Moreover, for f € L'(G) and g, h € C.(G),
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(N5 (9), ) = (9, A5 (1)) J/ J/ F)h(y—12)dydz
]ft/"f h(ya)dady
//f Umw—éqwmwmmm
(9). ).

This proves that A is a *-homomorphism.

Finally, A is injective. Indeed, if f € L*(G) is such that 0 = A¢(g9) = f x g
for all g € C.(G), then f = 0 since C.(G) contains an approximate identity
for LY(G). O
Definition 2.7.8. The #-homomorphism A : f — A from L'(G) into
B(L*(G)) is called the regular representation of L*(G) on the Hilbert space
L?(G). Let C* (@) denote the closure of A\(L'(G)) in B(L?(G)). Then, by Theo-
rem 2.7.7, C*(@G) is a commutative C*-algebra, the so-called group C*-algebra
of G.

Every commutative C*-algebra is semisimple and A is injective (Theorem
2.7.7). Thus we conclude the following

Corollary 2.7.9. LY(G) is semisimple.

We now turn to the interesting and likewise important question of when
the Gelfand homomorphism L!(G) — Cy(G) is surjective. Clearly, this is
the case if G is finite because then L'(G) is a finite-dimensional dense linear

subspace of CQ(CA?). To establish the converse, we first show that surjectivity
forces G to be discrete.

Lemma 2.7.10. Let G be a locally compact Abelian group, and suppose that
the Gelfand homomorphism I : f — f from LY(G) into CO(G) is surjective.
Then G has to be discrete.

Proof. Let I'* : M(é) = (Co(é))* — LYG)* = L*>(G) denote the dual
mapping of I'. Since I' is surjective, it is an isomorphism of Banach spaces and
hence I'* is also an isomorphism. For we M (G) deﬁne its inverse Fourier—
Stieltjes transform i on G by f(z) = [, af . Then, using Fubini’s

theorem, for any p € M(G) and f € Ll(G)

() ) = {w, T(f)) = /éf(a)du(a)

_ /@ ( /G f(x)a(x)dx) e
_ /G () ( /@ a(x)du(a)) da
:wammm
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It follows that I"*(p) = fi locally almost everywhere for every p € M (@)

Now, using the facts that the function (z, o) — a(x) is continuous on G x G
(Lemma 2.7.4) and that

i) — )] < /G la(z) — a(y)ldlul ().

it is easily verified that /i is continuous. Since I'* is onto, this means that every
function in L*>°(@G) is equal locally almost everywhere to a continuous function.
However, this implies that G is discrete. Indeed, let U be an open, relatively
compact subset of G which is not dense in G and let g be a continuous function
on G which equals the characteristic function of U locally almost everywhere.
Then g(x) = 1 for x € U, whereas g(x) = 0 for x € G\ U. It follows that U
is closed in G and since this holds for any such set U, we conclude that G is
discrete. ad

Lemma 2.7.11. Let G be a compact Abelian group and let X be an infi-
nite subgroup of G. Then there exists f € C(G) such that buppf C X and

> 1F 00l = o0

xeX

Proof. The key step in achieving the existence of such a function f is to find

a sequence (g ), of continuous functions on G with the following properties.

(1) llgnllos < 20D/,

(2) The range of g, is contained in {—1,0,1}.

(3) |gn| is the characteristic function of some subset X,, of X having precisely
2™ elements.

Suppose first that such a sequence (g, ), exists. Then, because X is infinite and
all X,, are finite, we can inductively define a sequence of characters x1, xo, . ..
in X such that, with yo = 1g, the sets x, ' X,,,n € Ny, are pa1rw1se disjoint.

Then, let f, = 2~ ”/QXngn,n € Ny, so that the range of fn is contained in
{-2~ 2/n ,0,27"/2} and 2"/2|f,| is the characteristic function of the set 4, =
XnXn Wthh contains exactly 2" elements. Since ||fulloo < 27?||gnlloe <
21/2 we can define a continuous function f on G by setting

()= 22, ()
n=0
Now, if x € Ur—, Ay, then
)= 27" falx) =
n=0

whereas, if x € (J,—, An, then x € A, for exactly one n and hence

FOOl =272 fu() = 27"



98 2 Gelfand Theory

It follows that supp fg X and

o0 oo

ST =21 S 100l =Y 274l =,

xeX n=0 \x€A, n=0

as required.

To start the construction of the sequence (gp)., first let x1,x2,... be
any sequence of characters of G which are specified later. Define sequences
90,91, - - . and hg, hq,... inductively in C(G) by go = ho = 1 and

gn+1 = gn + Xn+1hn and hn+1 =0n — Xn+1hn~

It is straightforward to verify that
|9n+1(@)* + [hnt1 (@) = 2(Ign(@)]? + [hn(2)[?)

for all z € G and n € Ny. Hence the supremum norm of |g,1]* + [hny1]?
bounded by < 272 whenever the supremum norm of |g,,|? + |h,,|? is bounded
by < 2"*!. Suppose that the ranges of both g, and ﬁn are contained in
{—1,0,1}. Then the same is true of g,+1 and h,y; provided that x,1 has
the property that R

SUPP G N Xn+1(supp hn) = 0.

Moreover, if x,11 has this property and |g,| and |ﬁn| are the characteristic
functions of sets F,, and Fj,, respectively, such that F, and F,, each contain
precisely 2" elements, then |g,,1]| is the characteristic function of F,,Ux 11 F,
which has 2"+ elements, and similarly for [, 41].

It is now obvious fairly how the sequence x1,x2,... has to be chosen.
Since [, x(z)dz = 0 for every x # lg (Exercise 2.12.30), we have gy =

iAzo = §1,. Hence x1 may be any nontrivial character from X. Suppose that
X1,--->Xn € X have been chosen such that ¢1,...,g9, and hq,..., h, have
the above properties. Then we simply have to select x,+1 € X so that E, N
x;}ran = (), and this is possible since E,, and F,, are finite and X is infinite.
This completes the construction of a sequence (g, ), with properties (1), (2),
and (3) above. O

The functions f, constructed in the proof of Lemma 2.7.11 are analogues
of the Rudin-Shapiro trigonometric polynomials on the circle group (see [72,
p. 33, Exercise 6]).

Theorem 2.7.12. Let G be a locally compact Abelian group. Then the Gelfand
homomorphism I' : L*(G) — Co(Q) is surjective if and only if G is finite.

Proof. Suppose that I' is surjective. Then G is discrete by Lemma 2.7.10.
Towards a contradiction, assume that G is infinite. For each x € G, define
a character x, of G by xu(a) = a(zr). Then x — x, is a bijection between
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G and the subgroup X = {x, : « € G} of the dual group G of G. Since G

is compact and X is infinite, by Lemma 2.7.11 there exists f € C(G) such
that supp f € X and > ¢ [f(X)| = oo. Since I" is surjective, there exists

g € LY(G) with g = f. Now recall that [ x(a)da = 0 for every x € G\ {1a}.
It follows that

This contradiction shows that G' must be finite. O

To prove Theorem 2.7.12, it is possible to avoid the use of Lemma 2.7.11
and instead only apply Lemma 2.7.10 and the Pontryagin duality theorem.
However, we prefer not to utilise the duality theorem although in Appendix
A.5 we have presented a proof of it, based on the Plancherel theorem. In
addition, we feel the construction performed in the proof of Lemma 2.7.11 is
of independent interest.

2.8 Beurling algebras L'(G, w)

Let G be a locally compact Abelian group and w a weight function on G.
In Section 1.3 we have introduced the associated Beurling algebra L!(G,w).
Extending some of the results of the preceding section, we now describe the
structure space A(L'(G,w)) of L*(G,w) in terms of so-called w-bounded gen-
eralised characters of G. These generalized characters can be identified ex-
plicitly when G is either the additive group of real numbers or the group of
integers. We also show that L!(G,w) is always semisimple.

Definition 2.8.1. An w-bounded generalised character on G is a continuous
homomorphism « from G into the multiplicative group C* of nonzero complex
numbers satisfying |a(z)| < w(z) for all x € G. Let G(w) denote the set of
all such w-bounded generalised characters on G equipped with the topology
of uniform convergence on compact subsets of G.
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It is clear from the very definition of (A?(w) that G is contained in CAv'(w) if
and only if w(x) > 1 for all x € G. Our first result is the analogue of Theorem
2.7.2.

Theorem 2.8.2. Let G be a locally compact Abelian group and w a weight on
G. For a € G(w), define p, : L'(G,w) — C by

:/f(a:)a(a:)da:, fe LG, w).
G

Then po € A(LY(G,w)), and the map o — @ is a bijection between G(w)
and A(LY(G,w)).

Proof. Tt is straightforward to show that ¢, is a nonzero homomorphism and
that, since C.(G) C L'(G,w), the map a — ¢, is injective (compare the
proof of Theorem 2.7.2).

To show that every ¢ € A(L'(G,w)) equals ¢, for some a € é(w), we
proceed in a similar manner as in the proof of Theorem 2.7.2. Choose g €
C.(G) such that ¢(g) = 1 and define a : G — C by a(y) = ¢(Lyg),y € G.
Then « is continuous because the map z — L,g from G into L'(G,w) is
continuous (Lemma 1.3.6) and

la(z) — a(y)| = |¢(Leg — Lyg)| < [[Lag — Lygll1,w-

For all y € G, using Lemma 1.3.6,

la(y)| = le(Lyg)| < ||IL < w9l e

Moreover, since ¢ is a homomorphism, we have a(xy) = a(z)a(y) for all
z,y € G (compare the proof of Theorem 2.7.2) and therefore

la(y)] = la(y™) V™ < wly™ gl < w@)lgls

for all y € G and n € N. It follows that |a(y)| < w(y) for all y € G. This

shows that o € @(w)
Finally, for any f € C.(G),

o(f) = plo+ ) = ( -~/ f(y)Lyg(x)dy>

/f yg)dyz/cf(y)a(y)dy

= ()00‘
Since ¢ and ¢, are continuous, we conclude that ¢ = ¢,,. a

Remark 2.8.3. Suppose that the weight w on G satisfies lim,, o w(2™)Y/" =
1 for all z € G. Then G = G(w). In fact, the condition implies that w(x) > 1



2.8 Beurling algebras L' (G, w) 101

for all € G and hence G C G (w). Conversely, let a € é(w) We have seen
in the proof of Theorem 2.8.2 that

lo(z)] < lim w(z™)}/"

n—oo

and hence |a(x)] <1 for all € G. Since « is multiplicative, this implies that
|a(z)| =1 for all z € G. Therefore, G(w) C G.

Lemma 2.8.4. Let f € LY (G,w), v € G, and ¢ > 0. Then there erist a
neighbourhood W of e in G and § > 0 with the following property. If y € G
and B, € G(w) are such that y € Wz, oo(f) =1 and 8 € Ula, f, L. f,9),
then

16(y) — ()| <e.
In particular, the function (z,0) — a(z) on G x G(w) is continuous.
Proof. Note first that fz\f(v) = *y(z)f(fy) for all z € G and v € G(w) since v

is multiplicative. For arbitrary y,z € G and 3, o € G(w) such that ¢, (f) =1,
as in the proof of Lemma 2.7.4 we get

16() = @) < BW - 1= FB) + 1Lyf = Lafllw +1Lf(8) = Laf (@)
<w)|f(B) = Fle)l + 1Ly = Lol + L () = Lef().

Now, fix a compact neighbourhood K of z and let
C = max{1,sup{w(t) : t € K}} < o0

(Lemma 1.3.3). Let 6 = ¢(3C)~! and let W be a neighbourhood of e such that
Wax C K and

[Lyf = Lafll1w <d

for all y € Wz (Lemma 1.3.6). Then, if y € Wz and 8 € U(q, f, L, f,0), the
above estimate shows that |8(y) — a(z)| < e. O

Because weight functions are only locally bounded, in contrast to the case
of LY(G) we cannot expect that W and ¢ in the preceding lemma can be
chosen independently of x.

Theorem 2.8.5. On G(w) = A(LY(G,w)) the Gelfand topology coincides
with the topology of uniform convergence on compact subsets of G.

Proof. Let g be a bounded measurable function on G with compact support,
K say. Then g € L'(G,w) (Lemma 1.3.5) and for any a, 8 € G(w),

0alg) — ws(g)] < /K 9(2)] - Ja(z) — B(a)|dz

< |lglloc| K| sup |a(z) — ()],
reK
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where | K| denotes Haar measure of K. Now, given f € L'(G,w) and € > 0,
there exists such a function g satisfying ||g — f||1,» < €. It follows that

loa(f) = ws(f)l < 20f = gll1w + lpalg) — ¢s(9)]
< 2e+ [|glloo] K| Sup, la(z) — B()].

This shows that the Gelfand topology on CAv'(w) is coarser than the topology
of uniform convergence on compact subsets of G.
Conversely, let « € G(w), a compact subset K of G, and € > 0 be given.
Let
Vi, K, €) = {8 € Gw): |B(x) — a(z)| < € for all z € K}

and choose f € L'(G,w) such that f(a) = 1. By Lemma 2.8.4, for every
x € K there exist a neighbourhood W, of e in G and §,, > 0 with the following
property: If y € Wy and 8 € Ula, f, Ly f, 62), then |B(y) — a(z)| < e. Since
K is compact, there exist x1,...,z, € K such that K C U?:l W, ;. Let
d =min{d,,,..., 0, . Then

Ula, fiLeyf, ooy La, f,0) S Ve, K, 26).

Indeed, if 3 is in the set on the left side and « € K, then x € W, z; for some
je{l,....,n} and B € U(a, f, Ly, f, 02;) and therefore

18(z) — a(z)| < [B(x) — alz;)| + |a(z;) — a(z)] < 26

This shows that the Gelfand topology on (A?(w) is finer than the topology of
uniform convergence on compact subsets of G. a

Identifying A(L'(G,w)) as a topological space with CAv'(w), the Gelfand

o~ ~

representation of L'(G,w) is given by the map f — f(a), where f(a) =
Jo f@)a(z)ds for a € G(w).
We now determine A(L'(G,w)) for G equal to R or to Z.

Lemma 2.8.6. Let w be a weight function on R and define nonnegative real
numbers Ry and R_ by

Ry =inf{w®)": ¢t >0} and R_ = sup{w(—t)"Y*:t> 0}

Then 0 < R— < Ry, and every z € C satisfying —In Ry < Rez < —InR_
defines an element ¢, of A(L*(R,w)) by

p:f) = [ e at, f e LR )
R
Proof. We show first that

R, = tli,lgow(t)l/t'
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To see this, let ¢ > 0 and choose ¢y > 0 such that w(to)'/* < R, + . Write
any t > 0 ast = mtg + s, where m € Ny and 0 < s < tg. Then

w(t)/* < wlmto)!w(s)'* < w(to)' /"0 (w(to) /") w(s)".
< (Ra + o) (wlto) /") w(s) V",

This inequality shows that w(t)'/* converges, as t — oo, with limit R, . Simi-
larly, it is shown that
R_ = lim w(—t)~ %
t—o0

Since w(0) < w(—t)w(t) for all t € R, we obtain

0<R-= lim w(0)Y w(—t)" < lim w(t)V/t = R,

T t—oo

Now, let z € C be such that —InR; < Rez < —InR_. We claim that
le™=t] < w(t) for all t € R. For this, notice that by definition of R,

exp(—tRez) <exp(tlnRy) < exp(tIn(w(t)*?)) = w(t)
for all ¢ > 0. Similarly, for all ¢ < 0,
exp(—tRez) < exp(tln R_) < exp(tIn(w(t)¥/?)) = w(t).

Thus |e™?t| = exp(—t Re z) < w(t) for all ¢ € R and hence the integral

/R f(t)e *dt

converges absolutely for each f € L!(R,w). Therefore, we can define a
bounded linear functional ¢, on L}(R,w) by

o (f) = / f(t)e .

It is then easily verified that ¢, (f * g) = ¢.(f)p.(g) for all f,g € L'(R,w).
Hence ¢, € A(L'(R,w)). O

Proposition 2.8.7. Let w be any weight on R and let Ry and R_ be as in
Lemma 2.8.6. Let S,, be the vertical strip in the complex plane defined by

Sw={2€C:—-InRy <Rez< -InR_}.

Then the map z — ., where ¢, is as in Lemma 2.8.6, is a homeomorphism
from S, onto A(L*(R,w)).

Proof. Tt is clear that the map z — ¢, from S, into A(L'(R,w)) is injective.
We show that every ¢ € A(L(R,w)) arises in this manner. To see this, recall
first from Theorem 2.8.2 that there exists a continuous function v : R — C
satisfying v(t + s) = y(t)v(s) and 0 < |y(t)| < w(t) for all ¢, s € R and
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= d
e = [ 1o

for all f € L'(R,w). The functional equation v(t + s) = v(t)7(s) and the
continuity of v imply that there exists w € C such that

() = e

for all t € R (Exercise 2.12.29). If w = a + ib with a,b € R, then |y(¢)| < w(t)
implies that e~ < w(t) for all ¢+ € R. Since

67b _ (efbn)l/n < w(n)l/n _ R+
as n — oo, we get —b < In R, . Similarly
¢ = (IEM) TR =y ()| P 2 w(—n) ™ R

as n — oo, whence —b > InR_. Thus —InR; < b < —InR_ and hence
b+ia €S, and ¢ = Ypiiq-

By Theorem 2.8.5, the map o« — ¢, is a homeomorphism between ]?R(w)
and A(L'(R,w)). On the other hand, the map z — a,, where a,(t) = e*

for t € R, from S, to @(w) is bijective and obviously a homeomorphism.
Combining these two facts shows that z — ¢, is a homeomorphism from S,
onto A(L'(R,w)). O

The formula of Lemma 2.8.6 is reminiscent of the Laplace transform. In
fact, ¢, (f) is nothing but the Laplace transform of f at z € S,,. We now turn
to the group of integers.

Proposition 2.8.8. Let w be a weight function on Z and define positive real
numbers Ry and R_ by

R, = inf{w(n)/" : n € N} and R_ = sup{w(m)'/™ : m € —N}.
Then there is a homeomorphism from the annulus
K(R_,Ry)={2€C:R_<|z| <Ry}.
onto A(IM(Z,w)) given by z — ., where
p=(f)= D f(n)e", fel(Zw).

Proof. The following formulae can be verified in very much the same manner
as the spectral radius formula (Lemma 1.2.5):

R, = lim w(n)™ and R_ = lim w(—n)"'/".

n—oo n—0o0
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For the reader’s convenience we nevertheless include the proof of the second.
Let € > 0 be given and choose k € N such that w(—k)~'/* > R_ — . Write
n € Nin the form n = p(n)k+¢(n), where p(n) € Ny and 0 < g(n) < k. Then

)1yl

n k n

as n — oo. Since w(r + s) < w(r)w(s) for all r,s € Z, we have w(—n) <
w(—k)PMw(—g(n)) and hence, for all n € N,

w(=n) V" = w(=k) P M (—g(n) 7"

~1/F as n — oo. Thus w(—n)~ /" >

—1/7_ Now, the inequal-

The right hand side converges to w(—k)
R_ — ¢ eventually and therefore R_ = lim,,_, w(—n)

ity
wn) " w(=n)" > w(0)/" > 1

implies that w(n)'/™ > w(—n)~/" for all n € N. It follows that

R_ = lim w(—n)*l/” < lim w(n)l/" =R,.

n—oo n—o0

For z € K(R_,Ry) and f € [}(Z,w), by definition of Ry and R_, we have

D@2 = 1FO)[+ D 1) - 2"+ D I (=n)l - |27
ne”z n=1 n=1

<1FO)+ Y 1f)wn) + D [F(=n)l(w(—n) /™)™
n=1 n=1
< If(n)|w(n)

ne”z

= [I£1

Thus, for every z € K(R_, R4 ) we can define a bounded linear functional on
1'(Z,w) by

lw-

() =3 Fln)=".

ne
Then, for f,g € I1(Z,w),

p(frg) =) 2" (Z fn— m)g(m)>

neZ meZ
= > g(m)e" (Z f(n - m)z"—m>
meZ ne
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So ¢, € A(l'(Z,w)) and since ¢, (51) = z. The map z — ¢, from K(R_, Ry)
into A(1Y(Z,w)) is injective, and the map is continuous since z — ¢, (5,,) = 2™
is continuous for each m. Conversely, let ¢ € A(I'(Z,w)) and set z = ¢(61).
Then, for all n € N|

|2" = |p(dn)| < ||5nH1,w =w(n),

and hence |z| < inf{w(n)/" : n € N} = R,. Similarly, it is shown that
|z] > R_. Since ¢(d,,) = z" for all n € Z and the finite linear combinations of
the Dirac functions 6, n € Z, are dense in I*(Z,w), continuity of ¢ implies
that ¢ = ¢,. Thus z — ¢, is a continuous bijection between the compact
space K(R_, Ry) and the Hausdorff space A(I*(Z,w)) and hence is a home-
omorphism. ]

Propositions 2.8.7 and 2.8.8 in particular show that L*(R,w) and I}(Z,w)
are semisimple for any weight w. Our intention is to establish semisimplicity
of L'(G,w) for arbitrary locally compact Abelian groups. We start with the
following dichotomy.

Lemma 2.8.9. L'(G,w) is either semisimple or radical.

Proof. Assume that L'(G,w) is not radical, and fix any ¢ € A(LY(G,w)).
By Theorem 2.8.2, there exists a continuous function v : G — C satisfying
v(zy) = v(@)y(y), 0 < |y(x)] <w(z) for all z,y € G and

o) = [ s@nta)s
for all f € LY(G,w). For each a € G, define 1o € L' (G, w)* by
valf) = [ F@a(@)(e)ds,
G

Then v, € A(LY(G,w)) since ay € C?(w) Now, let f be an element of the
radical of L*(G,w). Then fv € L*(G) and

Fr(@) = $al(f) =0

for all @ € G. Since L(G) is semisimple (Corollary 2.7.9), it follows that
f~v=0and hence f = 0 almost everywhere since y(z) # 0 for all x € G. This
shows that L'(G,w) is semisimple. O

Theorem 2.8.10. Let G be a locally compact Abelian group and w a weight
on G. Then the Beurling algebra L*(G,w) is semisimple.

Proof. By virtue of Lemma 2.8.9, it suffices to show that L!(G,w) is not
radical. We construct a function f € L'(G,w) such that
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1
roiGe(f) = Jim | fS >

where f™ denotes the n-fold convolution product of f.
Choose a relatively compact symmetric neighbourhood U of the identity
e of G and let f = 1y, the characteristic function of U. Then

M =sup{w(z) 2 €U} < o0

since w is locally bounded, and w(z) < M™ for all x € U™. Since f € L'(G,w)

and w(x) > w‘(”z(f)l) for all x € G, it follows that

1 = /G 7 (@) () de
. 1
> w(e) [ 3@, )y do

w(e)
>4 g,

This inequality implies that

roGe () = lim IR0 > tim 1]

n—oo

1
= MTL1(G)(1U),

and hence 771 (g, (f) > 0, as required. O

2.9 The Fourier algebra of a locally compact group

In this section we present a class of semisimple commutative Banach algebras
which is currently a matter of intensive study, the Fourier algebras A(G)
of locally compact groups G. When G is Abelian, A(G) can be shown to
be isometrically isomorphic to Ll(é). We introduce A(G) and determine its
structure space.

Let G be an arbitrary locally compact group. For functions f and ¢ in
L?(@G), the function f * g : G — C is defined by

f*g(z /fxy

Then £+ € Co(G) and || # §lloe < || ll2]lgll>- Since the mappings f — f 3
and g — f* g from L?(G) into Cy(G), respectively, are linear and continuous,
there is a unique continuous linear map ¢ from the projective tensor product
L*(G)®,L?*(G) into Cy(G) satisfying ¢(f®g) = f*g for all f and g in L*(Q)).
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Definition 2.9.1. Let A(G) denote the range of the map
¢ : L*(G)®L*(G) — Co(G),

and endow A(G) with the quotient norm from L?(G)&,L?*(G). Then A(G)
becomes a Banach space.

Since Cp(G) is dense in L2(G), Co(G) ® C.(G) is dense in L?(G)&,L*(G)
and hence 7(C.(G) ® C.(@)) is dense in A(G). So A(G) N C.(G) is dense in
A(G).

Theorem 2.9.2. With pointwise multiplication, A(G) is a Banach algebra.

Proof. Let f1, fa, g1, g2 € Ce(G). We first show that
o(f1 ® g1)d(f2 ® g2) € A(G)
and that
6(f1 @ g1)d(f2® g2)|| < [|6(f1 ® g1)|| - l$(f2 @ g2)]-
To that end, for y € G, define functions F, and G, on G by
Fy(z) = fi(zy) f2(2) and Gy(z) = g1(wy)ga(z).

Then F,, G, € C.(G) and the map y — F, ® G, vanishes outside the compact
subset
C = (supp f2) "' supp f1 N (suppga) ' supp g1

of G. Moreover, the map y — F, ® G,, from G into L?(G)&,L*(G) is contin-
uous. Indeed, for y,yo € G,

71'(Fy ® Gy - Fyo ® Gyo) < HFy - FyoH2(”Gy - Gyo||2 + ”GyoH2)
HFyoll21Gy = Gyoll2

and
[y — Fyoll2 < [[follso | Ry f1 — Ry, f1ll2,

and similarly for Gy. Thus the vector-valued integral
1= [ (R oG- [ (7 o6

exists and defines an element of L?(G)&,L?(G). Then

d(H) = ¢(f1 @ g1)d(f2 ® g2).

Indeed, for each z € G, we have
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819 )@ 92)(w) = [ Hlennwidy [ faleiga()dz
G G
— [ [ A neg sy
GJG

_ /G ( /G Fy(xz)Gy(z)dz> dy

- /G O(F, ® Gy)()dy
— o(H)(x).

This shows that [¢(L*(G) ® L*(G))]*> € A(G). We now need to estimate the
integral [, m(F, ® Gy)dy. Note first that

L= | ( / |f1<xy>f2<x>|2da:) dy
- /C (@) ( /C |f1(xy>|2dy> dx

= [ AlEI£213,

and similarly [, ||Gyl3dy = |l91/|3]l¢2]|3. Thus, by the Cauchy-Schwarz in-
equality,

[ 7By @Gy = [ IR G, lady
C C

1/2 1/2
< ([imaga) ([ e ga)
C C

= [ f1ll2ll f2ll2llg1 2]l g2[l2
=7(f1 ® g1)7(f2 @ ga).

Combining this estimate with the above formula for ¢(H) gives

lp(f1 ® g1)d(f2 ® g2)llace) < 16(f1 @ g1)llae)llo(fe @ g2)llaca)-

Thus multiplication on ¢(L?(G) ® L*(G)) is continuous. This implies that
A(Q) is closed under multiplication and the norm on A(G) is submultiplica-
tive. ad

The following lemma will be used to determine A(A(G)) and also later in
Chapter 5.

Lemma 2.9.3. Let a € G and f € A(G) such that f(a) = 0. Then, given
€ > 0, there exists h € A(G) N Co(G) vanishing in a neighbourhood of a such
that [|h — flla@) < e
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Proof. Notice first that, since A(G) N C.(G) is dense in A(G), without loss of
generality we can assume that f # 0, f has compact support and € < || f||oo
and € < 1. Let

W={yeG:|f—-Ryfllaec) <€}

Then W is a compact neighbourhood of e in G. Choose an open neighbourhood
V of e such that V C W and sup{|f(ay)| : y € V} <€, and choose a compact
neighbourhood U of e such that U C V and |U| > |V|(1 — ¢). Now, define
functions u, g and h by setting u = |U|"'1y, g = 1,v f and

h=(f—g)«ucAQG).

Then h has compact support since W is compact and f has compact support.
For any z € G,

hz) = U] /U Fay)[L - Loy (y)]dy.

It follows that, if x € G satisfies a= 12U C V, then h(z) = 0. Thus h vanishes
in a neighbourhood of a. Moreover,

1/2
1
ful =012 < i ()

1/2
o= ([ 1fwPar) < dvi,
aV

and

If = f*ulla) =

’f— o /U (Ry f)dy

sup || f — Ry flla@) <e
yeU

A(G)

IN

Combining all these estimates, we obtain

] ] 1 1/2
If = hla@) < 1If = filla) + lgllllills < e+ € (1 _e) '

This finishes the proof. a

Theorem 2.9.4. Let G be a locally compact group. For v € G, let ¢, :
A(G) — C denote the evaluation at x. Then the map x — @, is a home-
omorphism from G onto A(A(G)).

Proof. Tt is obvious that ¢, € A(A(G)) and that the map x — ¢, is injective.
Now let ¢ € A(A(G)) be given and suppose that ¢ # ¢, for all x € G. Then,
for each x € G there exists f, € A(G) such that ¢(f;) =1, but ¢, (f,) = 0.
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By Lemma 2.9.3, every g € A(G) vanishing at z is the limit of a sequence
(gn)n in A(G) with the property that each g, vanishes in a neighbourhood of
2. Therefore we can assume that f, vanishes in a neighbourhood V. of x.

Since A(G)NC.(G) is dense in A(G), there exists fo € C.(G)NA(G) such
that ¢(fo) = 1. Choose z1, ..., 2, € supp fo such that

n
supp fo € | J Va,
=1

and let
f = fOfr1 R frn S A(G)

Then f(z) = 0 for every = € G, whereas
o(f) = ¢(fo) [T e(fz,) = 1.
j=1

This contradiction shows that ¢ = ¢, for some x € G.

Finally, since the subalgebra A(G) of Cy(G) strongly separates the points
of G, by Proposition 2.2.14 the topology on G coincides with the weak topol-
ogy defined by the set of functions z — f(z) = ¢ (f), f € A(G). Thus the
map ¢ — ¢, from G to A(A(G)) is a homeomorphism. O

Of course, after identifying A(A(G)) with G, the Gelfand homomorphism
of A(G) is nothing but the identity mapping. In particular, A(G) is semisimple.

We close this section with a straightforward result which, in the terminol-
ogy of Chapter 4, implies that A(G) is regular.

Lemma 2.9.5. Let G be a locally compact group, K a compact subset of G and
U an open subset of G such that U D K. Then there exists u € A(G) N C(G)
with the following properties: 0 < u < 1, u(x) =1 for allx € K and u(z) =0
for allz € G\U.

Proof. Since K is compact, there exists a compact symmetric neighbourhood
V of the identity such that KV? C U. Let

w(z) = V| (kv * 1v)(x) = [V]7 - |2V N KV

Then 0 < u < 1. If z € K, then |2V N KV| = |2V]| = |V|, so that u(z) = 1,
whereas if 2 ¢ KV?, then 2V N KV = ) and hence u(x) = 0. Thus suppu C
KV?2, which is compact. In particular, u(z) = 0 for all z € G\ U. O

2.10 The algebra of almost periodic functions

In Theorem 2.4.12 we have seen that the Stone-Cech compactification B(X)
of a completely regular topological space X arises as the structure space of
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the commutative C*-algebra C®(X). In this section we study, for G a locally
compact group, a certain C*-subalgebra of C*(G), the algebra AP(G) of al-
most periodic functions on G, and show that A(AP(G)) is homeomorphic to
the Bohr compactification of G.

Let G be a topological group. A complex-valued bounded continuous func-
tion f on G is called left almost periodic (respectively, right almost periodic)
if the set Cy = {L,f : © € G} (respectively, the set Dy = {R,f : y € G})
is relatively compact in (C?(G), || - ||). Let AP(G) denote the set of all left
almost periodic functions on G.

Example 2.10.1. Let G be a compact group. Then AP(G) = C(G). In fact,
for f € C(G) the map x — L, f from G into C(G) is continuous because f is
uniformly continuous and

ILaf = Lyflloo = sup |f(z7t) = f(y~'1)
teG

So Cy is a continuous image of the compact group G, hence compact.

Lemma 2.10.2. AP(G) is a closed x-subalgebra of C*(G).

Proof. 1t is clear that Cy 4 C Cy+Cy,Coy = aCy and Cyy € CrCy for f,g €
C’(@) and a € C. Thus AP(G) is a subalgebra of C*(G). Also f € AP(G)
implies that f € AP(G). It remains to show that AP(G) is closed in C?(G).

Let f € AP(G). Since C; is bounded in C®(G), by the Arzela—Ascoli
theorem it suffices to verify that Cy is equicontinuous. To that end, let z € G
and € > 0 be given. Choose g € AP(G) such that || f — g]|oc < €/3. Since Cj is
equicontinuous, there is a neighbourhood V' of 2 such that |L,g(y) — Lag(x)| <
¢/3 for all a € G and y € V. If follows that

|Laf(y) = Laf(x)| < [Laf(y) = Lag(y)| + | Lag(y) — Lag(z)|
+ |Lag(w) - Laf(x)l
<2|If = glloo + |Lag(y) — Lag(x)| < €

for all y € V and a € G. So Cf is equicontinuous. O

Since AP(G) is a unital commutative C*-algebra, Theorem 2.4.5 implies
the following

Corollary 2.10.3. Let A(AP(G)) denote the structure space of AP(G). Then
the Gelfand homomorphism is an isometric x-isomorphism from AP(G) onto

C(A(AP(Q))).

Each z € G defines an element ¢, € A(AP(G)) by p(f) = f(z),f €
AP(G).

Lemma 2.10.4. The mapping ¢ : x — @, from G into A(AP(G)) is conti-
nuous and has dense range.
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Proof. Because A(AP(G)) carries the w*-topology and the functions z —
vz (f) = f(x), f € AP(G), are continuous on G, it follows that ¢ is continuous.

Suppose that there exists a nonempty open subset U of A(AP(G)) such
that UN¢(G) = (0. Then, by Urysohn’s lemma there exists g € C(A(AP(QG)))
with g # 0 and glaap@)\v = 0. By Corollary 2.10.3, g = fAfor some
f € AP(G). But then

~

f(@) = @u(f) = fpa) = g(pz) =0
for all x € G, contradicting f # 0. Thus ¢(G) is dense in A(AP(G)). O

Our aim is to introduce a group structure on A(AP(G)) which makes
A(AP(G)) a compact group and ¢ a group homomorphism. Of course, the
mapping ¢ is in general not injective and it is not clear at all that the
families of points in G which cannot be separated by AP(G) are cosets of
some normal subgroup of G and that therefore ¢ defines a group structure
on ¢(G) C A(AP(G)). Moreover, supposing that this problem can be satis-
factorily settled, there remains the question of extending the group structure
on ¢(G) to the whole of A(AP(G)). To handle these problems requires us to
consider two-sided translates of f € AP(G) and to show that actually such
an f is also right almost periodic.

Lemma 2.10.5. Let f € AP(G) and € > 0. Then there exist finitely many
ai,...,a, € G with the following property. For every a € G there exists some
je{l,...,n} such that

|f(zay) — fza;y)| <e
for all x,y € G.

Proof. There exist by, ..., b, € G such that the set {L;, f :1 < j < m} forms
an €/4-net for Cy. Let I" be the finite set of all mappings v from {1,...,m}
to itself with the property that there exists a, € G such that

€

Lo,y f = Lbia, flloo <

4
fori =1,...,m. For each v € I', choose such an a.. Now, given any a € G, by
the choice of by, . .., by, for every 1 < i < m there exists some j(i) € {1,...,m}
such that .
| Lb,af — Lbj(i)fHOO < 4°

So i — j(i) defines an element of I'. It follows that for every a € G we find
some v € I" such that

€
||Lbiaf - Lb,;m,f”oo < 9

forall 1 <4 < m. Since for every « € G there exists b; so that || L, f—Lp, f]lc <
€/4, we obtain that
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||Lwaf - Lwawf”oo < HLwaf - Lbiaf”oo + HLb,iaf - Lbiawf”oo
+ ||Lbia~,f - Lza.y.fHoo
< € T 3 + €
= €.
4 2 4

Thus we have seen that for every a € G there exists some a- such that

f(zay) = f(zayy)| < |[Laaf = Laa, flloo < e

for all z,y € G. Now, enumerate {a : vy € I'} as {a1,...,an}. O

Corollary 2.10.6. Let f € AP(G) and e > 0. Then there existay,...,a, € G
such that the functions Lq, Ra, f,1 <i,5 <n, form an e-net for the set of all
two-sided translates LoRyf,a,b € G.

Proof. Choose 0 < 0 < €/2. By Lemma 2.10.5, there exist aj,...,a, € G
with the property that for any a € G there is j € {1,...,n} such that, for all
z,y € G, |f(zay) — f(zajy)| < §. Thus, given a,b € G, there exist ¢ and j
such that

|f(at) — f(ait)] <6 and |f(sb) — f(sa;)| <o
for all s,t € G. It follows that, for all z € G,
|f(axb) — f(aswa;)| < |f(axb) — f(asxb)| + |f(aixb) — f(asza;)]
< 29,
whence ||LoRyf — La,Ra, flloo <26 <e. O

Corollary 2.10.7. Retain the notation of Corollary 2.10.6. If x and y are
elements of G such that

|f(aiza;) — f(aiya;)| < e
forall1 <i,5 <n, then
|f(axb) — f(ayb)| < 3e
for all a,b € G.
Proof. Given a,b € G, by Corollary 2.10.6 there exist ¢ and j such that
|LaRyf — La, Ra, flloo < €.
Combining with the presumed inequality, we get

| f(azb) — f(ayb)| < |[LaRof — La,Ra, f|ls
+[f(aiza;) — f(aiya;)|
+ HLaiRajf - LaRbeoo
< 3,

as claimed. O
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It follows from Corollary 2.10.6 that every left almost periodic function is
automatically right almost periodic. Therefore, in the sequel we simply call
the functions in AP(G) almost periodic rather than left almost periodic.

Another consequence of Corollary 2.10.6 is that every almost periodic
function is uniformly continuous. Now, on every noncompact locally compact
group G one can construct a bounded continuous function which fails to be
uniformly continuous (Exercise 2.12.55). Thus AP(G) is a proper subalgebra
of C*(@) whenever G is a noncompact locally compact group.

Let ¢, € A(AP(G)). For neighbourhoods U of ¢ and V of ¢ in
A(AP(G)), let

Avv = {¢zy 1 z,y € G such that p, € U and ¢, € V}.

Then Ay,y # 0 since ¢(G) is dense in A(AP(G)). Let U and V be the set of all
neighbourhoods of ¢ and 1, respectively. Because Ay, v; € Ay,,y, whenever

Ui C Uy and Vi C Vs, the collection of all closed subsets Ay y of A(AP(G)),
where U € Y and V' € V, has the finite intersection property. A(AP(G)) being
compact, it follows that the set

Ay =(V{Avv : U €U,V €V}

is nonempty.

We shall see soon (Corollary 2.10.9) that Ay, is a singleton for any two
elements ©,1) of A(AP(G)). Since @,y € Ay, o, it follows in particular that
Ap, oy = {0ay} forall z,y € G.

Lemma 2.10.8. Let o, f € A(AP(G)) and f € AP(G). Let € > 0 and let
{Layfy..o Ly, f} be an e-net for Cy and {R,, f,..., Ry, f} an e-net for Dy.
Define neighbourhoods U and V' of a and 3, respectively, by

U=U(o,Ry, f,...,Ry, fre) and V. =U(B, Ly, f,...,La, f,€).
If x,a,y,b € G are such that ¢, 0, € U and @y, pp € V, then

P2y (f) = @an(f)] < 8e.
Proof. Choose j € {1,...,n} and k € {1,...,m} such that
[Lo=1f = La;flloo < € and [|[Ryf — Ry, flloo <€

Then we have

P2y (f) — Can ()] < [f(@y) — f(ab)| + [f(xb) — f(ab)]

= [Ly-1f(y) = Lo f(O)| + | Ry f(2) — Ro f(a)]

< L1 f(y) = Loy f()| + | La, f(y) = La, £ ()]
+[La, f(b) = L1 f(O)| + [Ro f(x) — Ry, f(2)]
+ Ry, f(x) = Ry, f(a)| + [Ry, f(a) — Ry f(a)|

S 2Ly f = Lo, flloo + |La, f(2) — La, f(a)]
+2[[Rof — Ry, flloo + [Ry, f(y) — Ry, f (D)

< de+ |90y(Lacjf) - SDb(Lacjf)l + |501(chf) - @a(Rykf)|~
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Now, since ¢, v, € U and ¢, ¢p €V,

|00 (Ry f) = pa(Ry, f)] < 2¢ and |@y(La; f) = ¢o(La; )] < 2e.
It follows that |wuy(f) — wan(f)] < 8e. O

Corollary 2.10.9. For each pair of elements ¢, of A(AP(G)), Ay is a
singleton.

Proof. Let a,3 € Ay, and f € AP(G). We show that |a(f) — B(f)| < ¢ for
each 6 > 0. Fix ¢ and let € = 6/24. Let U and V be defined as in Lemma
2.10.8. By definition of A, 4 there exist x,a,y,b € G such that ¢,, ¢, €
U, oy, €V, and

0 0
alf) = eea(£)] < 5 and 180 = ganlf)] <
From Lemma 2.10.8 we now infer that

la(f) = BN < [alf) = by (N + [0y (F) = Par(f)]

+ lpan(f) = B

)
< =0
73+3+86 ,

as required. O
Now we are able to introduce a group structure on A(AP(G)).

Theorem 2.10.10. Let G be a topological group. For ¢,¢ € A(AP(G)), let
ey denote the unique element of A, . Then the assignment

(p:9) = ¢, A(AP(G)) x A(AP(G)) — A(AP(G))

turns A(AP(G)) into a compact group. Furthermore, ¢z, = Qgy for x,y €
G.

Proof. The last statement is clear since A, , = {@zy}. We show next that
multiplication on A(AP(G)) is continuous. Let a and 8 be two elements of
A(AP(G)). It suffices to show that given 6 > 0 and f1, ..., f, € AP(G), there
exist neighbourhoods U of « and V' of 5 in A(AP(Q)), respectively, such that

lew(f5) —aB(f;) <0

forallpeUandy € Vand j=1,...,n.
Let € = §/10 and for any p € A(AP(G)) let

W, = {7 € A(AP(G)) : h(f;) — p(f;)| < ¢ for 1< j < n}.

For each j = 1,...,n, Lemma 2.10.8 provides neighbourhoods U; of o and V
of (3 such that
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|02y (fi) — wan(fj)] < 8e

whenever z,a,y,b € G are such that ¢, 0, € U; and ¢y, ¢p € Vj. Let U =
N7_Uj and V = ﬂ;;l V;. Since aff € Ay,y, we have Ayy N Weg # 0, and
hence there exist a,b € G such that ¢, € U, ¢, € V and gqp € Was. Now, let
¢ € U and ¢ € V be arbitrary. Then Ay y N Wy, # 0 and hence there exist
x,y € G such that v, € U,p, € V, and @,y € Wy. Therefore we have

lpab(fj) — aB(f;)| < e and |puy(fj) — e¥(fj)] <€
for j =1,...,n. Because ¢z, v, € U and ¢y, vp € V, |@zy(fi) — van(fj)] < 8€

for 7 =1,...,n. Combining these inequalities gives
lov(f;) — aB(fi)] < 1o (fi) = Cay (fi)] + @ay(f3) — ab(f5)]

+ lpab(f5) — aB(f;)] < 10e
= 0.

Thus multiplication on A(AP(G)) is continuous.

It remains to show the existence and continuity of inverses in A(AP(QG)).
Let ¢ € AP(G) and let (x4 )a be a net in G such that ¢, — ¢ in A(AP(G)).
We show that the net (,-1)a converges to some element of A(AP(G)) and
that the limit does not depend on the choice of the net (x4), in G but only
on the fact that ¢,k — .

Let f € AP(G) and € > 0. By Corollary 2.10.6 there exist a1,...,a, € G
such that the functions Lg, Ry, f,1 <i,j < n, form an €/3-net for the set of
all two-sided translates L,Ryf,a,b € G. Define a neighbourhood U of ¢ in
A(AP(G)) by

U={¢ € A(AP(Q)) : [ (La; Ra,; ) = p(La, Ra, )| < €/3,1 <1, j <n}.
If z and y are elements of G such that ¢, ¢, € U, then
|f(aizaj) — flaiya;)| <€/3, 1<i,j<mn,
and hence, by Corollary 2.10.7,
|f(axb) — f(ayb)| < e

for all a,b € G. Taking a = 7! and b = y~! this becomes |f(y~1)— f(z71)| <
e. This shows that, for each f € AP(G), the net

(@pz1 (Mo = (f@z"))a
forms a Cauchy net in C and that

11(51’1 @w;l(f) = 11}31’1 @y;l(f),

where (ys)s is another net in G such that ¢,, — ¢ in A(AP(G)). Thus we
can define a map ¢~ ! : AP(G) — C by
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e (f) =lmp,1 (/). feAP(@),

by taking (z4)a to be any net in G such that ¢,, — ¢. It is clear that
ot € A(AP(Q)) and that ¢, ! = p, -1 for every € G. Since multiplication
in A(AP(Q)) is continuous and pup = papp for all a,b € G, it follows that

pp ! =limp,, - limp, 1 = lim(p, ,-1) = pe.

Consequently, A(AP(G)) is a group and ¢! is the inverse of (.

Finally, the map ¢ — ¢! from A(AP(G)) into A(AP(G)) is continuous.
To see this, let ¢ € A(AP(G)), f € AP(G), and 6 > 0. Define g € AP(G) b
g(z) = f(z71). If p € A(AP(G)) and z,y € G are such that

lo(g) —¥(9) <6, lwa(g) —(g)] <0 and [py(g) —¥(g)| <4,

then
le-1(f) =y ()] = lea(g) — @y(g)| <36

and hence

[T () =T DI < ™ ) = a1 (O + loy-1 (f) = 9 7H(F)] + 36

As we have shown above, ¢,-1 — ¢~ and ¢,-1 — 1~ whenever ¢, — ¢

and ¢, — 1. Hence it follows that ¢ — ¢~ is continuous. ad

We have thus achieved making A(AP(G)) a compact group having the
following properties.

(1) The map ¢ : G — A(AP(G)) is a homomorphism with dense range.

(2) A bounded continuous function f on G is almost periodic if and only if
there exists a function f € C(A(AP(G))) such that f(x) = f(¢(x)) for
all z € G.

We remark next that properties (1) and (2) determine the compact group
A(AP(QG)) up to topological isomorphism.

Remark 2.10.11. Let A = A(AP(G)) and suppose that A’ is a second
compact group and ¢ : G — A’ is a homomorphism satisfying the anal-
ogous properties (1) and (2). Then F — F is an algebraic isomorphism of
c ) onto C’(A) Let 6 : A — A’ be the associated homeomorphism; that is,
5(0)(f') = o(f) for ¢ € A and f € AP(G). Then

3(@)(f') = ¢@)() = f(x) = &' (2)(]')

for all » € G and f € AP(G). Thus § extends the homomorphism ¢’ o ¢~ :
#(G) — ¢'(G). Because 0 is a homeomorphism and ¢(G) is dense in A, it
follows that § is a topological isomorphism.
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Definition 2.10.12. The topological group G is said to be almost periodic
if the homomorphism ¢ : G — A(AP(G)) is injective. Even though in gen-
eral ¢ need not be injective, A(AP(QG)) is called the Bohr or almost periodic
compactification of G and usually denoted b(G).

In the remainder of this section we use the notation b(G) in order to
emphasize the fact that b(G) is a compact group rather than just the structure
space of the algebra AP(G).

We now turn to locally compact Abelian groups. Of course, in that case a
major portion of the analysis in this section is superfluous. However, for such
G, considerably more can be said about AP(G), and b(G) can be identified
in terms of G only.

Let T(G) denote the linear subspace of C?(G) consisting of all finite linear
combinations of characters of G. Functions in T'(G) are called trigonometric
polynomials. Since Gis a group, T(G) is a subalgebra of C*(G). For y € G
and x € G we have Lyx(y) = x(x)x(y). Thus

Cx={x(@)x:we G C Ty,
which is a compact subset of C*(G). This implies that T(G) C AP(G).

Theorem 2.10.13. Let G be a locally compact Abelian group. The Gelfand
isomorphism f — f from AP(G) onto C(b(G)) maps G onto b(G) and hence
T(G) onto T(b(G)). Moreover, T(G) is norm dense in AP(G).

Proof. 1t suffices to show that if v € @, then 7 € b@), and that every
character of b(G) arises in this way. For z,y € G, we have

F(pzpy) = V(pzy) = v(wy) = v(2)7(y) = V(P)T(Py)-

Since 7 is continuous on b(G) and ¢(G) is dense in b(G), we conclude that
~ € b(G). -

Conversely, if x € b(G) then x o ¢ € G since ¢ is a continuous homomor-
phism from G into b(G). By the first part of the proof m € b(G). The
two characters x and X/o\¢ of b(G) agree on the dense subset ¢(G), whence
X=X ¢

Because the Gelfand homomorphism of AP(G) onto C(b(G)) is isometric
and, as we have just seen, maps T'(G) onto T'(b(G)). Thus for the last state-
ment of the theorem it is enough to observe that T'(b(G)) is norm dense in
C(b(@)). Now, if H is a compact Abelian group, then T'(H) is *-subalgebra of
C(H) which strongly separates the points of H. Thus T'(H) is dense in C(H)
by the Stone-Weierstrass theorem. ad

Corollary 2.10.14. Let G' be a locally compact Abelian group, and let Ga
denote the algebraic group G endowed with the discrete topology. Then the

discrete dual group b(G) of b(G) is isomorphic to Gg.
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Proof. Being the dual group of the compact group b(G), b((?) is discrete. By
Theorem 2.10.13, the Gelfand homomorphism of AP(G) maps G onto b(G)
and this map is obviously a group isomorphism. Thus Gy is isomorphic to

b/@). 0

Employing the Pontryagin duality theorem for locally compact Abelian
groups, Corollary 2.10.14 can be rephrased as follows. The group b(G) is
topologically isomorphic to the dual group of Gy since it is topologically iso-
morphic to the dual group of b((?)

2.11 Structure spaces of tensor products

The purpose of this section is to determine the structure space of the tensor
product of two commutative Banach algebras and to investigate its semisim-
plicity. For the basic theory of tensor products of Banach algebras we refer to
Section 1.5. We remind the reader that e denotes the injective tensor norm.

Lemma 2.11.1. Let A and B be commutative Banach algebras and let ~ be
an algebra cross-norm on A @ B such that v > €. Given ¢ € A(A) and
Y € A(B), there is a unique element of A(A®.B), denoted ¢ @1, such that

(¢ @)z ®y) = p(2)¥(y)
for all x € A and y € B. Furthermore, the mapping
A(A) x A(B) = A(A@yB), (p,%) — 9 ®y¢
is a bijection.

Proof. Let ¢ € A(A) and ¢ € A(B) and recall first that there is a unique
homomorphism w : A ® B — C such that w(z ® y) = p(z)¢(y) for all z € A
and y € B. By definition of € and since v > ¢, for any x1,...,2, € A and
Yis---,Yn € B, we have

w<szj®yj> = Z@(%W(yg) <6<ij®yj> <“/<Z$j®yj>~
j=1 j=1 j=1 j=1

Thus w is continuous with respect to v and therefore extends uniquely to an
element of A(A ®, B), denoted ¢ &1

The mapping (¢, ) — ¢ ®v¢ is 1njectlve To Verlfy this, let p1, w2 € A(A)
and 11,19 € A(B) such that 801®v¢1 = cp2®7@/12 Fix b € B such that
11(b) = 1. Then, for all x € A,

p1(2) = p1(2)91(0) = (1 @ Y1)(z @ b) = (p2 @ P2) (2 @ b) = Pa(2)1)2(b)-
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Now, since ¢; and o are non-zero homomorphisms, this equation implies
that 12(b) = 1. Hence 1 = ¢2, and this in turn yields that ¢1 = 1)s.
It remains to show that given p € A(A®,B), there exist ¢ € A(A) and
1 € A(B) such that p(z @ y) = ¢(z)¢(y) for all x € A and y € B. Choose
a € Aand b € B such that p(a®b) =1, and define ¢ : A - Cand¢: B — C
by
p(z) = p(ra ©b) and ¢(y) = p(a @ yb).

Clearly, ¢ and v are linear maps and

p(2)¥(y) = plza® @ yb*) = plz @ y)p(a® @ b*) = p(z @ y)
for all x € A and y € B. In particular, both ¢ and 1 are nonzero. Finally, for
T1,2T0 € A,
p(z122) = p(z1220 ® b) = p(T12720 ® b)p(a ® b)
p((z10 ® b)(120 ® b)) = p(r10 ® b)p(T20 ® b)
= p(z1)p(22),

and similarly, ¥ (y1y2) = ¥ (y1)¥(y2) for all y1,y2 € B. Thus ¢ and ¥ have all
the required properties. O

Theorem 2.11.2. Let A and B be commutative Banach algebras and let y be
an algebra cross-norm on A ® B such that v > €. Then the mapping

A(A) x A(B) = A(A®,B), (¢, 9) = ¢ &0
is a homeomorphism.

Proof. As to continuity, it suffices to show that for each ¢ € A@WB, the
function (p,v9) — (¢ ®47)(c) is continuous on A(A) x A(B). For c € A® B,

say ¢ =) . ;a;®b;, aj € A,bj € B,1 < j <n, this follows at once from the

equation
n

(p@)(c) = Y play)b(by).
j=1
Now, let z € A®., B be arbitrary. Since || &, < 1, the function (p,¢) —
(p®,0)(2) is a uniform limit on A(A) x A(B) of functions (p,1) —
(p®,1)(c), c € A® B, and therefore is continuous.

For openness, it is enough to prove that the mappings np@vw — ¢ and
© @) — ¢ from A(A®,B) into A(A) and A(B), respectively, are continu-
ous. To show that the map ¢ @ﬁ/} —  is continuous, we check that, for each
a € A, the function

F,: A(A®,B) = C, &% — ¢(a)

is continuous. Fix a € A and for every p = ¢ @)vw € A(A (X\)VB) select a, € A
and b, € B such that p(a, ® b,) = 1. Then
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Fulp) = pla)p(ay)(by) = wlaap)i(b,) = plaa, @ bp).

Now let (py)a be anet in A(A ®.,B) converging to some p € A(A&.,B). Then

Pa (ap ® bp)pa (aapa ® bpa) = Pa (aap ® bp)ﬂa (apa ® bpa)
= palaa, @b,)
— plaa, ®by).

Since pa(a, @ b,) — pla, ®b,) =1, we conclude that

Fa(pa) = palaa,, @bp,) — plaa, @ by) = Fa(p).

Thus F, is a continuous function. Similarly, the map @@71/) — @ from
A(A®,B) to A(B) is continuous. O

As the reader will have observed, the last slightly more technical part of
the preceding proof can be omitted when A and B are unital. Indeed, in
this case the map (p,¢) — @@7@[1 is a continuous bijection from the com-
pact space A(A) x A(B) to the Hausdorff space A(A®,B) and hence is a
homeomorphism.

Corollary 2.11.3. Let A, B and ~ be as before. If A (EA@,YB is semisimple, then
so are A and B.

Proof. Let a € A such that @ = 0. Fix any nonzero b € B. Then

@ ® b(p ®y1) = pla)b(b) =0

for all ¢ € A(A) and ¢ € A(B). Since every p € A(A®,B) is of the form
p = @41 for some ¢ € A(A) and ¢ € A(B), we get that a ® b = 0. Because
A®+B is semisimple, it follows that ¢ ® b = 0 and hence a = 0. So A is
semisimple, and similarly for B. O

Remark 2.11.4. The converse to Corollary 2.11.3 is false. In fact, Milne [89]
has shown that the following two conditions are equivalent.

(i) The projective tensor product of any two semisimple commutative Banach
algebras is semisimple.
(ii) Every Banach space has the approximation property.

However, as first shown by Enflo [31], there are Banach spaces which don’t
share the approximation property (for all this, compare [114]). In this context
compare also Theorem 2.11.6 below and Appendix A.2.

Elements of A(B) give rise to certain continuous homomorphisms from
A®,B onto A. These homomorphisms are extremely useful when dealing
with tensor products.
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Lemma 2.11.5. Let A and B be commutative Banach algebras and let ~y be
an algebra cross-norm on A ® B such that v > e. Let v € A(B). Then
there is a unique continuous homomorphism ¢, : A@)VB — A such that
oy (a®@b) =1(b)a for alla € A and b € B.

Proof. The map A x B — A, (a,b) — (b)a is bilinear. Hence there is a
unique linear map ¢, : A ®@ B — A satisfying ¢y(a ® b) = 1(b)a for all
a € Aand b € B. Now, let a1,...,an, € A and by,...,b, € B. Then, with

=30 a;®bj,
:sup{

> Flaj)g(by)
j=1

gy (@)l = || > wb(b;)a;
j=1

< sup{

<7(z).

Thus ¢, is norm decreasing for the norm v on A ® B and therefore extends
uniquely to a continuous linear map, also denoted ¢y, from A®,B to A.
Finally, ¢, is a homomorphism since

dyp((a@b)(a’ ®Y)) = ¢y(aa’ @bb") = P (bb')aa’
= (p(b)a)(1p(b')a")
= ¢y(a®@b)gy(a’ @)
for a,a’ € A and b,V € B. a

f(Z%b(bj)aj)‘ 1 f€ AT}
j=1

:feAf,gEBT}:e(x)

Of course, starting with ¢ € A(A), we obtain an analogous homomorphism
Gy - A@WB — B. We proceed with two applications of Lemma 2.11.5 which
concern the projective tensor product. The first one settles the important
question of when A ®, B is semisimple.

Theorem 2.11.6. Let A and B be commutative Banach algebras. Then the
projective tensor product A&, B is semisimple if and only if the following two
conditions are satisfied.

(i) A and B are semisimple.

(ii) The natural homomorphism A&B — A®.B is injective.

Proof. Suppose first that A @B is semisimple. Then A and B are semisimple
by Corollary 2.11.3. Let ¢ be the natural homomorphism from A ®,B into
A®€? and let ¢ = 3772 ) a; @ bj, where 337° [laj|| - [[b]| < oo, be an element
of A®,DB such that ¢(c) = 0. Then Z;’il flaj)g(bj) =0 for all f € A* and
g € B*. In particular,

(pBrth)(e) = Y la)e(b) = 0

Jj=1
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for all p € A(A) and ¢ € A(B). Since A &, B is semisimple and every element
of A(A®,B) is of the form ¢ ®,1, it follows that ¢ = 0. Thus ¢ is injective.

Conversely, suppose that conditions (i) and (ii) hold. Let ¢ be an element
in the radical of A®,B, say ¢ = Z;’;l aj ® b;. Since A is semisimple, from
Lemma 2.11.5 we get that Z]Oil Y(bj)a; = 0 for all ©» € A(B). This implies
that, for every f € A* and all ¢y € A(B),

0=f| D wbag | =3 ) fa) =9 | D flay; | -
i=1 /

j=1 =1

<.

Since B is semisimple, it follows that Zj’;l f(aj)b; = 0 for every f € A*.
This in turn gives

0=y Z flazb; | = Zf(aj)g(bj) = (f®eg)(c)

for every f € A* and g € B*. Now, condition (ii) yields ¢ = 0. So A®;, B is
semisimple. O

Proposition 2.11.7. Let A and B be commutative Banach algebras. Then
A®xB is unital if and only if both A and B are unital.

Proof. 1t is apparent that if e4 and ep are identities of A and B, respectively,
then e4 ® ep is an identity of A ®,B.

Conversely, let Zj’;l a; @ bj, where a; € A and b; € B, represent an
identity for A®,B. Then

a®b=Zaja®bjb
j=1
for all a € A and b € B. Since A®,B is unital, A(A®,B) # § and hence
A(A) and A(B) are both nonempty by Theorem 2.11.2. Choose ¢ € A(B)

and b € B with 1(b) = 1, and let ¢, : A@,B — A be the homomorphism of
Lemma 2.11.5. Then

a=¢y(a®b) = oy Zaja@)bjb

j=1
= dula;a@bb) =D W(bb)aja
j=1 j=1

Z’lﬁ(bj)aj a
j=1

for all @ € A. Thus Z;’;l ¥ (bj)a; is an identity for A. Similarly, it is shown
that B is unital. O
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To conclude this section, let A be a semisimple commutative Banach al-
gebra and G a locally compact Abelian group. Since L'-spaces do have the
approximation property, we could use Theorem 2.11.6 and Corollary 2.7.9
to deduce that L'(G,A) = L'(G) ®,A is semisimple. However, this can be
shown directly without appealing to Theorem 2.11.6 as follows.

Theorem 2.11.8. Let G be a locally compact Abelian group and A a semisim-
ple commutative Banach algebra. Then LY (G, A) = L*(G) ®, A is semisimple.

Proof. Let ¢ : LY(G)®zA — L'(G,A) be the isometric isomorphism sat-
isfying ¢(f ® a)(x) = f(z)a for all f € L*(G) and a € A and almost all
2z € G (Proposition 1.5.4). For a € G, let ©q be the corresponding element
of A(L*(G)) and recall that A(LY(G) ®,A) = A(L'(G)) x A(A) (Theorem
2.11.2). Let f € L'(G),a € G,a € Aand e A(A). Then

(Palrt)(f ® a) = Fla)w /f

/

:/Goz(x)w(d)(f@a)(x))dx
— U6 © ) (@)

By linearity and continuity, this implies

—

(Pa@at) (1) = P(d(u))(a)

for all u € L'(G) ©,A,a € G and ) € A(A). Since L'(G) is semisimple, this
equation shows that if v € L'(G) ®,A is such that 4 = 0, then ¥(p(u)) = 0
for all ¢ € A(A). Thus ¢(u) = 0 since A is semisimple and hence u = 0 as ¢
is injective. ad

2.12 Exercises

Exercise 2.12.1. The following example shows that the Gleason-Kahane—-
Zelazko theorem (Theorem 2.1.2) fails to hold for real Banach algebras. Let
A = C®([0,1]) be the algebra of all real valued continuous functions on [0, 1]
with the supremum norm. Define ¢ : A — R by ¢(f fo t)dt. Show that
©(f) # 0 whenever f is invertible, but ¢ is not multlphcatlve

Exercise 2.12.2. Find an example of a real commutative Banach algebra
with identity which does not admit a nonzero real multiplicative linear func-
tional.
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Exercise 2.12.3. Let V denote the Volterra integral operator on L2[0, 1] de-
fined by

Vf(s)= /Osf(t)dt, feL?0,1],s €[0,1],

and let A be the closed subalgebra of B(L?[0,1]) generated by V. Show that
A has precisely one maximal ideal.

Exercise 2.12.4. For 1 < p < oo, consider the non-unital commutative Ba-
nach algebra [P(N). Identify the maximal modular ideals of I?(N). Show that
IP(N) has maximal ideals which are not modular.

Exercise 2.12.5. Let A be a non-unital commutative Banach algebra and
M a maximal ideal of A. Show that M is modular if and only if M has
codimension one and does not contain A2.

Exercise 2.12.6. Let A be the algebra of entire functions in the complex
plane endowed with the norm || f|| = sup{|f(z)| : |z| = 1}. Then A is a non-
complete commutative normed algebra. Prove that A contains maximal ideals
of infinite codimension.

Exercise 2.12.7. Let A be the algebra of all continuously differentiable func-
tions f : [0,1] — C with pointwise multiplication and the norm ||f|| =
[ flloc + [1flloo- Let

I={feA:f(0)=r(0)=0}

Show that A/I is a two-dimensional algebra which has a one-dimensional
radical. Thus A is an example of a semisimple commutative Banach algebra
which admits a non-semisimple quotient.

Exercise 2.12.8. Find examples showing that Corollaries 2.1.10 and 2.1.11
are no longer true without assuming semisimplicity.

Exercise 2.12.9. Let A be a commutative Banach algebra and I" : A —
I'(A) C Co(A(A)) its Gelfand homomorphism. Show that I" is a topological
isomorphism (if and) only if there exists ¢ > 0 such that ||a?|| > ¢ ||a||? for all
a € A

Exercise 2.12.10. Let A be a semisimple commutative Banach algebra with

norm || - ||, and let B be a subalgebra of A which is a Banach algebra with
some norm | - |. Show that there exists a constant ¢ > 0 such that ||z] < ¢|z|
for all z € B.

Exercise 2.12.11. Let A and B be commutative Banach algebras and A® B
their direct sum with the norm ||(a,b)|| = max(||al],||b]|). Show that there is

a canonical homeomorphism between A(A @ B) and the topological disjoint
union of A(A) and A(B).
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Exercise 2.12.12. Let A be a unital commutative Banach algebra, and let
I; and I be nontrivial closed ideals of A such that A = I; ® I. Show that
A(A) is not connected.

Exercise 2.12.13. Let A be a semisimple commutative Banach algebra and
A={a:a€ A}. Let ¢ : A(A) — A(A) be a homeomorphism. We say that
@ 1is induced from a homomorphism h : A — A if ¢(¢)(x) = @(h(x)) for all
xz € Aand p € A(A).

(i) Prove that ¢ is induced from a homomorphism h : A — A if and only
if f Egimplies fooe A

(ii) Find an analogous condition on ¢ which is equivalent to ¢ being in-
duced from an automorphism of A.

Exercise 2.12.14. In Exercise 2.12.13, take A = [!(Z) and identify A(A)
with T. Conclude that a homeomorphism ¢ : T — T is induced from a homo-
morphism of A if and only if ¢ € A.

Exercise 2.12.15. Let A and B be commutative Banach algebras and let
h: A — B be a homomorphism with dense range. Show that

h*: A(B) — A(A), h*(¥)(a) = ¥ (h(a)),

a € Ay € A(B), defines an injective continuous mapping from A(B) into
A(A). If B is unital, then A* maps A(B) homeomorphically onto h*(A(B)).

Exercise 2.12.16. Construct examples of semisimple commutative Banach
algebras A and B and a homomorphism h : A — B with dense range such
that the corresponding mapping h* : A(B) — A(A) (see Exercise 2.12.15)
(i) is not surjective,
(ii) not a homeomorphism onto its range.

Exercise 2.12.17. Let X and Y be nonempty compact Hausdorff spaces and
¢ : C(X) — C(Y) aunital homomorphism, and let ¢* : A(C(Y)) — A(C(X))
be the map ¢ — ¢ o ¢. Show

(i) ¢* is injective if and only if ¢ is surjective.

(ii) ¢* is surjective if and only if ¢ is injective.

Exercise 2.12.18. Let X be a compact Hausdorff space and let A be a uni-
form algebra on X. Let ¢ : A — C be a homomorphism. Show that there
exists a probability measure p on X such that o(f) = [y f(x)du(z) for all
feA

Exercise 2.12.19. Let A and B be semisimple and unital commutative Ba-
nach algebras. Let ¢ be a linear map of A onto B. Prove that ¢ is an algebra
isomorphism between A and B if and only if op(¢(x)) = oa(x) for all z € A.
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Exercise 2.12.20. Let A C A; C Ay be commutative Banach algebras with
norms || - ||, || - [[1 and || - ||2 respectively. Assume that A is dense in A; and in
As in their respective norms and that A(A) = A(Az) (that is, every element
of A(A) is continuous with respect to || - ||2). Show that A(A;) = A(As).

Exercise 2.12.21. Let A be a semisimple and faithful commutative Banach
algebra. For any T' € M (A), let fr denote the continuous function on A(A)
satisfying ﬁ(gp) = fr(p)z(p) for all ¢ € A(A) (Proposition 2.2.16). Show
that the mapping T'— fr is a continuous isomorphism from M (A) onto the

subalgebra R
B={fecC"A(A):f-T7cAforallzc A}

of CY(A(A)).

Exercise 2.12.22. Let A be a semisimple commutative Banach algebra, T :
A — A a bounded linear operator and 7™ the adjoint of 7. Prove that T €
M(A) if and only if for each p € A(A) there exists a constant ¢(¢) such that

T(p) = c(p)ep-

Exercise 2.12.23. Let A be a commutative Banach algebra such that A(A)
is infinite. Prove that there exists 2z € A such that o4 (x) is infinite.
(Hint: Let ¢, € A(A), n € N, such that ¢, # ¢, for n # m. For m,n € N,
n #m, let

Vi ={z € At om(z) # on(x)}

and show that V;, ,, is dense in A. Conclude that N{V,, , : m # n} # ().

Exercise 2.12.24. Consider the disc algebra A(D) and view D = A(A(D))
as a subset of A(D)*. Show that the topology on D induced by the norm
topology of A(D)* coincides with the complex plane topology on D° and with
the discrete topology on T.

(Hint: For the first part of the assertion, use Schwarz’ lemma which states
that if f : D° — D is a holomorphic function vanishing at zy € D°, then
[f(2)] <]z — 20|/|1 — 2z 20| for all z € D°.)

Exercise 2.12.25. Let A be a closed subalgebra of C'(D) satisfying the fol-
lowing two conditions:

(1) The function z — z belongs to A.

(2) For every f € A, | flloo = /1]l
Then A C A(D). To prove this, proceed as follows.

(i) Apply Wermer’s maximality theorem (Theorem 2.5.15) to conclude
that Aly = {f|r: f € A} is equal to either P(T) or C(T).

(ii) By (2), every g € Alr extends uniquely to some g € A. Consider
the homomorphism g — g(0) from A|r to C to exclude the possibility that
Alr = C(T).

(iii) Show that if f € A and g € A(D) are such that f|r = g|r, then f = g.
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Exercise 2.12.26. Let A be a commutative Banach algebra with identity e.
Prove that the following two conditions are equivalent.
(i) For z,y € A, expx = expy implies that z —y = (2kni)e for some k € Z.
(ii) A(A) is connected.
(Hint: Show that the equation exp z = e has no nonzero solution in the radical
of A and that it has solutions different from (2kmi)e, k € Z, if and only if A(A)
is not connected.)

Exercise 2.12.27. Let I?(N) be as in Exercise 1.6.9. Determine A(I?(N)).

Exercise 2.12.28. Let Lip,, [0, 1] be the Banach algebra of Lipschitz functions
of order « (see Exercise 1.6.11). For ¢ € [0,1], let ¢ (f) = f(t), f € Lip,[0,1].
Show that the map t — ¢, is a homeomorphism of [0, 1] onto A(Lip,[0, 1]).
(Hint: If f € Lip,[0,1] is such that f(t) # 0 for all t € [0,1], then }
Lip,[0,1].)

S

Exercise 2.12.29. Let v be a continuous homomorphism of R into the mul-
tiplicative group C* of nonzero complex numbers.
(i) Show that v is differentiable and satisfies the differential equation

v'(t) = v(0)(¢), t € R.

(Hint: There exists ¢ > 0 such that [; v(s)ds # 0, and then

)= ([ 2(ehas) h / s
for all t € R.)

(i) Deduce that there exists z € C such that v(t) = e?* for all ¢ € R.

Exercise 2.12.30. Let G be a compact Abelian group and let a and ( be
distinct characters of G. Show the orthogonality relation [, a(z)B(z)dx = 0.
(Hint: For v € G\ {1}, choose 2 € G such that v(zo) # 1 and observe that
Jev(@)dz = y(z0) [ v(x)da).

Exercise 2.12.31. Let G be a compact Abelian group with normalized Haar
measure and let 1 < p < oo. With convolution, LP(G) is a commutative
Banach algebra. For y € G and f € LP(G), let

ox(f) = Fon) = /G f(@)x(@)d.

Show that the map x — ¢, is a bijection between G and A(LP(G)) and that
A(LP(@)) is discrete.

Exercise 2.12.32. In Theorem 2.7.12 it was shown that, for a locally compact
Abelian group G, the Gelfand transform f — f from L'(G) to Co(G) is onto
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(equivalently, the norms f — || f||; and f — || f]lec are equivalent) only when
G is finite. For the real line, one can explicitly construct a sequence of functions
fn € LY(R), n € N, such that ||f,|1 = 1 for all n, whereas ||f,|lcc — 0 as
n — oo. In fact, normalizing Lebesgue measure so that [0, 1] has measure one,
define f, by
1
t) = exp(—(1 4 ni)t? ,

fult)= ) exp(=(1+ni)#)
t € R, and show that this sequence has the stated properties.
(Hint: Use the formula

1/2 2
/ exp(—ist — zt?)dt = (W) exp (— S ) ,
R z 4z

which holds for all s € R and all z € C with Rez > 0.)

Exercise 2.12.33. Let f € C(T) C LY(T). Show that the following condi-
tions are equivalent.

() f € P(T).

(ii) There exists g € A(D) such that g|r = f.

(iii) f(—n) =0 for all n € N.

Exercise 2.12.34. Let 1 denote Lebesgue measure on the unit interval [0,1]
and let L>°(u) be the space of equivalence classes modulo sets of measure
zero of complex valued essentially bounded measurable functions on [0,1].
With the essential supremum norm, pointwise multiplication and f — f,
L*°(p) is a unital commutative C*-algebra. Let A = A(L>°(u)) and L>°(u) —
c(a), f— f the Gelfand isomorphism. Observe that f — fol F@)du(t) is a
bounded linear functional of norm one on C(A). By the Riesz representation
theorem there is a regular probability measure i1 on A satisfying

/ﬂwmwzjf@wm
A 0

for all f e L*(u).
(i) Show that (U) > 0 for every nonempty open subset U of A.
(ii) Show that for every nonempty open subset U of A there exists fy €

L°°(p) such that J/CE = 1y p-almost everywhere.

Exercise 2.12.35. Retain the setting and notation of Exercise 2.12.34. Prove
that A is extremally disconnected, that is, the closure of every open subset of
A is open. N

(Hint: Let U be an open subset of A and f € L*(u) such that f = 1y pi-
almost everywhere. Deduce from continuity of f that ftakes only the values
0 and 1.)
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Exercise 2.12.36. Let A be a commutative Banach x-algebra. Then A is
called symmetric if p(z*) = ¢(z) for all z € A and ¢ € A(A). Prove that the
following two conditions are equivalent.

(i) A is symmetric.

(ii) —1 € oa(z*x) for every z € A.
(Hint: Without loss of generality, assume that A has an identity e. For (ii) =
(i), use (ii) to show that if x is a selfadjoint element of A and « and 3 are
real numbers with 8 # 0, then («a + i8)e — x is invertible.)

Exercise 2.12.37.Let D = {2z € C : |z] < 1}, the closed unit disc, and
A= P(D). For f € A, define f* by f*(z) = f(z).
(i) Show that f — f* is an involution on A.
(ii) Does this involution turn A into a C*-algebra?
(iii) Is ca(f*f) C R for all f € A?
(iv) Which ¢ € A(A) satisty o(f*f) >0 for all f € A?
(v) Does there exist an involution f — f on A such that o(f) = ¢(f) for
all f e Aand pe A(A)?

Exercise 2.12.38. Let G be a locally compact Abelian group such that G #
{e}. Construct a function f € L'(G) such that ||f* = f|| # ||f]|?, thereby
showing that || - ||1 fails to be a C*-norm.

(Hint: In case G has at least three elements e, a and b, choose a compact
symmetric neighbourhood V' of e with the property that the three sets V', aV'
and bV are pairwise disjoint and consider the function f = 1y +ilay + 1yy.)

Exercise 2.12.39. Let A be C*-algebra with identity e. Then e is an extreme
point of the unit ball A1 = {a € A : |jal]s < 1}. To prove this, proceed as
follows.

(i) Suppose that e = ;(a +b), a,b € A;. Show that there exist selfadjoint
elements z and y of A; such that e = } (z + y) and zy = yx.

(ii) Let B be the closed subalgebra of A generated by z, y and e. Apply
Theorem 2.4.5 and show that Z(¢) = y(¢) for all ¢ € A(B).

Exercise 2.12.40. Let S" = {z € R"*! : ||z|| = 1}, the unit sphere in R" !,
n > 1. Use the Stone-Weierstrass theorem to show that C'(S™) admits a
system of n 4 1 generators.

(Remark: Using cohomology theory, one can prove that C'(S™) cannot admit
a system of less than n + 1 generators.)

Exercise 2.12.41. Let X be a compact subset of C and suppose that C\
X has infinitely many connected components. Prove that R(X) cannot be
generated by finitely many rational functions.

Exercise 2.12.42. For 0 < r < R < oo let K(r,R) denote the compact
annulus

K(r,R)={z€C:r <|z| <R}
Prove that the uniform algebra A(K(r, R)) is generated by the two functions
z—zand z — 1/z.
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Exercise 2.12.43. Let A be a commutative Banach algebra and let ¢1, ..., ¢,
be distinct elements of A(A). Show that the mapping

= (p1(x), ..., on(z))
maps A onto C".

Exercise 2.12.44. Let K be a compact subset of C", n € N. Show that there
exist a unital commutative Banach algebra A and elements x1,...,z, of A
such that

K=o04(z1,...,2p).

Why does this not contradict Theorem 2.3.67

Exercise 2.12.45. Let A be a commutative Banach algebra with identity e
and let z1,...,z, € A. Let A denote the set of all A\ = (A1,...,\,) € C™ with
the property that for any y1,...,yn € A, the element Z;;l y;j(Ae — ;) is not
invertible in A. Prove that

A=oca(z1,...,24,).

(Hint: Let A = (A1,...,A,) € A. To show that A € ga(z1,...,x,), observe
that the set of all elements E?:l yj(Ae —x;), y; € A, either equals A or is a
proper ideal of A and hence is contained in a maximal ideal.)

Exercise 2.12.46. Prove that the two-dimensional torus
T={(z,w) € Cc?: |z| = |w| =1}

in C? has as its polynomially convex hull the 4-dimensional bicylinder I x .
(Remark: The question of whether there is any relation between the topolog-
ical dimension of a compact subset of C™ and the topological dimension of its
polynomially convex hull has been a matter of some interest.)

Exercise 2.12.47. Consider the following subset

1

z
of <C2.A Show that for every compact subset X of Y, the polynomially convex
hull X,, of X is contained in Y.

Exercise 2.12.48. In Proposition 2.8.8, consider the following choices of w:
(i) w(n) = 2" for all n € Z;
(ii) w(n) = 2™ for n > 0 and w(n) = 1 for n < 0;
(iii) w(n) = 14 2™ for all n € Z;
(iv) w(n) =14 2" for n > 0 and w(n) =1 for n < 0.
For which of these choices is K (R_, Ry ) a circle? For which of them is ll(/Z,\w)
closed under complex conjugation?
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Exercise 2.12.49. Determine the structure space of the Beurling algebra
1*(Z,w) for the following weights w:

(i) wn) =el" nezZ.

(ii) wa(n) =1+ n|)*, neZ, 0 < a< .

Exercise 2.12.50. Let w be a continuous weight function on RT. Then the
limit limg o w(t)!/* exists and is equal to p = inf{w(t)'/* : ¢ > 0}. Suppose
that p > 0 and let

S={2€C:Rez > —lInp}.

The purpose of this exercise is to determine, by analogy with Beurling alge-
bras on R (Proposition 2.8.7), the structure space of the convolution algebra
LY(RT,w).

(i) For z € S, show that

oo(f) = / (e =tdt, f e L'R*,w),

defines an element of A(L'(RT,w)).

(ii) Prove that every element of A(L*(R™,w)) is of the form ¢, for some
zes.

(iii) Deduce that L'(R*,w) is semisimple.

(iv) Show that the map z — ¢, is a homeomorphism from the halfplane
S onto A(LY(RT,w)).

Exercise 2.12.51. Let w and p be as in the preceding exercise and assume
that p = 0. Show that then L!(R™,w) is radical. An example of such a radical
weight is w(t) = exp(—t?),t € RT.

Exercise 2.12.52. Let T be the multiplicative group of complex numbers of
absolute value one with normalized Haar measure. Recall that the Fourier
transform of f € C(T) on T = Z is defined by f(n) = [; f(z)z""dz, n € Z.
Prove that f — ffurnishes an isometric isomorphism of the Fourier algebra
A(T) to 11(Z).

Exercise 2.12.53. Show that the Fourier algebra A(Z) of the group of inte-
gers is isometrically isomorphic to L!(T).

Exercise 2.12.54. Let G be a locally compact group and A(G) the Fourier
algebra of G as studied in Section 2.9. Exploit Lemmas 2.9.3 and 2.9.5 (with
K = {e}) to establish the existence of a net (uq)q in A(G) with the following
properties:

(1) |luallac) = uale) =1 for all a;

(2) llvuallaqy — 0 for every v € A(G) with v(e) = 0.

Exercise 2.12.55. Let G be a noncompact locally compact group. Show that
there exists a bounded continuous function on G which fails to be uniformly
continuous (and hence is not almost periodic).
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Exercise 2.12.56. Let G be a locally compact group and
N={xecG: f(x)= f(e) for all f € AP(G)}.

Using only the fact that f € AP(G) implies that L,Ryf € AP(G) for all
a,b € G, give a direct proof that N is a normal subgroup of G and that, for
z,y € G, f(z) = f(y) for all f € AP(G) if and only if y~'z € N.

Exercise 2.12.57. Let G be a locally compact Abelian group and let P :
L>(G) — L*(G) be a norm-bounded projection such that P(L.f) =
L,(P(f)) for all f € L>®(G) and x € G. Show that P maps AP(G) into
AP(G) and that there exists a finite measure p on the Bohr compactification
b(G) such that P(f) = f*p for all f € AP(G) = C(b(G)).

Exercise 2.12.58. Let A be a commutative Banach algebra and let D
be a continuous derivation of A. The Singer—Wermer theorem states that
Dz € rad(A) for every x € A. In particular, there are no nonzero continuous
derivations on a semisimple commutative Banach algebra.

Prove the Singer-Wermer theorem as follows. For ¢ € A(A) and = €
A, consider the function z — ¢(exp(zD)z). Show that this is a bounded
holomorphic function in the entire complex plane (note that & — ¢(exp(zD)x)
is a multiplicative linear functional on A). Conclude that ¢(Dz) = 0.

Let A be a commutative Banach algebra and ¢ € A(A). A linear functional
D on A is called a point derivation at o if D(ab) = ¢(a)D(b) + ¢(b)D(a) for
all a,b € A.

Exercise 2.12.59. Show that there is a nonzero continuous point derivation
on Lip, [0, 1] at every ¢ € [0, 1].

(Hint: Let (t,)n C [0,1] be a sequence such that ¢, — t and ¢,, # ¢ for all n.
Define [,, € (Lip, [0, 1])* by

ftn) = f(2)

)

and let [ be a w*-accumulation point of the sequence (I,,), in (Lip,[0,1])*.)

Exercise 2.12.60. Let t € [0,1] and let I and .J be the closed ideals in C™[0, 1]
defined by

I={feC0,1]: f(t) =0} and J = {f € C"[0,1] : £(t) = f'(t) = O}.

It follows from Taylor’s formula that I? is dense in J. Let D be a continuous
point derivation of C™[0, 1] at ¢, that is,

D(fg) = ft)D(g) + g(t)D(f)

. Show that D(J) = {0} and hence D is of the form

for all f,g € C™[0,1]
(t) for some «, 3 € C. Conclude that D(f) = Bf'(t) for

D(f) = af(t) + Bf
all f € 70, 1].
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Exercise 2.12.61. Let A C C(X) and B C C(Y) be uniform algebras. Let

A, B={feCXxY): f(hy)€eAforallyeY
and f(z,-) € B for all z € X}.

Show that A®, B is a uniform algebra on X x Y and that A(A®, B) can be
canonically identified with A(A) x A(B). A®, B is called the uniform tensor
product (slice product) of A and B.

Exercise 2.12.62. Let A and B be commutative Banach algebras such that
A is semisimple and B is finite dimensional. Prove, without using the fact
that B has the approximation property, that A ®,B is semisimple.

(Hint: Let A(B) = {41, ..., %} and choose b; € N{ker ¢y, : k # j} such that
1;j(bj) = 1. Then by, ..., by, form a basis of B.)

Exercise 2.12.63. Let G and H be discrete Abelian groups with dual groups
G and H. Prove that the Gelfand homomorphism maps ['(G x H) into the
projective tensor product C(G) ®@,C(H).

2.13 Notes and references

Theorem 2.1.2, characterizing multiplicative linear functionals on (not nec-
essarily commutative) Banach algebras, has been established independently
by Gleason [44] and Kahane and Zelazko [64] using analytic tools. The fairly
elementary algebraic proof given here was found by Roitman and Sternfeld
[109] and the preliminary Lemma 2.1.1 is due to Zelazko [141]. There exist an
extensive theory and a wealth of interesting examples of radical commutative
Banach algebras. These play a fundamental role in the investigation of auto-
matic continuity problems (see [25] for a comprehensive account). We have
confined ourselves to including just two illustrative examples. The continu-
ity results Corollaries 2.1.10 and 2.1.12 and the uniqueness of norm property,
Corollary 2.1.11, trace back to Rickart [106]. Corollaries 2.1.11 and 2.1.12 hold
as well for non-commutative semisimple Banach algebras. This follows from
Johnson’s theorem [61] stating that if A and B are Banach algebras with B
semisimple, then every homomorphism from A onto B is continuous. For a
short proof of Johnson’s theorem, see [101].

The Gelfand representation is the pioneering work of Gelfand. All the basic
results presented in Section 2.2 appeared first in [38] and [40] and are nowadays
part of any book on Banach algebras. Also, the examples and immediate
applications of Gelfand’s theory given in Section 2.2 are standard.

Many commutative Banach algebras are generated by finitely many ele-
ments. If ay,...,a, generate A, then A(A) is canonically homeomorphic to
the joint spectrum of ay, ..., a,, which is a compact subset of C". It is there-
fore an important issue to identify the compact subsets of C" arising in this
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manner as joint spectra. Theorem 2.3.6, which states that these are exactly
the polynomial convex subsets of C", was shown by Shilov, as was Theorem
2.3.7, which says that a compact subset of C is polynomially convex if and
only if its complement is connected [121, 123]. The problem of a topological
characterisation of polynomial convex subsets of C" for n > 2 is open. For
more details and partial results we refer the reader to [126].

C*-algebras were first studied by Gelfand and Naimark in their fundamen-
tal paper [39]. Theorem 2.4.5, which is usually referred to as the commutative
Gelfand-Naimark theorem and which identifies the commutative C*-algebras
as precisely the uniform algebras Cy(X), where X is a locally compact Haus-
dorff space, as well as the continuous functional calculus (Theorem 2.4.9) can
be found in [39]. Let X be a completely regular topological space. The intro-
duction of the Stone-Cech compactification 3(X) as the structure space of
the commutative C*-algebra C*(X) (Theorem 2.4.12) is for instance given in
[126] and [36].

There is a vast literature on uniform algebras, in particular on P(X),
R(X) and A(X), where X is a compact subset of C". We refer the reader to
the monographs by Stout [126], Gamelin [36] and Leibowitz [78] concerning
much more detailed material. Equality to hold at any position in the chain of
inclusions P(X) C R(X) C A(X) C C(X) can be interpreted as a result in
qualitative approximation theory and is therefore of interest beyond Banach
algebra theory. Samples of such results are Theorem 2.5.8 and Theorem 2.5.12,
the former being a major step towards Mergelyan’s theorem which asserts that
if X is a compact subset of C, then P(X) = A(X) precisely when C\ X is
connected. Except for n = 1, there are no topological characterisations of
those compact subsets of C™ which arise as structure spaces of algebras P(X)
and R(X) (Theorem 2.5.7). Examples of compact subsets X of C with empty
interior for which R(X) # C(X) have been given by several authors. The
example we have presented in Section 2.5 is basically due to Mergelyan [87],
somewhat modified by McKissick [85] (see also [73]). The maximality theorem,
Theorem 2.5.15, was found by Wermer [136]. Lemma 2.5.14 and the simple
proof of Theorem 2.5.15 based on it was discovered by Cohen [22]. The related
result displayed in Exercise 2.12.25 was shown by Rudin [112].

Theorem 2.6.6 is due to Arens [4] and can also be found in [126] and [36].
It is worth pointing out that when X is a compact subset of C™ for some
n > 1, then A(A(X)) need not be homeomorphic with a subset of C™ [126].

The convolution algebras L*(G) of locally compact Abelian groups, which
are the central object of study in commutative harmonic analysis, form a large
and extremely important class of commutative Banach algebras. The fact that
the structure space of L'(G) identifies canonically with the dual group G of G,
endowed with the topology of uniform convergence of characters on compact
subsets of G (Theorems 2.7.2 and 2.7.5) is classical. We refer to [54], [105],
and [113]. Note that for G the group of real numbers, the Gelfand transform
is nothing but the Fourier transform. To show semisimplicity of L!(G), we
have exploited the left regular representation of L!(G) on L?*(G) and the
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semisimplicity of commutative C*-algebras. A highly non-trivial fact is that
the Gelfand homomorphism of L*(G) into Co(G) is surjective only when G
is finite (Theorem 2.7.12). There are approaches to Theorem 2.7.12 different
from the one chosen here, either using the Pontryagin duality theorem or some
other tools none of which we want to employ in this context (see [28, Theorem
B.4.6], [34], and [45]).

Beurling algebras behave in many respects similarly to L'-algebras. For
instance, Theorems 2.8.2 and 2.8.5 exposing the Gelfand representation of
LY(G,w), parallel Theorems 2.7.3 and 2.7.5. Some technical complications,
however, arise from the facts that weights are only locally bounded and that
the set of w-bounded generalized characters is less handy than the dual group
G. The concrete realizations of A(L'(R,w)) and A(I'(Z,w)) by means of a
vertical strip and an annulus in the complex plane, respectively, are classical
[41, Chapter III]. The elementary proof of semisimplicity of L'(G,w) given
here (Theorem 2.8.10) is due to Bhatt and Dedania [16].

The Fourier algebra A(G) of a locally compact group G was introduced
by Eymard [32] as the predual of the group von Neumann algebra VN (G).
The realization of A(G) which we have taken as the definition and all the
basic results, such as Theorem 2.9.4 and Lemma 2.9.5, are contained in [32].
Our presentation follows the one in [25]. Eymard has also shown that A(G)
is isometrically isomorphic to L'(G) when G is Abelian. This is one of the
reasons why the large class of Fourier algebras currently attracts a lot of at-
tention within the theory of commutative Banach algebras. A result of Leptin
[79] says that A(G) has a bounded approximate identity if and only if G is a
so-called amenable group. One of the many open questions is whether A(G)
always possesses an (unbounded) approximate identity.

The Bohr or almost periodic compactification b(G) of a locally compact
Abelian group G originated from a paper by Bohr [18] who was the first
to study almost periodic functions on the real line. Discussions of the subject
under various different aspects can be found in the monographs by Hewitt and
Ross [54, 55], Loomis [81], and Weil [134]. In particular, the fairly elementary
proof showing that one-sided almost periodic functions are necessarily two-
sided almost periodic is due to Loomis. In Section 2.10 we have established
the existence and properties of b(G) by applying Gelfand’s theory to the
commutative C*-algebra of almost periodic functions.

Tensor products of commutative Banach algebras have been investigated
by several authors. Theorem 2.11.2, which canonically identifies A(A®.B)
with the product space A(A) x A(B), was independently shown by Tomiyama
[128] and Gelbaum [37], following earlier work of Hausner [48, 49] and G.P.
Johnson [62] on L'(G, A) and C(X,A). The more subtle question of when
the projective tensor product A®,B is semisimple was addressed in [128],
where Theorem 2.11.6 can be found. The fact that condition (ii) of Theorem
2.11.6 need not be satisfied and consequently the projective tensor product
of two semisimple commutative Banach algebras need not be semisimple, was
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discovered by Milne [89] by exploiting the existence of Banach spaces which
don’t share the approximation property [31]. Note in this context that Theo-
rem 2.11.6 contradicts Corollary 1 of [77].



3

Functional Calculus, Shilov Boundary, and
Applications

Let A be a commutative Banach algebra. This chapter focuses on several im-
portant problems which evolve from the Gelfand representation theory and
concern the structure space A(A) and the structure of A itself. The most
significant new tool to be used in this context are so-called holomorphic func-
tional calculi for Banach algebra elements. The single-variable holomorphic
functional calculus associates with a complex-valued function f, which is de-
fined and holomorphic in a neighbourhood of the spectrum of an element = of
A, an element f(z) of A. This calculus and the properties of the assignment
f — f(z) are developed in Section 3.1. There is a generalisation to several-
variable holomorphic functions a weaker form of which we discuss at the end
of Section 3.1.

A first application of the single-variable functional calculus concerns the
topological group G(A) of invertible elements of a unital commutative Banach
algebra A, especially the description of its connected component of the identity
(Section 3.2). A very intricate problem is the identification of those elements
of A(A) that extend to elements of A(B) whenever B is any commutative
Banach algebra containing A as a closed subalgebra. This question is dealt
with at several places in this chapter and it has been the motivation for Shilov
to introduce the boundary 9(A) carrying his name. The Shilov boundary
is the smallest closed subset of A(A) on which every function |a|, a € A,
attains its maximum (Section 3.3). Not only does the Shilov boundary play
an important role in the extension problem, it is also linked to the concept of
(joint) topological zero divisors which we study thoroughly in Section 3.4.

The structure space of a unital commutative Banach algebra is compact.
The converse, a deep fact, holds for semisimple algebras. Although some spe-
cial cases are easier to obtain, the decisive result is based on Shilov’s idem-
potent theorem, the proof of which requires (at least so far) the multivari-
able holomorphic functional calculus. Shilov’s idempotent theorem states that
the characteristic function of a compact open subset of A(A) is the Gelfand
transform of an idempotent in A. This theorem is unquestionably one of the

E. Kaniuth, A Course in Commutative Banach Algebras, Graduate Texts in Mathematics,
DOI 10.1007/978-0-387-72476-8 3, (© Springer Science+Business Media, LLC 2009
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highlights in commutative Banach algebra theory and is presented in Section
3.5, followed by the proof that a semisimple commutative Banach algebra
with compact structure space has to be unital. We also study the impact of
Shilov’s idempotent theorem on decomposing A into a direct sum of ideals.

3.1 The holomorphic functional calculus

In Theorem 2.4.9 we have described a continuous functional calculus for ele-
ments of a commutative C*-algebra A. In this section we replace A by an
arbitrary unital Banach algebra and develop the so-called holomorphic func-
tional calculus which provides an efficient method to construct from a given
algebra element new elements with specified properties.

Let A be a unital Banach algebra and = € A. Suppose that U is an open set
containing o4 (x), and denote by R(U) the set of all rational functions on U.
That is, f € R(U) if and only if f = (p/q)|u, where p and ¢ are polynomials
with ¢(z) # 0 for all z € U. Since oa(q(z)) = ¢(oa(z)) (Lemma 1.2.10),
we have that 0 ¢ o4(¢(x)) and therefore g(x) is invertible in A. We define
f(z) € A by

f(a) = p(a)q(z)~".
As U is a nonempty open set, the representation p/q of f is unique apart from
common factors of numerator and denominator. Moreover, polynomials in x
and the inverses of such polynomials commute with each other. It follows that
f(x) is independent of the choice of p and ¢. Let

R(z) = U{R(U) :U open, U D oa(x)}.

Then R(x) is an algebra and f(x) € A is well defined for every f € R(x).
The proof of the following lemma, which is left to the reader as an exercise, is
straightforward using Lemma 1.2.10 and the fact that ¢(q(z)~1) = 1/¢(q(x))
for all p € A(A).

Lemma 3.1.1. The mapping f — f(x) is a homomorphism from R(z) into A
and satisfies (f(x)) = f(p(x)) for all ¢ € A(A) and aa(f(x)) = f(oa(x).

For an open subset U of C let H(U) denote the algebra of all holomorphic
functions on U. For x € A, let H(x) be the algebra of all functions that are
holomorphic in some neighbourhood of o4 (x); that is,

H(z) = U{H(U) :Uopen,U D oa(x)}.

With pointwise operations, H(z) is an algebra. We wish to extend the homo-
morphism from R(z) into A to a homomorphism from H (z) into A. Clearly,
in what follows we need some basic tools from one variable complex analysis.
Proofs of the following two lemmas can, for instance, be found in [23, Chap-
ter VIII, Propositions 1.1 and 1.7]. In the sequel, for a rectifiable closed curve
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v :la,b] — C and z € C\ v[a,b], w(v, z) denotes the winding number of v
relative to the point z.

Lemma 3.1.2. Let U be an open subset of C and K a compact subset of U.
Then there are closed, piecewise smooth curves y1,...,vm in U\ K such that
for any holomorphic function f on U and z € K,

£(z) = 2;2 / i (i”)z dw.

In particular, 377" w(vy;,2) = 1.

Lemma 3.1.3. If f : U — C is a holomorphic function, then for every com-
pact subset K of U and € > 0 there exists a rational function r, the poles of
which are contained in C\ K, such that

[ flx = rlxlleo < e

Remark 3.1.4. Let A be a unital Banach algebra, 7 : [a,b] — C a rectifiable
curve, and F : y[a,b] — A a continuous mapping. For any partition

Z={a=to<tr1 < ...<t, =10}

of [a,b] let 6(Z) = max{t; —t;—1 : 1 < j < n}. Now, using that F' is uniformly
continuous, precisely the same arguments as those showing the existence of
the Riemann integral along such a curve, in the present situation yield that
the limit

n

lim > ((t;) = v(ti-1) F(v(t;))

5(2)=0 £~

exists in A. This element in A is denoted fv F(2)dz. It is immediate from the
definition that

o / Fl2)dz | = / S(F(2))dz

for every ¢ € A*. Conversely, by the Hahn-Banach theorem, fv F(z2)dz is
uniquely determined by this equation. Moreover, for each x € A,

x-/F(z)dz:/a:F(z)dz.

v Y

In fact, denoting by L, : A — A the mapping y — xy, we have ¢ o L, € A*
for every ¢ € A* and hence
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o a:/F(z)dz — oL, /F(z)dz

Y

- / ¢o Ly(F(2))dz = / p(xF(2))dz

~y

—y / oF(2)dz

Y

Proposition 3.1.5. Let A be a Banach algebra with identity e, x € A, and U
an open neighbourhood of o a(x). Suppose that 1, ...V, are closed, piecewise
smooth curves in U \ oa(x) having the properties of Lemma 3.1.2. Then for
any rational function f on U,

1< .
@ = > [ e —a)
k=17,
Proof. First, we show that
! z": /(ze —z) ldz=e
27 ’
k=1 Tk

For that, by the Hahn—Banach theorem, it suffices to verify that

1< .
ole) = ¢<2m. > [e-a dz>
k=1
V&
for all ¢ € A*. Thus, fix ¢ € A* and define a function g on C\ o4(z) by

9(2) = p((ze —2)7).

Then g is holomorphic (compare the proof of Theorem 1.2.8), and by Remark
3.1.4,

@(2;; /(ze—x)_ldz> = 27171;_1 /go((ze—x)_l)dz
1 n
= 2“; /g(z)dz.

Choose R > ||z|, and let y(t) = Re®™ t € [0,1], and let v~ denote the
inverse of the curve . Then w(y~!,2) = —1 for every z € oa(x). Applying
Lemma 3.1.2 with f =1, we get Y ,_, w(yk,2) = 0for all z € C\U = ga(x).
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A variant of Cauchy’s integral formula (see [23, p. 206 and p. 220]), applied

to C\ oa(z), the holomorphic function g, and the curves v,7v1,...,v,, now
yields

Z /g(z)dzz/g(z)dz.

k=14, ¥

On the other hand, for z € v[0, 1],
(ze—2)" ' = ! e— 196 - :iz_(jﬂ)xj
z z = ’

the series being uniformly convergent on ~[0, 1]. Because fv 27 'dz = 27i and
fv 2™dz =0 for m € Z, m # —1, it follows that

/g(z)dz = 7/Qp<jzoz—(j+1)xj>dz

o
= /ZZ_(j+l)tp(a:j)dz
v J=0
= Zw(xj) /z*U“)dz
3=0 5
= 2miyp(e)

Combining the above equations we obtain

1 1 < 1 <
(e) = _ . (z2)dz= _ . (z)dz = < _ (ze — x)ldz> .
¥ Zﬂz/g ZWZI;’ZQ ¥ 2772;%/

Y

Now, let f(2) = p(2)/q(z),z € U, where p and ¢ are polynomials and ¢ is
nonzero on U. Let, say,

p(z) = Zal,z” and ¢(z) = Zbﬂz“.
v=0 n=0
Then, since p(z) and ¢(x) commute,
p(2)q(z) — q(2)p(z) = (p(2)e — p(z))q(x) — (9(2)e — q(z))p(z)

— (I;a,,(z”e - x”))q(x) — (MZ_ObN(z“e - x“))p(x)

= (ze — @) (p1(2,2)q(x) — p2(2, 2)p(x)),
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where p; and ps are polynomials in two variables. Hence
(f(2)e = f(2)(ze —2)~" = (p(2)a(z) — q(z)p(x))a(2) " q(a) "} (ze — 2) 7
=4 a(o) ™ (1)) = o) ).

Therefore, there exist elements aq, ..., a, of A and rational functions g1, ...
gm defined on U such that

)

m

(f(2)e = f(x)(ze —2) 7" =Y gj(2)ay.

j=1

Since f% gj(z)dz =0 for all j and k, it follows from the first part of the proof
that

1 & L, 1 .
2mkz_l/f(z)(ze—x) dz = MZ/(f(z)e—f(x))(ze—a:) dz

Tk Tk
1 « L
o Z /f(x)(ze—x) dz
k=1
Tk
1 n m
- (Z [ (z)dz) a
k=1 >j=1 e
R L
—|—f(a:)2m, Z /(ze—a:) dz
k=1 Tk
= f(z),
as was to be shown. O

We intend to define, for f € H(x), an element f(z) of A by setting
1 & 1
10 = g 3 [ S e =)
Tk

where 71, ...,7, are as in Lemma 3.1.2. For this definition to make sense, we
have to verify that it does not depend on the choice of the curves involved.
Once this has been done, Lemma 3.1.5 shows that this definition of f(x)
extends the one for rational functions f.

Lemma 3.1.6. Let U be an open neighbourhood of o4 (x) and let f be a holo-
morphic function on U. Moreover, let v1,...,vn and d1, ..., 0, be systems of

closed, piecewise smooth curves in U \ oa(x) with the properties of Lemma
3.1.2. Then

;Zf(z)(ze—x)ldzzz /f(z)(ze—x)*ldz.

Jj=1 5
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Proof. Let C} and D; denote the trace of 74 and ¢;, respectively, and set
K= (U0k>u<UDj).
k=1 j=1

Notice that, because the function z — ||(ze —z)~}|| is continuous on C\ o4 (z)
and because K is compact and K Noa(x) = 0,

m

M= (;Lm) +Y L) ) sup e — ) < o

j=1

Here, L() of course denotes the length of a rectifiable curve v. By Lemma
3.1.3 there exist rational functions f,,n € N, having poles outside K U o 4(x)
such that f,(z) — f(z) uniformly on K. Using Lemma 3.1.5, we can now
estimate the norm of the element

of A as follows:

27t fr(x) — f(2)(ze — x)"tdz
>/

llall <

m

2m'fn(x)—z/f(z)(ze—x)_ldz

Jj=1 5]‘

+

y [fa(2) = f(2)](ze — 2) " dz
>/

3 [10) ~ 1 e )
=
< M - sup |fu(z) = f(2)]-

zeK

Since the sequence (f,, ), converges to f uniformly on K, the statement of the
lemma follows. u

Definition 3.1.7. Let A be a unital Banach algebra. For x € A and f € H(z)
we define f(z) € A as follows. Suppose that f is a holomorphic function on
the open set U containing o4 (x), and choose closed, piecewise smooth curves
Yooy Yn in U\ oa(x) with the properties of Lemma 3.1.2. Then, define
f(x) € Aby
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f@ = > [ e - a)
k=1 Tk

It follows from Lemma 3.1.6 that this definition does not depend on the
choice of U and of the curves 7i,...,7,. Also, by Lemma 3.1.5, it ex-
tends the definition of f(x) for rational functions f. The set of mappings
H(z) — A, f — f(z),x € A, is referred to as the single-variable holomorphic
functional calculus.

The basic properties of the holomorphic functional calculus are listed in
the next theorem.

Theorem 3.1.8. Let A be a commutative unital Banach algebra. For x € A
the following assertions hold.

(i) f — f(x) is a homomorphism from H(z) into A.
(ii) If f is an entire function and f(z) =Y po, axz®, then

fla) =) axat,
k=0

the series being absolutely convergent.

(iii) Suppose that f and fn,n € N, are holomorphic functions on some open
set U containing oa(x) and that f, converges uniformly to f on every
compact subset of U. Then

[fn(2) = f(2)] — 0.
(iv) For f € H(z) we have o(f(z)) = f(¢(x)) for all p € A(A), and hence

oa(f(x)) = floalx)).

Proof. (i) Recall first that the definition of f(x) for f € H(x) does not depend
on the choice of curves v1,...,7, in U \ oa(x) as long as these have the
properties in Lemma 3.1.2. Moreover, if v is any rectifiable curve with image
I'; then the mapping g — f,y g(z)dz from C(I', A) into A is linear. These two
facts at once imply that the mapping f — f(z) is linear.

To verify that this mapping is multiplicative, let f and g be holomorphic on
some open neighbourhood U of o 4(x) and choose curves vy, ...,vm : [0,1] —
U\ oa(z) as in Lemma 3.1.2, and let I'; = ~;[0,1], 1 < j < m. Then there
are sequences (fn)n and (gn), of rational functions, each of which has its
poles outside of o4 (z) U (Uj-, I}) such that f, — f and g, — g uniformly
on UL, I. Tt follows that f,g, — fg uniformly on (J;Z, I';, and since the
mapping r — r(z) from R(x) into A is a homomorphism, we conclude that

I (@)g(z) = (fo) @) < [If (@) = fal@)I] - lg()]

(@)l - lg(2) — gn(2)]|
F[(fagn)(@) = (f) (@),
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which converges to 0 as n — oo.

(ii) Let R > ||z|| and v(t) = Re®™ t € [0, 1]. Then ~ has the properties of
Lemma 3.1.2, and the series Y 5o, 2~ F+1a* converges uniformly on [0, 1].
This implies

f@) = o, [ e —2) s
Y
~ f o0 f(k) 0
=2 o / z’ﬂ(ﬂ itz = k!( a
k=0 5 k=0
= i akxk
k=0

(iii) follows from the estimate

(iv) For ¢ € A(A) and z € C\ g4(x),

1= p((ze = 2)(ze —2)7") = (2 — p(2))p((ze —2) 7).
Thus p((ze —x)71) = (2 — p(x))~!, and since A(A) C A*, we get

1

[yg(z)(ze — )" dz

< L) |9l - . [(ze — )

@) = s > [ elr) e - o) iz
k=1 Tk
1 1
= i 2 [ 1) ton e
= f(el@))
Finally, this equation yields that o4 (f(z)) = f/(;)(A(A)) = f(Z(A(A))) =
floa(e) - .

Suppose A is a unital commutative C*-algebra. Then, for each x € A, we
have two functional calculi of A, the holomorphic functional calculus H(z) —
A and the continuous functional calculus C(c4(x)) — A (Theorem 2.4.9). It is
worth pointing out that these two functional calculi coincide in the following
sense. If f € H(x), then f(x) = (f|s,(2))(x). Indeed, this follows because
A(A) separates the elements of A and

o(f () = fle@) = (floa@) (@) = &((floa@) (@)

for every ¢ € A(A). Some applications of the holomorphic functional calculus
are presented in the next section. In passing we mention the straightforward
extension of the holomorphic functional calculus to nonunital algebras.
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Theorem 3.1.9. Let A be a commutative Banach algebra without identity.
Forxz e A let
Ho(x) ={f € H(z) : f(0) = 0}.

Then the functional calculus H(x) — A (note that oa,(x) = oa(x)) maps
Hy(x) into A, and the mapping [ — f(x) from Hy(x) into A satisfies (i) to
(iv) in Theorem 3.1.8.

Proof. Recall that A(A.) = A(A) U {p}, where oy + Xe) = o(y) + A
for p € A(A),y € A, X € C. By Theorem 3.1.8, ¢(f(x)) = f(¢(x)) for all
1 € A(A.). In particular,

Yoo (f(2)) = flwoo(x)) = f(0) = 0.

Thus, if f(z) = a+ \e with a € A and X € C, then 0 = p(f(x)) = A. This
shows f(z) € A, and hence, for all p € A(A),

o(f(x)) = o(f(z) = f(@(x)) = f(p(x)).
Hence (iv) holds, and (i) to (iii) follow immediately from Theorem 3.1.8. O

The single-variable holomorphic functional calculus admits a generalisa-
tion to functions of n variables, n > 2, which involves the techniques of the
theory of holomorphic functions of n complex variables. To prove Shilov’s
idempotent theorem in Section 3.5, we need the following weaker version.

Theorem 3.1.10. Let A be a unital commutative Banach algebra and let
T1,...,x, € A. Let f be a complex-valued function of n wvariables which
is defined and holomorphic on some open set containing the joint spectrum
oa(x1,...,xn) of 1,...,2n. Then there exists x € A such that

2(p) = f(@i(p), .- Tn())
for all p € A(A).

To prove Theorem 3.1.10, the following result, which is due to Oka and
usually referred to as Oka’s extension theorem, is employed (see Section 3.7
for references).

Let n,m € N. Let pi,...,pm be polynomials in n complex variables and
let 7 : C* — C™*™ denote the mapping defined by

m(z) = (z,p1(2), ..., pm(2))-

If f is holomorphic on an open neighbourhood of 7=1(D"*™), then there exists
a holomorphic function F, defined on some open neighbourhood of D™**™ such
that F(m(z)) = f(z) for all z € 7= 1(D"+™).

In the sequel, as in the case n = 1, for an open subset U of C", H(U)
denotes the algebra of holomorphic functions on U.



3.1 The holomorphic functional calculus 149

Proposition 3.1.11. Let n,m € N and c; > 0 for 1 < j < n+m, and let
D1y, Pm be polynomials in n variables. Let

D={zeC"™ |z <c¢j forj=1,...,n+m},

and define w : C* — C™™™ as above. If f is a function holomorphic on an
open neighbourhood of 7=1(D), then there exists a function F holomorphic on
an open neighbourhood of D such that F(m(z)) = f(z) for all z € 7= *(D).

Proof. Define three mappings p : C* — C", o : C*"*™ — C*"*™ and 7: C" —
Cn*t™ | respectively, by

plwi, ..., wy) = (crws, ..., cpwy),
w1 w
U(wla"'7wn+m):< PR n+m>7
C1 Cn+m
T(wi,y ..., wy) = <w1,...7wn,p1(p(w)) ,...,pm(p(w))>.
Cpa1 Cn+m

Then T( ) = o(m(p(w))) for all w € C"*, o(D) = D™, and 7~ H(D"+™) =
p~H(m (D))

Let U be an open neighbourhood of 771(D) in C" and let f € H(U). Then
p~1(U) is an open neighbourhood of 7=1(D"*™) and fop € H(p *(U)). By
the Oka extension theorem, there exists a holomorphic function G defined
on some open neighbourhood V' of D"*™ satistying G(7(w)) = f o p(w) for
all w € 771(D"™™). Now let F' = G o 0. Then F is holomorphic on o~ *(V)
which is an open neighbourhood of D. If now z € 7~1(D), then z = p(w) with
w € 771(D""™) and hence

as required. O

In what follows A is always a commutative Banach algebra with identity
e and A™ denotes the Cartesian product of n copies of A.

Lemma 3.1.12. Let © = (x1,...,2,) € A" and let U be an open neighbour-
hood of 0 a(x) in C™. Then there exists a finitely generated closed subalgebra
B of A containing e, x1, ..., x, such that og(z) C U.

Proof. Let z = (#1,...,2n) € C" \ 0a(z). Then the ideal generated by the
elements zje —x;, 1 < j <n, is not contained in any maximal ideal of A, and
hence there exists y = (y1,...,yn) € A™ such that

n
E zje—xj =e.
Jj=1
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Fix such a y and let B(z) denote the subalgebra of A generated by the elements
€1,y Ty Y1y - -, Yn. Then z € op(;)(x) because otherwise 1(e) = 0 for
some 1 € A(B(z)). Choose an open neighbourhood U(z) of z in C" with
U(z) Nop(z)(z) =0 and let

C={zeC":|z| <|zj|forj=1,...,n}.

Because C'\ U is compact and o4 (x) C U, by the preceding paragraph there
exist (1) ... 2™ € O\ U such that C \ U C Uy, U(2®). Each of the
algebras B(z(®)) is finitely generated and so there exists a finitely generated
closed subalgebra B of A with B(z(®)) C B for k =1,...,m. Now

op(z) NU (" )CUB(z<k>)ﬂU( M)y =0

for all k£ and hence op(z) N (C'\ U) = 0. Since op(z) C C, it follows that
opB ({E) g U. O

The proof of the following lemma is a simple modification of the proof of
Theorem 2.3.6, (i) = (ii). However, we include the argument for the reader’s
convenience.

Lemma 3.1.13. Let {x1,...,x,} be a set of generators for A and (A1, ..., \n)
€ C"\ oa(x1,...,2,). Then there exists a polynomial p such that

P An)[ > T [Ip(s )|

Proof. Because (A1,...,\,) & oa(x1,...,x,), there exist y1,...,y, € A so
that 7 (A\je — z;)y; = e. Choose § > 0 such that

- 1
5y e - < 5
j=1

Since x1,...,x, generate A, each element of A can be approximated arbi-
trarily closely by elements of the form r(x1,...,x,), where r is a polynomial.
So there exist polynomials g, ...,¢, such that |g;(z1,...,z,) — y;| < 6,
1 < j < n. Define a polynomial ¢ by

q(zla"'v _1
J

n
)65 (Z1, .., 2n).
—1

Then ¢(\) = 1, and by the choice of § and the polynomials g;,
- 1
lg(z1, ..., zn)ll < Z ij - /\je” ’ Hyj - Qj(xlﬂ @) < 9
j=1

Then the polynomial p = ||q(x1, ..., 2,)|| " 1q satisfies
lp(A1, .. )| >2=1+4|p(x1,...,z0)],

as is easily verified. a
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Proposition 3.1.14. Let x = (21,...,2,) € A" and let U be an open neigh-
bourhood of 0 4(x) in C™. Then there exist Tp41,...,xN € A with the following
property. Given f € H(U), there exists a function F, holomorphic on some
open neighbourhood of the polydisc {z € CV : |z;| < 1+ ||z;]|,1 < j < N},
such that

(@), ... o(xn)) = Fle(z1), ..., p(zN))

for all p € A(A).

Proof. By Lemma 3.1.12 there exists a finitely generated closed subalge-
bra B of A containing e, x1,...,x, such that og(z) C U. Choose elements
Tp41s---, Tk of B sothat xp ...,z generate B.

Given z € C*\ o a(z1,...,21), by Lemma 3.1.13 there exists a polynomial
p in k variables such that [p(z)| > 14 ||p(z)|| and hence |p(w)| > 1+ ||p(x)]| for
all w in a neighbourhood of z in C*. Let P denote the projection (z1, ..., z) —
(21,...,2n) of C¥ onto C™ and let

D={zeCF:|z| <1+ |a]forj=1,...,k}

Then D\ P~Y(U) is compact and contained in C* \ o 4(x1,...,zs) since
Ploa(zy,...,z5) =calz1, ..., xy).
Therefore there exist finitely many polynomials py, ..., p,, in k variables such

that for each z € D\ P71 (U), |pj(2)] > 1+ ||p;j(z)| for at least one j €

{1,...,m}.

Now, let N =k +m, x4; = pj(z) for j=1,...,m, and
C={zeC":|z| <1+|zj|forj=1,...,N}.
Moreover, as before, define 7 : C¥ — CV by

m(2) = (2,p1(2); -, Pm(2))

for z € CF. Then 7=1(C) C P~Y(D) since n(z) € C implies z € D and
Ipj(z)] < 14 ||p;j(z)]] for j = 1,...,m. Since f o P is holomorphic on the
open neighbourhood P~1(U) of 71(C), by Proposition 3.1.11 there exists F,
holomorphic on some open neighbourhood of C, such that F(7(2)) = f(P(z))
for all z € 771(C).

For p € A(A) and j =1,...,m, we have

pi(p(z1), - o(wr)) = @i (w1, - 2k)) = P(Thts)

and hence 7(¢(z1),...,¢(zk)) = (¢(z1), ..., p(xn)). Because |p(x;)] < ||z;||
for j = 1,....k and |pj(e(z1),...,0(zx))] < |pj(z1,...,zx)| for j =
1,...,m, we have 7(¢o(x1),...,0(xr)) € C and hence (¢(x1),...,p(zr)) €
7~1(C). Thus
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flp(@i), - p(@n)) = F(P(p(a1), - p(ar))
= F(r(p(x1), -, w(xk)))
F(

which is the desired formula. O

Now we are in a position to prove Theorem 3.1.10. Thus let A be a unital

commutative Banach algebra and x1,...,2z, € A, and let f be holomorphic
on some open neighbourhood of o4 (z1,...,z,).
By Proposition 3.1.14 there exist z,41,...,2xy € A and a function F

defined and holomorphic on an open neighbourhood of the polydisc
D={z=(z1,...,2n) €CN 1 |zj| <1+ ||zj||forj =1,...,N}
such that, for all p € A(A),

flo(@i), - p(@n)) = Fep(z1), - p(zn))-

The function F' admits a power series expansion

F(z1,...,2N Z )\kz - ZN,
ke (No)N
where k = (k1,...,kn), which converges in a neighbourhood of D and hence

converges absolutely on D. Therefore the series
ST el e
ke (No)N
converges. Consequently, the series
Z /\k Z c. kN
ke No)N
converges in norm to an element y of A. It follows that

J) = > el - plan)tY
kE(No)N

= F(z1(¢), .-, on ()
= f@i(p), .., Tulp))

for all ¢ € A(A).

3.2 Some applications of the functional calculus

The one-variable holomorphic functional calculus, as explored in the prece-
ding section, is a powerful tool in the investigation of commutative Banach
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algebras. Its applications concern, among others, the structure of the group
G(A) of invertible elements of A, the existence of idempotents, approximation
theory, and the question of whether compactness of A(A) forces A to be unital.
We start with the latter problem.

Theorem 3.2.1. Let A be a commutative Banach algebra and suppose that
A(A) is compact. Let x € A be such that Z(p) # 0 for all p € A(A), and let
f be a holomorphic function on some open neighbourhood of T(A(A)). Then
there exists y € A so that y = f o Z.

Proof. By hypothesis, Z(A(A)) is a compact subset of C\ {0}. Choose disjoint
open sets U and V in C such that Z(A(A)) C U, 0 € V, and f is holomorphic
on U. Define g : UUV — C by gly = f and g|ly = 0 and let y = g(x) € A
(see Theorems 3.1.8 and 3.1.9). Then

y(p) = p(y) = p(g(z)) = g(p(z)) = flp()) = foz(p)
for all ¢ € A(A) since Z(A(A)) C U. O

Corollary 3.2.2. Let A be a semisimple commutative Banach algebra. Sup-
pose that A(A) is compact and that there exists x € A such that Z(p) # 0 for
all p € A(A). Then A has an identity.

Proof. Let f be the function f(z) = 2! on C\ {0}. Since Z(A(A)) C C\ {0},
by Theorem 3.2.1 there exists y € A such that

for all ¢ € A(A). Then the element u = zy € A satisfies

p(ua) = p(x)p(y)p(a) = p(a)

for all a € A and ¢ € A(A). Semisimplicity of A implies that ua = a for all
a € A. So u is an identity for A. a

Corollary 3.2.3. Let A be a semisimple commutative Banach x-algebra. If
A(A) is compact and the Gelfand homomorphism of A is a x-homomorphism,
then A is unital.

Proof. According to Corollary 3.2.2 it suffices to show the existence of some
2 € A such that Z(¢) # 0 for all p € A(A). For each ¢ € A(A), there exists
Yo € A with ¢(y,,) # 0. By continuity, ¥(y,) # 0 for all ¢ in some neighbour-
hood V,, of ¢ in A(A). Since A(A) is compact, there exist ¢1,. .., @, € A(A)
such that

A(A) = Lnj V,,.

Jj=1
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Now consider the element .
= Z Yeoi y;j
j=1

of A. If ¢ € A(A), then ¢ € V,,, for some 1 < k < n. Since the Gelfand
homomorphism of A is a *-homomorphism, it follows that

2(p) =D v, U5, (¢ Z Uos (0)|” = @y )I> > 0.
s s

Thus Z(p) # 0 for every ¢ € A(A). 0

It is true in general that a semisimple commutative Banach algebra with
compact structure space is unital. The proof, however, requires Shilov’s idem-
potent theorem, which in turn builds on the multivariable holomorphic func-
tional calculus, and is presented in Section 3.5. We now proceed to study G(A)
when A is unital.

In the sequel, we denote by log the usual branch of the logarithm with
domain C \ (—o0, 0].

Lemma 3.2.4. Let € A be such that o4(x) C C\ (—o00,0]. Then
exp(logz) = x.

Proof. Let g € H(z) and let p(z) = Y.}, axz” be any polynomial. Then,
because the mapping from H(x) into A is a homomorphism and the definition
of f(x) for f € H(x) does not depend on the choice of the curves v; in
Definition 3.1.7, we have

plg(@))

I

| MS
S
e}

QWZZak jz;/ g(2)k(ze — 2)"ldz

= 122/ pog)(2)(ze —x) tdz
= (pog)(x).

Now let pp,(2) = Y4t 2% /kl, m € N. The sequence (p,, ), converges to the
exponential function uniformly on compact subsets of C, and hence exp(log z)
is the uniform limit of p,, (log z) on compact subsets of C\ (—oo, 0]. This implies

pm(logz) — exp(logz) and (p., o log)(x) — (expolog)(x) = .

Since py,(logz) = (pm o log)(x) by the above calculation, we conclude that
exp(logz) = . O

Corollary 3.2.5. If z € A is such that ||e — x| < 1, then x = expy for some
y € A.
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Proof. If |le — z|| < 1, then oa(z) C {#z € C : |z — 1] < 1} and hence
x = exp(logx) € exp A by Lemma 3.2.4. a

We are now able to identify exp(A) within G(A).

Theorem 3.2.6. Let A be a commutative Banach algebra with identity e.
Then exp A equals the connected component of e in G(A).

Proof. Note first that Theorem 3.1.8(ii) and the functional equation of the
exponential function imply that

expz - expy = exp(x + y)

for all z,y € A. It follows that exp A is a group and exp A C G(A). For z € A,
the map v : t — exp(tx) from [0, 1] into A is continuous because

oo

1 . ,

lexp(ta) —exp(se)] < |t = 5| 3 41t~
j=1

Since (0) = e and (1) = expz, we deduce that exp A is connected.

To prove that exp A actually equals the connected component of e in G(A),
it suffices to show that exp A is both open and closed in G(A). Let y = expx
and consider any z € A with ||z — y|| < [[y~!||~*. Then
1H

le—y~ 2l <y~ - lly— =] <1,

1

and hence y~ "z = exp a for some a € A by Corollary 3.2.5. Thus

z=yloga =exprexpa =exp(z+a) € exp A.

This shows that exp A is open. To see that exp A is also closed in G(A), let
y € G(A) be in the closure of exp A and choose z € exp A so that ||z — y|| <
ly=t|~!. Arguing as above, we conclude that y~'z € exp A and therefore
y € exp A since z € exp A and exp A is a group. a

Theorem 3.2.6 and the next lemma are employed to prove that G(A) is
either connected or has infinitely many connected components.

Lemma 3.2.7. Let a be an element of finite order in G(A). Then a belongs
to the connected component of e in G(A).

Proof. Choose n € N such that a™ = e, and for each A € C define an element
a(\) € A by
n—1
a(A) => (A=1)(Xa)" 1.

j=0
Then, by definition of a(\),
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AN'—=(A=1)"e=Na)" = (A=1)"e=(Aa— (A= 1)e)a(A).

It follows that Aa — (A — 1)e € G(A) whenever A" # (A — 1)™. The map
v : A — Aa— (A—1)e from C into A is continuous and satisfies v(0) = e
and (1) = a. Now, it is not difficult to find a continuous function ¢ — A(¢)
from [0, 1] into C such that A(0) = 0, A(1) = 1, and A(t)™ # (A(¢) — 1)™ for
all t. Then t — y(A(t)), t € [0,1], is a path in G(A) connecting e = v(A(0))
and a = y(A(1)). Thus «a lies in the connected component of the identity in
G(A). O

Theorem 3.2.8. Let A be a unital commutative Banach algebra. Then either
G(A) is connected or G(A) has infinitely many connected components.

Proof. Let C. denote the connected component of the identity e in G(A).
Since elements of finite order of G(A) lie in C,, it suffices to show that if
x € G(A) is such that z ¢ C., then no two of the elements 2™, n € Z, belong
to the same connected component of G(A). Towards a contradiction, assume
that, for some connected component C' of G(A), there exist k, 1 € Z with k > [
and z¥, 2! € C. Then Cz~! = C, and z*~! € Cz~! = C.. Thus z" € C, for
some n € N.

By Theorem 3.2.6, there exists y € A such that z" = expy. Let u =
exp(—(1/n)y), so that u € C, (Theorem 3.2.6) and

(uz)" = u"z™ = exp(—y)expy = e.

So ux is an element of G(A) of finite order. By Lemma 3.2.7, ux € C.. Since
C. is a group, it follows that € C,. This contradiction finishes the proof. O

Our next application of the holomorphic functional calculus concerns the
existence of idempotents.

Theorem 3.2.9. Let A be a commutative Banach algebra with identity e. Let
x € A and suppose that o(x) = U;n:l C;, where the sets Cj,1 < j < 'm, are
nonempty, pairwise disjoint, and open and closed in o(x). Then there exist
idempotents ey, ..., e, in A with the following properties.

(i) e= Z?Zlej,ej #0 and ejer, =0 for 1 < j,k <m,k # j.
(ii) Each ej is contained in the closed linear span of all elements of the form
(Ae — )71\ € p(z).

Proof. Because C1,...,C,, are compact, there exist pairwise disjoint open
subsets Vi,..., Vi, of C such that C; C Vj. For each j, choose an open subset
W; of C such that W; No(x) = C;. Then the sets U; =V, NW;, 1 < j <m,
are pairwise disjoint and open and satisfy U; No(x) = C;. Let U = ;L U;
and, for each j, define a function f; on U by

. B 1 ifZEUj,
fﬂ(z)_{o if z€ U\ Uj.
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Clearly, the holomorphic functions f; satisfy fJ2 = f; and Z;”:l fi(z) =1 for
all z e U. Let ej = fj(z) € A, 1 < j <m. Thene?zej, ejep, = 0 for j # k

and
m

e=1y(z) = ij(ﬂf) =Y e

Moreover, for each j, e; # 0 since 1 € f;(o(x)) = o(e;). Finally, by the
definition of f;(x), this element is a norm limit of finite linear combinations
of elements of the form (Ae — z)™!, where A € C \ o(z). O

Corollary 3.2.10. Let A and e be as in Theorem 3.2.9. If, for some x € A,
the spectrum o(x) is not connected, then there exists an idempotent e’ in A
such that €' # 0 and €' # e.

Runge’s classical approximation theorem asserts that if K is a compact
subset of C and A is a subset of C such that AN C # @ for each bounded
connected component C' of C\ K, then every function f, which is holomorphic
in a neighbourhood of K, can be approximated uniformly on K by rational
functions with poles only among the points of A and at infinity. The next
theorem is therefore justifiably often referred to as the abstract Runge theorem.

Theorem 3.2.11. Let A be a commutative Banach algebra with identity e
and let © € A. Suppose that A is a subset of C\ o(x) such that ANC #
0 for every bounded connected component C of C\ o(x). Let B denote the
smallest closed subalgebra of A containing e, x, and all the elements of the
form (\e —x)"1, X\ € A. Then (ue —x)~! € B for every p € C\ o(x).

Proof. By the Hahn—Banach theorem, it suffices to show that if [ € A* is such
that I|g = 0, then [((ue —2)~1) = 0 for all u € p(x). As we have shown in the
proof of Theorem 1.2.8, the function f on p(x) defined by f(u) = I((pe—z)~1)
is holomorphic. Now, if |u| > ||z||, then the series

ILLE—ZIJ Z‘u n+1)n

converges absolutely in A. Thus (ue —x)~! € B for all such y and this implies
that f vanishes on the unbounded connected component of p(x).

It remains to prove that f = 0 on each bounded component C' of p(z).
Since f is holomorphic and C'N A # () by hypothesis, it is enough to show that
if A € A then f vanishes in some neighbourhood of A. Fix such a A and consider
any p € C such that [ — Al < |[(Ae —2)7|| 7L Then ||[(A —p)(Ae—2)7t| < 1
and hence y = e — (A — u)(Ae — )71 is invertible with inverse given by

oo

y =) At e —a)"

n=0

(Lemma 1.2.6). It follows that (Ae — x)y = pe — x is invertible and
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oo

(e —2)™" = S (A = )" (he — ) ~0+),

n=0
Because [ is continuous and |5 = 0, we obtain that

o0

F(0) = (e —2)71) = S (A= w)™i(Ae — 2)~ D) =,
n=0
Thus f vanishes in a neighbourhood of . a

3.3 The Shilov boundary

Let A be a commutative Banach algebra. In this section we prove the existence
of a unique smallest closed subset 9(A) of A(A) on which each of the functions
|a], a € A, attains its maximum, and we establish a number of interesting
results concerning 0(A) which are used later in the book. In addition, we
present several illustrative examples.

Definition 3.3.1. Let X be a set and F a family of bounded complex valued
functions on X. A subset R of X is called a boundary for F if for each f € F
there exists y € R such that

|f(y)| = sup | f(2)].
reX

As a motivating example for introducing this notion of a boundary consider
D, the closed unit disc, and F' = P(D). Then the maximum modulus principle
tells us that T = {z € C : |z| = 1}, the topological boundary of D in C, is a
boundary for P(DD) in the above sense. Conversely, let zgp € T and let f € P(D)
be the function defined by

fz) = ; (1+ Z2).

Then f(z0) =1 and |f(z)| < 1 for every z € D, z # 2. This means that T is
contained in every boundary for P(D).

It turns out that under very natural assumptions on X and F' there always
exists a unique smallest closed boundary for F. This is the content of the
following theorem.

Theorem 3.3.2. Let X be a locally compact Hausdorff space and suppose that
A is a subalgebra of Co(X) which strongly separates the points of X. Then the
intersection of all closed boundaries for A is a boundary for A.

Proof. Let R denote the set of all closed boundaries for A. Then R is
nonempty since X € R. We introduce a partial ordering on R by setting
Rl 2 Rg if and only if R1 g Rg.
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We are going to show that R satisfies the hypothesis of Zorn’s lemma. To
that end, let {Rx : A € A} be a linearly ordered subset of R and let

R=[){Rx: )€ A}.

In order to prove that R is a boundary for A, consider any f € A, f # 0, and
set

Xp={ze X :[f(@)] = Ifllwc}-
Then Xy is nonempty and compact because f # 0 and f vanishes at infinity.
Now, for each A € A, Ry N Xj # 0 since Ry is a boundary. The collection

{RxN Xy : e A} of compact subsets of X is linearly ordered and hence has
the finite intersection property. It follows that

RNXp= () (RanXy) #0.
A€EA

In particular, there exists € R such that |f(z)| = || f||co. This shows that R
is a boundary for A.

We have thus seen that every linearly ordered subset of R has an upper
bound. By virtue of Zorn’s lemma there exists a maximal element Ry in R. It
remains to show that Ry C R for each R € R. Suppose that Ry € R for some
R € R. Fix 29 € Ry \ R and choose an open neighbourhood U of z such
that UN R = (). Because A strongly separates the points of X, by Proposition
2.2.14 X carries the weak topology defined by the functions in A. Therefore,
we can assume that U is of the form

U(zo, f1,..., fm,€) ={z € X :|fj(x) — fj(zo)] <€ for 1 <j <m},
where 0 < e < 1 and f1,..., fn € A. Moreover, we can assume that
|fi(x) = fi(zo)] <1 forallz € X and 1 <j<m.
Indeed, since A C Cp(X),
M = sup{|f;(a) — f;(w0)| : w € X,1 < j < m} < o,

and replacing f; by h; = (1/M)f; in case M > 1, the functions h; satisfy the
above condition and also

U(Q:O;hla"'ah’m’]@) c U(Q:Oafla"'afmve)'

Now, Ry is a maximal element in R, and therefore the set Ry \ U cannot be a
boundary. Hence there exists f € A with |f(y)| < || f]leo for all y € Ry \ U. Of
course, replacing f by || f||=lf, we can assume that || f|lc = 1. Then |f(y)| < 1
for all y € Ry \ U and hence, since f € Cy(X),

sup {|f(y)|:y € R\ U} < 1.
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Choose k € N such that |f(y)|* < e for all y € Ry \ U and set g = f*. Then
l9llcc = 1 and, for every x € U,

lg(@) fj(z) — g(x) fi(2o)| < llgllec|fi(z) — fi(@0)| <e.
Also, for y € Ry \ U,

l9(W)fi(w) —9W)fi(zo)l = lg(W)] - [f5(y) = fi(zo)| <e.

Since Ry is a boundary we conclude that

lafi — fi(z0)glles < €

for 1 < 7 < m. On the other hand, R is a boundary and hence

1= lgllec = lg(z)|

for some = € R. It follows that

[£i (@) = fi(xo)l = lg(x) fj(x) — g(x) f; (wo)| < €

for all j. Thus z € U, which contradicts UN R ={. So Ry C R for all R € R,
and this finishes the proof. a

Definition 3.3.3. Let X be a locally compact Hausdorff space and A a sub-
algebra of Cy(X) which strongly separates the points of X. The intersection
of all closed boundaries for A, which is a boundary by Theorem 3.3.2, is called
the Shilov boundary of A and denoted by 9(A).

Clearly, 0(A) is the unique minimal closed boundary for A. Theorem 3.3.2
yields the following characterisation of points in 9(A) by means of a peak point
property which can very effectively be used to compute the Shilov boundary
of concrete examples.

Corollary 3.3.4. A point x € X belongs to the Shilov boundary of A if and
only if given any open neighbourhood U of x, there exists f € A such that

1 1x\Ulloe < I[f[Uloo-
Proof. First, let € X \ 9(A). Then U = X \ 9(A) is an open neighbourhood

of x and because 0(A) is a boundary, we have for all f € A,

[flvlloe < [[flloo = Ifloa)lloc = [IfIx\Ulloo-

Conversely, let © € 9(A) and suppose there exists an open neighbourhood U
of = such that

[flolleo < If1x vl

for all f € A. Then X \ U is a boundary for A, so that 9(4) C X \ U. This
contradicts z € d(A). O
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We now examine a number of examples.

Example 3.3.5. (1) Let X be a locally compact Hausdorff space and let A
be a subalgebra of Cy(X) with the property that given any closed subset F
of X and z € X \ E, there exists f € A such that f(x) # 0 and f|g = 0. It is
obvious that then d(A) = X. Hence, in particular, 9(Co(X)) = X.

(2) Let X be a compact subset of C. We claim that 9(R(X)) coincides with
0(X), the topological boundary of X . Notice first that since each f € R(X) is
holomorphic on the interior X° of X, it follows from the maximum modulus
principle that 9(X) = X \ X° is a boundary for R(X).

To see that conversely O(R(X)) contains 9(X ), we have to verify that every
point in (X)) fulfills the condition in Corollary 3.3.4. Thus, let zo € 9(X), and
let U be an open neighbourhood of zp in X. Choose an open disc V' of radius
r > 0 around zg so that VN X C U and pick z; € V' \ X with |23 — 20| < r/2.
Let f € R(X) be the function defined by

1

f(z):Z_Zl, z e X.

Then, for x € X \ U, |z — 20| > r and hence
-

|z—21|2|2—20|—|21—zo|>2

It follows that || f|x\v/||ec < 2/7r. On the other hand,

flole> 152
|21 —20] = 1
So zq satisfies the hypothesis in Corollary 3.3.4.

(3) Continue to let X be a compact subset of C. Then J(P(X)) equals
the topological boundary of the unbounded component of C\ X. To show
this, assume first that X is polynomially convex. Then C\ X is connected
(Theorem 2.3.7) and P(X) = R(X) by Theorem 2.5.8. Therefore, example
(2) yields 9(P(X)) = 0(R(X)) = 9(X) = 9(C\ X).

Now, for arbitrary X, P(X) is isometrically isomorphic to P()?p) (Theo-
rem 2.5.7). Hence every boundary for P(X) is a boundary for P()?p). By the
preceding paragraph we obtain

d(P(X)) = d(P(X,)) = 0(C\ X,).

However, (C\)A(p coincides with the unbounded component C' of C\ X . Indeed,
C\ C is a compact subset of C with connected complement and hence is
polynomially convex. As X CC\ C C )?p, we get C\ C = )?p.

(4) The description of 9(P(X)) in (3) does not remain true for compact
subsets X of C” when n > 2. To demonstrate this we show that d(P(D")) =
T™ for n > 2. First, let w = (et ... ei) € T, t1,...,t, € R. Then the
polynomial function f defined by
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1 n
it
fz1, 0 20) = on H(l + zje ")
j=1

satisfies f(w) = 1 and |f(2)| < 1 for all z € D", 2 # w. This proves T" C
O(P(D™)). It remains to verify that T™ is a boundary for P(D™). To see this,
let f € P(D") and z = (#1,...,2,) € D" such that ||f||s = |f(2)|. Then the
function

w— f(w,z2,...,2n),

w € D, belongs to P(D), and hence
If (21, z0)| < |f(e, 20,000, 20)]
for some t; € R. Next, the function
w— f(e™ w, 23, 2,)
is in P(D). As before, it follows that, for some t5 € R,
IF (e 20, z)| < |F(eM, €2, 25, ..., 20)|.

Continuing in this manner, we find t;,...,t, € R such that

PGz < F(E, et

This shows || flloo = ||f]17||cc- Thus T™ is a boundary for P(D™) and, since
T C 9(P(D"™)), we get that T" = 9(P(D")). However, C™ \ D™ is connected
and

I(C"\D") ={z€D": 2 €T for at least one j}

does not equal T when n > 2.

We now introduce the notion of a boundary for an arbitrary commutative
Banach algebra.

Definition 3.3.6. Let A be a commutative Banach algebra and I" : A —
Co(A(A)) the Gelfand representation of A. A subset R of A(A) is called
a boundary for A if R is a boundary for I'(A), the range of the Gelfand
homomorphism. In particular, 9(I'(A)) is called the Shilov boundary of A
and denoted 0(A).

Let X be a locally compact Hausdorff space and A a closed subalgebra
of Cy(X). Then, according to Definitions 3.3.1 and 3.3.6, we have to distin-
guish between boundaries for the family A of functions on X and boundaries
for the commutative Banach algebra A, the latter being the boundaries of
I'(A) € Cy(A(A)). However, as explained in the following remark, the two
Shilov boundaries are canonically homeomorphic provided that A satisfies
some natural conditions.
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Remark 3.3.7. Suppose that A strongly separates the points of X. Then the
mapping ¢ : © — @, where . (f) = f(z) for f € A, is a homeomorphism
from X onto ¢(X) C A(A) because, by Proposition 2.2.14, X carries the weak
topology defined by the functions f € A. Moreover, for every subset Y of X,

£ 1y | = sup [£(m)] = sup [y (F)] = || Floe lloo-
yey yey

Therefore every boundary for A C Cy(X) is a boundary for I'(A). In partic-
ular, if ¢(X) is closed A(A), then ¢(9(A)) = O(I'(A)).

In the next remark we draw attention to the question of how the Shilov
boundaries of A and of its unitisation are related.

Remark 3.3.8. Let A, be the commutative Banach algebra obtained from A
by adjoining an identity e to A. As we always do, regard A(A) as a subset of
A(Ae). Let ¢ € 9(A), and let U be an open neighbourhood of ¢ in A(A). By
Corollary 3.3.4 there exists x € A such that

[Zlolloo > 17 acanu lloo-

Since T(¢oo) = 0 and U is an open neighbourhood of ¢ in A(A,.), it follows
from Corollary 3.3.4 that ¢ is an element of the Shilov boundary of A.. Con-
versely, since ZT(poo) = 0 for all z € A, it is clear that 0(Ae) N A(A) C J(A).
Thus 0(A) = 9(A.) N A(A). For a generalisation of this equation see Exercise
3.6.10.

The conclusion of the next theorem was the originally reason for introduc-
ing the Shilov boundary.

Theorem 3.3.9. Let A be a commutative Banach algebra and B a closed
subalgebra of A. Then every ¢ € 9(B) extends to an element of A(A).

Proof. Considering A, and its subalgebra B, and having in mind that 9(B) C
0(B.) shows that we can assume that A has an identity e and that e € B.
Let ¢ € 0(B) and suppose first that ker ¢ C ker ¢ for some 1) € A(A). Then
BN ker ¢ = ker ¢ since ker ¢ is of codimension one in B and e € B\ ker .
Thus ker(y|p) = ker ¢, and since ¥(e) = 1 = ¢(e), this gives | = .

Thus we are left with the more difficult task of showing that such a
always exists. Towards a contradiction, assume that ker ¢ € M for each M €
Max(A). Let I denote the ideal of A generated by ker ¢, that is,

1= {Zaibi:ai € A, b; € ker @,nEN}.
i=1

Then I = A, because otherwise ker ¢ C I C M for some M € Max(A). Let

n
e= E aib;,
1=1
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where a; € A and b; € ker . Replacing each a; by a suitable scalar multiple of
itself, we can assume that ||b;||sc <1 for all i. Now, choose a positive number
R such that
R > max ||@i]| oo,
1<i<n
and define an open neighbourhood U of ¢ in A(B) by
1
— Ly e AB) : [b(b) — (b for 1<i<
U= {v e Am): ) - et < ) for 120 <0}

- {qj;eA(B) (b)) for 1gz‘gn}.

< 2nR

Since ¢ € J(B), by Corollary 3.3.4 there exists € B such that

1Z]a)\vlloe < [1Z]0[loo-
Thus we find m € N such that the element y = (||Z]|;l2)™ of A satisfies

1
2nR

for all ¢ € A(B) \ U. This implies, for ¢ € A(B)\ U and each i =1,...,n,

1
2nR’

[9lloc =1 and [¥(y)[ <

() (b:)] < [[billoolo(y)] <

Also, for ¢ € U, .
D )0)] < Ilclp o] < o

Combining these two inequalities and using that y = y Y7, a;b;, we obtain

L= |glloc < ) ailleo sup [p(y)p(bs)]
; pPEA(A)

< D ldilles sup [e(y)e(bs)]
; YEA(B)

R. b,
< ; L v (y)1(b;)]

- 1
o
This contradiction shows that kerp C kert for some ¢ € A(A), and this
finishes the proof of the theorem. a

Theorem 3.3.9 proves very useful when we take up the problem of extend-
ing elements of A(B) to elements of A(A) again in Section 3.4 and in Chapter
4. For instance, applying the theory of topological divisors of zero, we show
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in Theorem 3.4.13 that if A is unital, then each ¢ € 9(B) actually extends to
some element of O(A).

In passing we give an example which shows that it may well happen that
the elements in 9(B) are the only elements of A(B) extending to all of A.

Example 3.3.10. Let A= C(T) and B = P(T). Then
d(B) =T = A(A) and A(B) =D,
and obviously no ¢, € A(B), |z| < 1, extends to an element of A(C(T)).

The next theorem generalises, in the commutative case, the fact that if
A is a unital Banach algebra and z,y € A are such that = is invertible and
ly — z| < [|[#=1||7%, then y is invertible too (compare the proof of Lemma
1.2.7(i1)).

Theorem 3.3.11. Let A be a unital commutative Banach algebra and suppose
that x and y are elements of A satisfying

Z() — y(p)| < z(0)]
for all ¢ € O(A). Then x is invertible if and only if y is invertible.

Proof. Because 0(A) is compact and the function

~

¢ = 12(p)| = 12(¢) — Y(9)|

is continuous, the hypothesis implies that

c= @eingA){lf(w)l —|2() = Y(p)[} > 0.

Choose n € N such that nc > r(z — y), and consider the sequence
nr,(n— Dz +y,...,(n—k)x+ky,...,ny

of elements of A. Suppose the statement of the theorem is wrong, so that either
nx € G(A) and ny ¢ G(A), or nx ¢ G(A) and ny € G(A). In addition, assume
that for each invertible element in the above sequence, both its predecessor
and its successor (as long as they exist) are invertible too. Apparently, then
nx € G(A) implies ny € G(A) and conversely. This contradiction shows that
there exists 0 < k < n such that

(n—k)z+ ky

is invertible, but one of its immediate neighbours is not invertible. Let | = k—1
if0<k<nand

(n—(k=1)z+(k-1y ¢ G(A),
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and in the remaining cases put | = k + 1. Since (n — )z + ly is not invertible,
there exists po € A(A) such that

wo((n—Dx+1ly)=0.
Let z = ((n — k)z + ky) L. It follows that

rlz—y) <me=_ i {nz(e)l = nlzle) — Glo)l}
< inf {nlw( )| = k[2(e) — 4@}

pwEI(A)

< _inf [ni(e) ~ k() ~ 3(0))

inf ~ 1
oot 1Z(¢)]

—1 —1
—( sup |3(s0)|> =( sup ?(w)l)
@€EI(A) pEA(A)

=t Fl” ! < nZ(go) — k(@(¢0) — T(0))l

= [nZ(po) — k(Z(v0) = Y(po)) = (n = D)Z(v0) — ly(wo)l
== F)Z(po) + (k= Dylpo)| = [Z(v0) — ¥l

<r(z—y).

So we have reached a contradiction, and this shows that nz is invertible if
and only if ny is. a

We now determine the Shilov boundary of tensor products. Recall that if
v is an algebra cross-norm on A ® B which dominates the injective norm e,
then A(A®, B) identifies with the product space A(A) x A(B) by means of
the homeomorphism (¢, 1) — ¢ ®-¢ (Theorem 2.11.2).

Proposition 3.3.12. Let A and B be commutative Banach algebras and let
v be an algebra cross-norm on AQ B dominating €. Then the Shilov boundary
of ARy B equals 0(A) x 0(B) C A(A) x A(B) = A(A®4B).

Proof. The Shilov boundary of A@)WB is the same as that of A ® B, because
a closed boundary for a dense subalgebra is always a boundary for the whole
algebra.

We show first that 9(A) x d(B) is a boundary for A®,B. Let

z:ij@)yjeA@B, ;€A y;eB, 1<j<n
j=1

There exist ¢ € A(A) and ¢ € A(B) such that

1= [t

[Zlleo = (e @ ¥) (2
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Consider the element z = Z?:l ¥(y;j)x; of A. There exists ¢g € 0(A) such
that |po(2)] = [|Z]lec. Similarly, for y = 37 wo(z;)y; € B, there exists
1o € 9(B) such that |[¥o(y)| = ||J]|co. Combining all this, we obtain

[1Z]]o

> w()E(9)| = [2(0)] < II7o
j=1

leo ()] = (W) < Ylloo = [P0 (y)]
= [(po ® 0)(2)]-

So the function |z] attains its maximum at pg ® ¥y € 9(A) x 9(B). Thus
d(A) x 9(B) is a boundary for A&, B, whence d(A) x d(B) 2 d(A®,B).
Conversely, let po € 9(A) and g € J(B). Let U be any neighbourhood
of (vo,%0) in A(A) x A(B), and choose open neighbourhoods V' of ¢ in
A(A) and W of 9y in A(B) such that V x W C U. Since ¢y € 0(A), by
Corollary 3.3.4 there exists € A such that [|Z]lcc = 1 and |Z(¢)| < 1 for
all ¢ € A(A) \ V. Similarly, there exists y € B such that ||g||l.c = 1 and
[7(4)| < 1 for all » € A(B)\ W. Then ||z ® y|lso = 1 and |z @ y(w)| < 1 for
all w € (A(A) x A(B)) \ U. Since U was arbitrary, it follows from Corollary
3.3.4 that (o, 10) € (A ® B) = d(A®,B). O

We remind the reader that o4(x) C Z(A(A)) U {0} for every element z
of a commutative Banach algebra A and that o4(z) = T(A(A)) when A is
unital (Theorem 2.2.5). The next theorem shows that analogous assertions
hold when replacing A(A) with the Shilov boundary of A and o4 (x) with its
topological boundary.

Theorem 3.3.13. Let A be a commutative Banach algebra and x € A. Then
d(oa(z)) € 2(0(A4)) U{0}.
If A is unital, then O(ca(x)) C Z(9(A)).

Proof. We first verify that Z(9(A)) U {0} is closed in C. For that, let (A\,,)n
be a sequence in Z(9(A)) converging to some Ao # 0. We can assume that
|An| = 3|Ao] for all n € N. Let ¢, € d(A) such Z(pn) = An,n € N. Because
0(A) is closed in A(A) and Z € Cy(A(A)), the set

c:{@emm:@@ﬂ>;M@

is compact. Since ¢,, € C, after passing to a subnet if necessary, we can assume
that ¢, — ¢ for some ¢ € 9(A). It follows that

Ao = lim A, = lim ¢, (x) = p(z) € Z(0(A)),

n—oo n—o0

as claimed.
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Towards a contradiction, suppose now that there exists A € d(c4(x)) such
that A € Z(9(A)) U {0}. Then there exists 0 < § < 1 such that |[Z(p) — A| >
dra(x) for all ¢ € O(A). Since A € O(ca(x)), we find p € C\ o4(x) such that
| — A < 0|A|/2. Temporarily, let B = A if A has an identity e and B = A,
otherwise. Then pe — x is invertible in B and (pe — 2)™! = (1/p)e — y for
some y € A. It follows that

for all ¢ € A(A). Now, for ¢ € 0(A),

= = 1) 1)
[B(0) =l 2 [3(0) = Al = lp = Al = dra(@) = A = ra(a),
and hence
-~ _ 2
sup |y < sup |z < )
«pEB(A)| (@l Ol ulra(x) «pea(A)| ()l 8|l

On the other hand, there exists ¢ € A(A) such that A = Z(¢)). Then

~ . ~ [Al 2
sup [y(p)] = sup [y(p)| = [y(¥)| = > o
ed(A) e A(A) - IA = |~ 0lp
This contradiction shows that d(ca(x)) C Z(9(A)) U {0}.

Finally, suppose that A has an identity e. By the first part of the proof,
it only remains to show that if 0 € d(ca(z)), then 0 € Z(9(A)). To that
end, assume that 0 € Z(9(A)). Since Z(9(A)) is compact, |A| > ¢ for some
d > 0 and all A € Z(9(A)). Since 0 € (oa(x)), there exists u € pa(z) with
|| < 8/2. Then y = (ue — x)~ ! satisfies

ra)= sw [§@) = inf L <
A = = ~ >~ .
pea(4) peo(A) [T(p) —pl — 6
However, since 0 € o4(x) and A is unital, there exists ¢ € A(A) with Z(p) =
0. Thus

N 1 2
ray) =yl = >
W)= { = | > 5
a contradiction. So 0 € Z(9(A)), as required. O

In the preceding theorem, it is not true in general that d(c4(x)) = Z(9(A))
if A is unital (Exercise 3.6.13). However, this equality holds when A is gener-
ated by = (Exercise 3.6.6). In this context, also compare Exercise 3.6.8.

Our final result in this section shows that 9(A) can be finite only if it
equals A(A).

Theorem 3.3.14. Let A be a commutative Banach algebra and suppose that
0(A) # A(A). Then 0(A) contains an infinite number of points.
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Proof. Let ¢ and ¢ be any two distinct elements of A(A). We prove first that
there exists a € A such that a(yp) # 0 and a(¢) = 0. This is evident if A is
unital, but requires some argument in the general case. Let x be an element
of A such that T(¢) # Z(v). If Z(¢) = 0, we are done. If Z(¢) # 0, we can
assume that Z(v¥) = 1, and hence Z(¢) # 1. If, in addition, Z(p) # 0, then
taking a = x — 2% we have a(¢)) = 0 nd a(e) = 2(p)(1 —Z(p)) # 0. This
leaves the case Z(¢) = 0 and Z(¢)) = 1. Choose any y 6 A with y(p) # 0.
If y(v) = 0, take a = y. If y(v) # 0, et a =z —(y)~ty. Then a(yp) = 0

whereas
a(p) = 2(p) —J()'Y(p) = —g(¥) " 'ulp) #0.

Hence an element a with the desired properties exists.
Now, let ¢1,...,®, be any finite set of elements of J(A) and choose ¢ €
A(A) \ 0(A). For each i = 1,...,n, by what we have seen above there exists

a; € A such that a;(¢) # 0 and a;(p;) =0. Iff a =ay - ... ap, then a(y) #0
whereas a(p;) = 0 for all i. This shows that the points ¢1,...,®, cannot
exhaust 0(A) and hence 0(A) must be infinite. O

Corollary 3.3.15. If 9(A) is finite, then so is A(A).

We close this section by mentioning a class of Banach algebras for which
the Shilov boundary always equals the whole structure space.

Example 3.3.16. Let A be a commutative symmetric Banach x-algebra.
Then A(A) = A(A). Since A is symmetric, Z(¢) = 2*(¢) for all 2 € A and
p € A(A). Thus I'(A) is a subalgebra of Cy(A(A)) which strongly separates
the points of A(A) and is closed under complex conjugation. Then, by the
Stone—Weierstrass theorem, I'(A) is dense in Cy(A(A)). This readily implies
that the Shilov boundary of A is the whole of A(A).

3.4 Topological divisors of zero

The theme of this section is to consider a concept which naturally extends that
of zero divisors in the purely algebraic setting to normed algebras. In keeping
with the main focus of this book, we confine ourselves to commutative Banach
algebras. As it turns out, this concept has several interesting applications.

Definition 3.4.1. Let A be a commutative normed algebra. A nonzero ele-
ment x of A is called a topological divisor of zero or topological zero divisor if
there exists a sequence (x,,), in A such that ||x,| =1 for all n and z,z — 0
as n — 00.

For any x € A, let

d(z) = inf{jley] : y € Ayl = 1} = mf{””':yeA,y#o}.
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It is obvious that € A is a topological divisor of zero if and only if d(x) = 0.
This observation leads to the following generalisation. For any finitely many
elements x1,...,x, of A, let

j=1

= inf Z syl yeAy#0
2yl

Definition 3.4.2. A subset S of A consists of joint topological zero divisors
if d(z1,...,z,) = 0 for any finitely many z1,...,2z, € S.

Remark 3.4.3. Suppose that A has an identity e and let £ € A be a topo-
logical divisor of zero. Then z is not invertible in A. Indeed, if x,, € A,n € N,
are such that ||x,|| =1 and zx,, — 0 and if yx = e for some y € A, then

L= lan|l = [lyzzal <yl - 2zl — 0,

which is impossible.

The converse fails to hold in general. For example, let A = P(D) and
f(z) =z for all z € D. Then f is not invertible. But f fails to be a topological
zero divisor because if (g,), C A is a sequence satisfying || fgn|lcoc — 0, then
[lgn|T/lcc — 0 and hence ||gn||oc — 0 by the maximum modulus principle.

We now first identify the topological zero divisors in certain algebras of
continuous functions on topological spaces (Corollary 3.4.5).

Proposition 3.4.4. Let X be a locally compact Hausdorff space and let A be
a subalgebra of Co(X) which strongly separates the points of X. Then, for any

feA,
d(f) = nf{[f ()| : x € O(A)}.
Proof. Let g € A, g # 0, and choose x € 9(A) such that |g(z)| = ||¢]|co- Then

fe@) _ 1 fallee
= @) = gl

Thus inf{|f(y)| : y € (A)} < d(f). To show that actually equality holds, we
can assume without loss of generality that d(f) > 0. Let

inf{|f(y)]: y € 0(A)} < |f(=)]

R={zeX:[f(zx)]=df)}

Then R is compact since f € Cp(X). We claim that R is a boundary for A.
Towards a contradiction, assume that there exists g € A such that ||g[/e >
lg(y)| for all y € R. Then ||g|lec > |l9|rlloc since R is compact. Of course, we
can assume that ||g|lcc = 1. For every n € N, there exists x,, € 9(4) so that
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|f(@n)g"™ (@n)] = [ f9" (|-
Since [|g"||e = 1, it follows that

d(f) < N9 oo = |f (@n)g" (@) < |f (2n)]-

Hence z,, € R and therefore

19" (zn)l < llg"[Rlloo = ll9]RII%

for each n. Now ||g|g|l% — 0 as n — oo since ||g|g|lcoc < 1. Thus d(f) = 0,
contradicting our assumption.

Finally, as A strongly separates the points of X and R has been seen to be
a boundary, Theorem 3.3.2 shows that 9(A) C R. This in turn implies that

d(f) < nf{|f(z)| : # € R} < inf{|f(2)| : 2 € O(A)},
as required. O

The following corollary is an immediate consequence of Proposition 3.4.4.

Corollary 3.4.5. Let X be a locally compact Hausdorff space and let A be a
subalgebra of Co(X) which strongly separates the points of X. If f € A, then
f is a topological divisor of zero if and only if

inf{|f(z)| :x € 0(A)} = 0.

In particular, if O(A) is compact then f is a topological divisor of zero if and
only f(z) =0 for some x € O(A).

Corollary 3.4.6. Let A be a unital commutative Banach algebra and suppose
that ||z||?> < k||2?|| for some k > 0 and all x € A. Then an element x of A is
a topological divisor of zero if and only if p(x) = 0 for some ¢ € J(A).

Proof. The hypothesis on A implies that the Gelfand homomorphism " : A —
C(A(A)) is injective and that the two norms y — |ly|| and y — ||J]jec on A
are equivalent (compare Exercise 2.12.9). Thus there are positive constants ¢
and d such that ¢|ly|| < ||§]lec < d||y| for all y € A. Now, if y,, € A, n € N,

are such that ||y,|| =1 and zy,, — 0, then

d(7) < 175 | < df|zyn||
[Ynlle = cllynll

and conversely, if |Un]lcc = 1 and Ty, — 0, then

=]

)

d(z) < |zyn | < HxAyn”oo _ 1

[yl cl|Znll o ¢

Consequently, z € A is a topological divisor of zero in A if and only if Z is a
topological divisor of zero in I'(A). Now, by Corollary 3.4.5, T is a topological
divisor of zero in I'(A) precisely when ¢(z) = Z(p) = 0 for some ¢ € 9(A) =
d(A). O

1ZYnlloc — 0.
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The next theorem characterises topological divisors of zero in terms of
noninvertibility in all superalgebras.

Theorem 3.4.7. Let A be a commutative Banach algebra with identity e. For
x € A the following conditions are equivalent.

(i) « is a topological divisor of zero.

(ii) If B is any unital commutative Banach algebra and j is an isometric
isomorphism from A into B with j(e) = ep, where eg denotes the identity
of B, then j(z) is not invertible in B.

Proof. The implication (i) = (ii) is simple. In fact, let « be a topological zero
divisor in A. Then, since j is isometric, j(x) is a topological divisor of zero in
B and hence j(z) is not invertible in B by Remark 3.4.3.

Now, suppose that (ii) holds and that nevertheless x fails to be a topo—
logical divisor of zero in A. Then d(x) > 0, and replacing x with d(x) 'z, we
can assume that d(z) > 1 and hence ||zz|| > ||z|| for all z € A. Let C' denote
the linear space of all formal power series

o n
Ft) = ant", wn €A, Y |zn] < o0
n=0

n=0

Then C' is an algebra because

() (Soe) -5 (3 )

k+l=n

and

>

n=0

Z TEYL

k+l=n

< Z llxll - Z [l < oo

Thus the norm

0o 0o
> ot =D llanl
n=0 n=0

turns C' into a commutative normed algebra. It can be easily verified that C'
is complete. Actually, as a linear space, C' is isometrically isomorphic to the
Banach space [!(Ng, A).

Let J be the ideal J = (e — «t)C of C, I the closure of J in C, and

= C/I. We now identify an element y of A with the constant function
t — y and let j : A — B denote the mapping y — y + I. It is clear that
j is an algebra homomorphism. Moreover, j(e) = e + I, the identity of B,
and j is norm decreasing. To show that j is actually isometric, let y € A and
Yoo o Znt™ € C. Then, using that ||zz|| > ||z|| for all z € A, we get
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o0 o

Yy — 20 — Z "+ Z 2t
n=1 n=0

o0

y— 20 — Z(Z” — xzp_1)t"

n=1

o0
= ||y — zol| + Z [2n — 2251

n=1

oo
> |ly — 2ol + Y (leza—1ll = llzall)

n=1

oo
> |ly = zoll + > (za-1ll = [|2nll)
n=1

o0
y— (e — at) Z Znt"
n=0

= |ly — zoll + |20l
> [yl

This proves that [[j(y)[| = [yl
Finally, j(x) is invertible in B since e — zt € I and hence

(z+D(et+I)=at+1=e+1.
This contradicts hypothesis (ii). Thus (ii) = (i). O

Corollary 3.4.8. Let A be a commutative unital Banach algebra and let ¢ €
O(A). Then every element of ker ¢ is a topological divisor of zero.

Proof. We show that every x € ker ¢ satisfies condition (ii) of Theorem 3.4.7.
Let B be any unital commutative Banach algebra such that there exists an
isometric isomorphism j from A into B with j(e) = ep. Since ¢ € J(A), by
Theorem 3.3.9 there exists ¢ € A(B) such that (j(z)) = ¢(z) for all x € A.
Thus j(z) € kert and hence j(z) is not invertible in B. By Theorem 3.4.7, =
is a topological divisor of zero in A. ad

Corollary 3.4.8 is considerably improved later (Theorem 3.4.11) to the
effect that ker ¢ even consists of joint topological zero divisors.

Remark 3.4.9. Let A be a commutative Banach algebra with identity e and
let ¢ € A(A). Suppose that ker¢ consists of joint topological zero divisors.
Let B be a commutative unital Banach algebra containing A. Then ¢ extends
to some ¢ € A(B). Towards a contradiction, assume that no such extension
1 exists. Then it can be shown exactly as in the proof of Theorem 3.3.9 that
there exist ay,...,a, € keryp and by,...,b, € B such that e = Z?Zl ajb;.
Because d(aq,...,a,) =0, it follows that

d(a1bq,...,apb,) = inf { Z lla;byll - v € B, ||yl = 1}

=1
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< d(ay,..., an) max [Ibj]

=0.

On the other hand, since Z;;l ajb; = e,

1= inf{ Z a;bjy
j=1

This contradiction shows that ¢ extends to some ¢ € A(B).

cy €Ayl = 1} <d(aiby,...,anby).

For uniform algebras elements of the Shilov boundary can be characterised
in terms of topological divisors of zero as follows.

Theorem 3.4.10. Let X be a compact Hausdorff space, A a uniform algebra
on X, and ¢ € A(A). Then ¢ belongs to I(A) if and only if ker ¢ consists of
joint topological zero divisors.

Proof. Let ¢ € 9(A) and f1,..., fn € ker . Since ¢ € J(A), ¢ = @, for some
z € X. Given € > 0, there exists an open neighbourhood V' of z such that
|fi(y)] < eforally eV and 1 < j < n. Since z € d(A), there exists g € A
such that [|glec > [|g]x\v[|oo (Corollary 3.3.4). Of course, we can assume that
llglloc = 1. Then [|g™|x\v||c < € for all sufficiently large m € N. It follows
that, for 1 < j <mn,

L£i ()™ ()] < ell filloo

for all y € X \ V and |f;(y)g"(y)| < e for all y € V. Because |||~ = 1,
these estimates together show that

d(f1s- -5 fn) < e max{L, | filloo, -+, [ fulloo }-

So d(f1,..., fn) =0 since € > 0 was arbitrary.

Conversely, suppose that ker ¢ consist of joint topological divisors of zero,
and let ¢ denote the isometric isomorphism f — f[y(4) from A into C'(9(A)).
Then ¢ o ¢! € A(¢(A)) and ker(p o ¢~ 1) consists of joint topological
zero divisors. As shown in Remark 3.4.9, there exists ¢ € A(C(9(A))) with
V]pay = o ¢t Now ¢(g) = g(x) for some 2 € I(A) and all g € C(I(A)).
It follows that

p(f) = (p oo™ )(8(f)) = ¥(fla) = f(z) = ¢a(f)
for all f € A. So ¢ € O(A). O

Theorem 3.4.10 can be used to show that the ‘only if’ part of the asser-
tion of Theorem 3.4.10 remains true for arbitrary unital commutative Banach
algebras.

Theorem 3.4.11. Let A be a unital commutative Banach algebra and let ¢ €
O(A). Then ker ¢ consists of joint topological zero divisors.
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Proof. It suffices to show that given ay, ...,a, € Asuchthat d(ai,...,aq) >0,

there is no maximal ideal of A containing all of a4, ..., a, and corresponding

to some point in J(A). Of course, we can assume d(aq,...,aq) > 1; that is,
91 lajyll = [lyl| for all y € A. We claim that

a
Zr a;y) (y)
7j=1

for all y € A. To verify this turns out to be quite intricate.
Let B denote the algebra of all formal power series

Tty otg) = D Ty ty et

in g variables t1,...,t,, where summation extends over all (nq,...,n,) € Ng,
Tny,..my € Aand Y ||2n, .. n,l| < oo. Recall that multiplication in B is given
by

}: ni nE: mi .m_E: L. 4P
xnl,,,,7nqt1 tqq ymhm,mqtl tqq— zpl,,,,7pqt1 tqq,

where, for (p1,...,pq) € NJ,

Zpla---qu = § $"1>~~7nqym1>~~amq'
TG+ =p;
1<j<q

It is not difficult to check (compare the proof of Theorem 3.4.7 in the case
g = 1) that B, equipped with the norm

1z]| = Z [%ns,...mg

becomes a commutative Banach algebra. The map
prx—T(tr,....tg) =2

is an isometric isomorphism from A into B. Using ¢, we identify A with ¢(A).

Let .
z = Z ajt; € B.
j=1
We prove by induction that ||z*y|| > ||y|| for all y € A and k € N. Clearly,

q q
=yl = Z (a0)t5]| =D llasyll > llyll
j=1 j=1

by assumption. For the inductive step, suppose that ||z~ 1y| > ||y|| for all y
and note that
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21 = Z Cry,oong @7 -...-a’q‘qt’fl t”q,
ni+...+ng=k—1
where ¢, .. n, > 0. For any y € A,
k—1 n
[l = > enrmllalt - aleyl.
ni+...4ng=k—1

This implies

ni Ng4N1 n
z - E Cny,yong (7 -...-aqqtl -...-tqq
ni+...4ng=k—1

q
n nj+1 n n
E E cm,___ynqall-...-aj] e yt 1-...-tq‘?

J=lni+..4ng=k-1

q
Z Cny,...ng ZHaja?l “oagyll
j=1

ni+...+ng=k—1
Yo Cungllat - agy]
ni4...4ng=k—1

= |25 1yll.

12"y

vV

Thus, the inductive hypothesis shows that ||z*y|| > ||y||. Replacing y with y*,
we get
Gz 1% > )

for all y € A and k € N and hence r(zy) > r(y) for all y € A. Using that
the spectral radius is subadditive and submultiplicative and that =(¢;) = 1,
1 <7 < q, we obtain

j=1
q q
Zr ajyt Zr ajy
Jj=1 Jj=1
q
Zr ajy
Jj=1

for all y € A. This establishes the above claim.
With I : A — C(A(A)),y — y denoting the Gelfand homomorphism, we
can reformulate what we have shown so far by

q q
> ladllee = Z r(a;y) = 19l
j=1 j=1
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for all y € A; that is, d(ay,...,aq) > 1.

Let C denote the closure of I'(A) in C(A(A)). Then, by Theorem 3.4.10,
the functions ay,...,a, cannot simultaneously belong to ker for any ¢ €
9(C). Now, there is a continuous bijection ¢ — @ between A(A) and A(C)
satisfying ¢(a) = p(a) for all a € A. In addition, since A(A) is compact, this
bijection is a homeomorphism and maps 9(A4) onto 9(C) (Remark 3.3.7). It
follows that none of the ideals ker ¢, ¢ € O(A), can contain all of ay, ..., a,.

This finishes the proof of the theorem. a

From Theorem 3.3.9 we know that if B is a commutative Banach algebra
with identity e and A is a closed subalgebra of B containing e, then every
p € 0(A) extends to some ¢ € A(B).

We conclude this section by showing that combining Theorem 3.3.9 and
Theorem 3.4.10 leads to a major improvement in that actually such an ex-
tension @ can be found in J(B). In preparation for this, we need a technical
lemma.

Lemma 3.4.12. Let A be a commutative normed algebra and let M be a
subset of A consisting of joint topological divisors of zero. Then the closed
ideal of A generated by M also consists of joint topological divisors of zero.

Proof. Let I be the ideal generated by M, so that

n
I = Za:jyj cxje My € AneN
j=1

Let a1,...,a,, € I and, for ¢ = 1,...,m, write a;, = Z;;l ZijYij, where
xij € M and y;; € A. Let

d=d($11,...,a:ln,xgl,...,xgn,...,xml,...xmn).
Then
m n m n
d(ay,...,am) = inf Z injyijy < inf ZZ i3yl
lyll=1 = = lyll=1 = =
< d-max{|y;yll:1<i<m,1<j<nly|=1}
=0.
Now, given ai,...,a, € I and € > 0, there exist by,...,b, € I such that

lla; —bj]| <efor j=1,...,m and an element y of A with |ly|| =1 such that
>y lIbjyll < e It follows that

m

lajyll < (lla; — bl + Ibyll) < (m + 1)e.
1 j=1

Jj=

Because € > 0 was arbitrary, we conclude that d(aq,...,a,,) = 0. a
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Theorem 3.4.13. Let B be a commutative Banach algebra with identity e
and let A be a closed subalgebra of B containing e. Then every ¢ € 0(A)
extends to some ¢ € O(B).

Proof. Let I' : B — C(A(B)),x — & denote the Gelfand homomorphism
of B and let C4 and Cp be the closure of I'(A) and of I'(B) in C(A(B)),
respectively.

For ¢ € 0(A), define ¢ : I'(A) — C by ¢(z) = ¢(x) for v € A. By Theorem
3.3.9 there exists 1 € A(B) such that ¥|4 = ¢. Thus

P@)] = le(@)| = [¢(2)] < [[Z]|oo

for all z € A. Hence ¢ extends uniquely to some ¢(¢) € A(C4), and the map
€: @ — €(p) is an embedding of J(A) into A(C4). Now, every boundary of
I'(A) is a boundary for C4. So €(0(A)) is a boundary for C4 and hence equals
9(Ca).

Fix ¢ € 9(A). By Theorem 3.4.10, ker e(p) consists of joint topological
zero divisors. Let I be the ideal of Cp generated by kere(p) C Ca C Cp.
By Lemma 3.4.12, I consists of joint topological zero divisors. Let 1) — zz be
the bijection between A(B) and A(Cg) given by ¥(y) = ¢(y) for all y € B.
Recall that this maps 0(B) onto I(Cp).

Finally, let ¢ € A(B) such that |4 = ¢. Then I C ker@z because other-

wise there exist z € ker ¢ and y € B such that 2§ & ker ¢, which contradicts

o~

V(EY) = Y()y) = e(x)P(y) = 0.

Thus ker{b\ consists of joint topological zero divisors. Since Cp is a uniform
algebra, by Theorem 3.4.10 v belongs to the Shilov boundary of C'g, and this
implies that ¢ € 9(B), as desired. O

3.5 Shilov’s idempotent theorem and applications

Our concern in this section is the following celebrated idempotent theorem
due to Shilov. Recall that an element a of an algebra A is called an idempotent
if it satisfies a® = a.

Theorem 3.5.1. Let A be a commutative Banach algebra and let C' be a com-
pact open subset of A(A). Then there exists an idempotent a in A such that
a equals the characteristic function of C.

Shilov’s idempotent theorem is not only a beautiful result on its own but
in turn admits a variety of important applications. Most notably, it allows
us to show that a semisimple commutative Banach algebra with compact
structure space is unital. Recall that we have already seen special cases in
earlier sections. Unfortunately, no proof of Theorem 3.5.1 is known which
does not require the use of some kind of multivariable holomorphic functional
calculus.
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Lemma 3.5.2. Let A be a commutative Banach algebra and let 1 and @2 be
distinct elements of A(A). Then there exists v € A such that p1(z) =1 and

wa(x) = 0.

Proof. What follows is a standard argument which is also used to prove the
classical Stone—Weierstrass theorem. However, we include the proof for the
reader’s convenience.

The set of Gelfand transforms strongly separates the points of A(A).
Therefore there exist elements aj, as, and b of A such that pi(a;) #
0,p2(az) # 0, and ¢1(b) # @2(b). Let ¢; = (1/pj(a;))a; for j = 1,2, and
let c=c1 4+ co —ciea € A. Then

pilc) = @jlcr) +pjlc2) —pji(cr)ej(ea) = 1,
j=1,2. Let
1
x = b— pa(b)c) € A.
©1(b) — p2(b) ( )

Then, because p1(c) = pa(c) =1,
1

p1(x) = o1(b) — o (D) (@1 (0) = 802(19)801(0)) =1
and
2@)= o (palb) — pa(b)pa(e)) = 0
v P1(b) — p2(b) .
So = has the required properties. O

Proposition 3.5.3. Let A be a unital commutative Banach algebra and let
Ui and Uy be disjoint open subsets of A(A) such that A(A) = Uy, UUs. Then
there exists © € A such that |y, = 0 and T|y, = 1.

Proof. Given ¢ € Uy and ¢ € Us, by Lemma 3.5.2 there exists a, , € A such
that ¢(ae,y) =0 and ¥ (ae,y) = 1. Let

1 1
Vo = {0 e U :|o(ap,y)| < 2} and Wy, = {T € Us:|T(apy)| > 2}.

These sets are open neighbourhoods of ¢ and 9, respectively, and V,, ,, C U;
and W, y C Us. Now, fix 1) € Us. Then, since U; is open and compact, there
exists a finite subset Ey of U; such that

U= |J Ve

pEEy,

Thus, if o € Uy, then |o(ay,y)| < § for at least one ¢ € Ey. Let

Wy = [ Weu,
pEEy,
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which is an open neighbourhood of ¢ in Us. Since U, is compact, there exist
P1,. .., Uy € Uy such that Uy = U;n:l Wy, . Now, consider the finite subset

M ={apy, :1<j<m,pcEy,}
of A and enumerate M, say M = {x1,...,2,}. Let

C; ={(p(x1),...,p(xr)) : p € Uj},
j=1,2. Then C; and Cs are compact and, since U; U Uy = A(A),
ChLUCy ZUA(Cvl,...,.TT).

Assume Cy N Cy # (). Then there exist o € Uy and 7 € Us such that

o(ap,p,) = T(app,)

for each 1 < j < m and all ¢ € Ey.. Now, 7 € Wy, for some j and then
o € Vi, for some o € By By the definition of Wy, 7 € W, 4, and hence

1 1
lo(agp,yp,)| < 9 and |7(agy,)| > 9’

which is impossible. Thus C7 and C5 are disjoint compact subsets of C", and
hence we can find disjoint open neighbourhoods Wy and W5 of C; and Cs in
C7, respectively.

Define f : Wy UWs — C by flw, = 0 and f|lw, = 1. Then f is a
holomorphic function on the neighbourhood W1 U Wy of g a(x1,...,2,). By
Theorem 3.1.10, there exists x € A such that

/{E\((p) = f(@($1)7 R (p(xr))

for all ¢ € A(A). It follows that Z(¢) = 0 for all ¢ € U; and Z(¢) = 1 for all
p € Us. O

When A is semisimpl/ei the element x of A in the preceding proposition is
an idempotent because 2 = 7. Thus Shilov’s idempotent theorem has been
established so far for semisimple unital commutative Banach algebras. We
now continue with a construction which allows us to drop the hypothesis that
A be semisimple.

Lemma 3.5.4. Let A be a commutative Banach algebra with identity e and

let b € A be such that b2 = b. Then there exists a € A such that @ = b and

CL2:CL.

Proof. Recall that for any 2 € A the geometric series Y > ;2™ converges in A
whenever r(z) < 1. Let # = 4(b? — b). Then T = 0 by hypothesis and hence x
is in the radical of A and therefore r(x) = 0. Since ‘(_}1/2)‘ <1 for all n € Np,

the series
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— (—1/2
> (7
n=0 "

converges in A. For the obvious reason, we denote this element by (e+z)~ /2.
We claim that

(e+2) Y2 e4+2)"V2(e+x)=e,
a formula the reader will expect. Indeed, using the well-known equation
—1/2\ [—1/2 m
> ()0 =
k+l=m

for m € Ny, we get

o> <k§m Y 2)) o
— (e+2) 2(—1)%“1
=e+ i ™4 Z )t
—et Y (A e
=

Thus ((e + a:)’l/2)2 = (e + )71, and setting

_ _ 1 ~1/2 1
—<b 2e>(e+a:) +2€,
it follows that
1\? N2 1
e = (b— -1/2)" _
ala — e) <b 26) ((e—|—a:) ) A€
1 1
=(e+az) ! (bQ—b—F 46) — 4
= 0.

Hence a is an idempotent, and it only remains to verify that a = b. To that
end, let y = (b— 1e) 320° (T1/)2™ and note that

n=1

o= (v ><e+z( V). )—F;e:b—i—y.
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Now, y € rad(A) because = € rad(A) and rad(A) is a closed ideal. Thus y =0
and hence a = b. O

Lemma 3.5.4 completes the proof of Theorem 3.5.1 when A is unital. Now,
assume that A does not have an identity and consider the unitisation A, of
A. Embedding A(A) into A(A.) as usual, C is still an open and closed set.
Thus, there is an idempotent u in A, such that %|c = 1 and u|aapc = 0.
Because U(¢o) =0, u is in A.

We next present a number of applications of Shilov’s idempotent theorem.
The first one has been announced several times.

Theorem 3.5.5. Let A be a semisimple commutative Banach algebra. If A(A)
is compact, then A has an identity.

Proof. Since A(A) is compact, by Theorem 3.5.1 there exists e € A such that
€ =1 on A(A). It follows that ze — z(p) = Z(p)é(p) —Z(p) =0 for all z € A
and ¢ € A(A). Since A is semisimple, we conclude that xe — x = 0 for all
x € A, whence e is an identity for A. O

Later (Corollary 4.2.11) we give a much simpler proof (one which does not
require Shilov’s idempotent theorem) of Theorem 3.5.5 for so-called regular
semisimple commutative Banach algebras.

Corollary 3.5.6. Let A be a commutative Banach algebra and suppose that
A(A) is totally disconnected. Then A= {a:a € A} is dense in Co(A(A)).

Proof. Let f € Cy(A(A)) and ¢ > 0 be given. Because f vanishes at infinity
and every point of A(A) has a neighbourhood basis of compact open sets,
there exists a compact open subset K of A(A) such that |f(¢)| < € for all
v € A(A) \ K. Now, K can be written as a disjoint union of compact open
sets E1,...,E, such that |f(¢) — f(¢)] < e for all p,¢p € E;,1 < j <r. So
there exist ¢y, ..., ¢, € C with the property that the function g = Z;Zl cilp,
satisfies |f(¢)—g(p)| < e for all p € K. By Shilov’s idempotent theorem, there
exist a; € A,1 < j <, so that a; = 1g,. For the element a = Z;:1 cja; of
A it follows that [|@ — f||os < €. Hence A is dense in Co(A(A)). 0

As a final application of the Shilov idempotent theorem we now investigate
the relation between coverings of A(A) through disjoint open subsets and
decomposition of A into the direct sum of ideals. We start with the more
general situation of not necessarily finite coverings.

Theorem 3.5.7. Let A be a nonunital commutative Banach algebra and let
A(A) = Uyxea F be a decomposition of A(A) into open and compact subsets
F\, A € A. Then there exists a family of closed ideals Ix,\ € A, with the
following properties.

(i) A(Iy) = F\ for each .
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(ii) I N ( > I#> Crad(A) for each M.

pneA
BFEX

(iii) D"y In is dense in A provided that every proper closed ideal of A is
contained in a maximal modular ideal.

Proof. By the idempotent theorem, for each A € A, there exists an idempotent
uy in A such that
ux|p, =1 and Ux|aapr, =0.
Let I = Auy. Then I is an ideal, and I} is closed in A because if (x,,), C Iy
and x, — x in A, then x,, = v,u) — zu) and hence x = zuy € I,.
To show (i), recall that

A(Ly) = A(A) \ (1)) = {p € A(A) : p(x) # 0 for some = € I }.

Now, if p(z) # 0 and & = yuy,y € A, then p(uy) # 0. Thus A(I)) C F).
Conversely, if ¢ € Fy then ¢(uy) # 0 and hence ¢ & h(I)).

For (ii), fix A and let J = 3~ [, and D = I, N J. We have to verify
that D C rad(A), equivalently, that h(D) = A(A). Towards a contradiction,
suppose that there exists ¢ € A(A) \ k(D) and choose = € D with ¢(x) # 0.
Since x € I,z = zuy and hence p(uy) # 0. Thus ¢ € F\ by (i). We show
that also ¢ € F), for some u € A, u # A. Since x € J, & can be written as a
sum x = Z;;l cjxj, where x; € I, pa,...,pun € A and p; # A for all j. It
follows that, since z; = x;uy,,

0#@(@) =Y cip(ws) =Y cjolay)p(ur,),
j=1 J=1

and therefore ¢(uy,) # 0 for some j, so that ¢ € F),. This contradicts the
fact that F\ N F, = 0 for p # .
(iii) Because A(Ix) = Fy for all A and A(A) = (Jyc, I, no element of
A(A) annihilates ), ., Ix and hence this ideal is dense in A by hypothesis.
O

We continue with a converse to Theorem 3.5.7.

Theorem 3.5.8. Let A be a nonunital commutative Banach algebra and let
{I\ : A € A} be a family of unital closed ideals of A satisfying property
(ii) of Theorem 8.5.7 and such that the ideal )y, Ix is dense in A. Then
A(A) = Uyea A(In) and the sets A(Ix), A € A, are open and disjoint.

Proof. Of course, each A(Iy) = A(A) \ k() is open in A(A). Let \,u € A
such that A # p, and suppose that there exists ¢ € A(Iy) N A({,). Choose
a € I and b € I, such that p(a) # 0 and ¢(b) # 0. Then ab € I, NI, and
I, NI, Crad(A) by hypothesis. This contradicts ¢(rad(A4)) = {0}.

It remains to show that A(A) = U, A(N). If ¢ € A(A) and ¢ annihi-
lates all Iy, then (>, 4 Ix) = {0}. However, this is impossible because ¢ is
continuous and ), , I is dense in A. O
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Now we turn to finite coverings.

Theorem 3.5.9. Let A be a unital commutative Banach algebra.

(i) If A(A) is a disjoint union A(A) = U;n:l F; of open (and closed) subsets
Fy, then there ewxist unital closed ideals Ir,...,1I, of A such that A =
®YLy 1 and A(l;) = Fj for j=1,...,m.

(ii) Conversely, if A is the direct sum of closed ideals I, . .., I, then the sets
A(I;) are open and closed in A(A) and A(A) is the disjoint union of the
sets A(I;),1 < j <m.

Proof. A straightforward induction argument shows that for both (i) and (ii),
it suffices to consider the case m = 2.

(i) Since A(A) is compact, F; and F» are compact. By Shilov’s idempotent
theorem, there exists an idempotent e; € A such that €; = 1g,. Let e denote
the identity of A and set es = e — e;1. Then e5 is an idempotent and € = 1p,.
Let I; = e;A for j = 1,2. Then I; and I, are closed ideals of A and A(f;) =
F;,j =1,2 (compare Theorem 3.5.7). Note that e;es = 0 since

2

2 2
e1t+ex=e=e" =e]+e;+2ee1 =e; + ez + 2ejea.

Thus, if z € I; N Iy, then * = xes = xejes = 0. Hence I + I is the direct
sum of I; and I5. Finally, for z € A,

r=uxe=uxel +xes € I + Is.

This finishes the proof of (i).

For (ii), as in the proof Theorem 3.5.8, it follows that A(A4) = A(I;)UA(I2)
and A(I1)NA(I3) = 0. Of course, A(I7) and A(I2) are open (and hence closed)
in A(A). O

Corollary 3.5.10. Let A be a commutative Banach algebra.
(i) Suppose that A(A) is a disjoint union A(A) = U;n:l F;, where F is closed

and Fy, ..., F,, are compact. Then there exist closed ideals I1,..., I, of
A such that A = @Tzlfj,A(Ij) =Fj forj=1,...,m, and I>,..., I, are
unital.

(ii) Conversely, let Ir, Ia, ..., Im be closed ideals of A such that A = ®7'1I;
and Iy, ..., I, are unital. Then A(A) is the disjoint union of the closed
set A(Iy) and the compact sets A(Iz), ..., A(Ipy).

Proof. To prove (i), in view of Theorem 3.5.9 we can assume that A does not
have an identity. Let A, be the algebra obtained by adjoining an identity e
to A. Let By = F1 U{px} and E; = F} for j =2,...,m. Then

A(40) = A Ufew} = U B
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a disjoint union of open and closed subsets. By Theorem 3.5.9, there exist
closed unital ideals Ji, ..., Jm, of A, such that Ac = @7, .J; and A(J;) = Ej,
1<j<m.

Notice first that J; C A for 2 < j < m. Indeed, otherwise ¢o.(x) # 0 for
some x € J; and hence ¢, € A(J;), which is impossible since A(J;) C A(A).
Define closed ideals I1,..., I, of Aby I = JiNAand [; = J, forj =2,...,m.

We claim that A(l;) = Fy. Since I1 C Jy, we have A(l;) C A(J1) = E;.
But ¢oo(f1) = {0}, whence A(l1) C Ey \ {¢oo} = F1. Conversely, let ¢ €
Fy, C A(Jy) and choose x € J; with ¢(x) # 0. Since ¢ € A(A), there exists
y € A such that ¢(y) # 0. It follows that zy € J1 N A = I; and p(zy) # 0,
and hence ¢ € A(I).

It remains to show that A = @7, 1;. Given z € A, there exist elements

r1 € J1,...,2m € Jp, such that x = 1 + ... + z,,. Since z,x2, ..., T, € A,
it follows that 1 € AN Jy = I;. Thus A = I; + ... + I,,,. However, this sum
is direct. o

3.6 Exercises

Exercise 3.6.1. Let u : T — C be a function of the form u(z)=>""" _ «a,2",
where Y ° _|an| < co. Suppose that f is a function which is holomorphic

in a neighbourhood of the compact subset u(T) of C. Show that f owu has a
representation of the form fou(z) =Y "7 (3,2", where Y 7 |B,] < cc.

Exercise 3.6.2. Let A be a commutative Banach algebra with identity e.
Apply the functional calculus for entire functions to establish the following
assertions.

(i) There exists no nonzero element = in rad(A), the radical of A, such
that expx =e.

(ii) exp(2mike) = e for all k € Z.

(iii) If A(A) is connected and x € A is such that expz = e, then z = 27ie
for some k € Z.

(iv) If A(A) is not connected, then there exist z,y € A such that expz =
expy and x — y & (2miZ)e.

Exercise 3.6.3. Let A be a unital commutative Banach algebra and x €
A. Suppose that f is holomorphic in a neighbourhood of o4(z) and ¢ is
holomorphic in some neighbourhood of o4 (f(z)). Show that (g o f)(z)

g(f(2))-

Exercise 3.6.4. Let A be a commutative Banach algebra with identity e and
let a,b € A. Suppose that expa = expb and @ = b. To prove that a = b,
proceed as follows.

(i) Let ¢ = a — b € rad(A) and show that
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c<e+z(j+1)!cj> =0.

j=1

(ii) Show that the element

e+ . c
; (F+1)!

is invertible and conclude that ¢ = 0.

Exercise 3.6.5. Let A be a commutative Banach algebra with identity e and
let A(A) denote the set of all ¢ € A(A) with the property that given any
extension B of A, ¢ admits an extension to some element of A(B). Prove
that A(A) is closed in A(A).

(Hint: For each extension B of A, consider the restriction map ¢ — 1|4 from
the set {1 € A(B) : ¢(e) = 1} to A(A).)

Exercise 3.6.6. Let A be a unital commutative Banach algebra which is gen-
erated by some element a. Show that the homeomorphism ¢ — ¢(a) between
A(A) and o4 (a) maps 9(A) onto the topological boundary of o4 (a).

Exercise 3.6.7. Let A be a commutative Banach algebra and C' a compact
and open subset of A(A). Prove that C N I(A) # 0.

Exercise 3.6.8. Let A be a unital commutative Banach algebra and a € A.
Prove that a(A(A)) = a(9(A)).

(Hint: Suppose there exists ¢ € A(A) such that a(pg) € a(0(A)). Choose a
polynomial p such that [p(a(¢o))| > |p(a(ye))| for all ¢ € I(A) and consider
the element b = p(a) € A.)

Exercise 3.6.9. Let A be a commutative Banach algebra and A, = A @ Ce
the unitisation of A. Show that 9(A.) = 9(A) U{ps}, where poo(a+ Ae) = A
fora € Aand \ € C.

Exercise 3.6.10. Let A be a commutative Banach algebra and I a closed
ideal of A. As usual, identify A(I) with A(A) \ h(I). Then

a(I) = d(A) N A(I).

To verify this, observe first that 9(A4) N A(I) is a (closed) boundary for the

algebra I = {7 : y € I}, so that d(I) C (A)N A(I). To establish the converse
inclusion, exploit Corollary 3.3.4. Let ¢ € 9(A) N A(I) and let V' be an open
neighbourhood of ¢ in A(I). Then there exists z € A such that

L=[Zlv oo < [IZ]acanv oo

Choose y € I with y(p) # 0 and show that for sufficiently large n € N, the
element yx™ of I satisfies

1927 |v [l > ly2™ | AV [l so-
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Exercise 3.6.11. Let I be a closed ideal of a commutative Banach algebra
A. In general, there is no relation between 9(A/I) and 9(A) N h(I). Give an
example of a unital A and an ideal I such that 9(A) N h(I) = 0.

Exercise 3.6.12. Let A be a commutative Banach algebra and let ¢ € 0(A).
Suppose that ¢ is an isolated point of 9(A). Use Exercise 3.6.10 to show that
¢ is an isolated point in A(A).

Exercise 3.6.13. Let X denote the solid cylinder D x [0,1] C C x R, and let
A={feC(X):z— f(z1t)is holomorphic on D° for each ¢ € [0, 1]}.

Show that 9(A) = {(z,t) : |z] = 1,0 < t < 1}. Find f € A such that
f(O(A)) Z (oalf))-

Exercise 3.6.14. Let X be as in the preceding exercise and
B={feC(X):z— f(z,1) is holomorphic on D°}.
Then 0(B) = X.

Exercise 3.6.15. Let A be as in Exercise 3.6.13 and let f € A be the function
f(z,t) = tz,z € D,t € [0,1]. Prove that d(ca(f)) is a proper subset of

o~

f(O(A)). Thus the inclusion in Theorem 3.3.13 may well be proper.

Exercise 3.6.16. Let G be a bounded region in C whose boundary consists of
finitely many simply closed curves. Show that 9(A(G)) equals the topological
boundary of G.

Exercise 3.6.17. Let A be the closed subalgebra of C(D) generated by P (D)
and the function z — z. Show that 9(A) =D, but A(A) # D.

Exercise 3.6.18. Show that 9(A) = A(A) when A is either of the algebras
Lip,[0,1] or C™[0,1].

Exercise 3.6.19. As in Exercise 2.12.61, let A ®, B be the uniform tensor
product of two uniform algebras A and B. Show that 0(A®, B) = 0(A)xJ(B).

Exercise 3.6.20. Let A be a uniform algebra. The set
SA)={le A" : |l =1(1)=1}

is called the set of states of A. Then S(A) is a w*-compact convex subset of A*
and hence, by the Krein-Milman theorem, it is the closed convex hull of the
set ex(S(A)) of its extreme points. The elements of ex(S(A)) are called pure
states. Show that the closure ex(S(A)) contains the Shilov boundary 9(A).
Actually, one can prove that 9(A) = ex(S(A)).
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Let X be a locally compact Hausdorff space and A a subalgebra of Cy(X)
which strongly separates the points of X. A point z € X is said to be a peak
point for A if there exists some f € A such that |f(z)| = ||f|lec = 1 and
|f(y)] <1 for all y # 2. The set of all peak points for A is called the Bishop
boundary for A and denoted p(A).

Exercise 3.6.21. Let w € D and consider the function f(z) = (2 +w),z €
D, to show that w is a peak point for the disc algebra A(D) if and only if
|w| = 1.

Exercise 3.6.22. Let X =D x D C C? and A = P(X). The following asser-
tions (i) and (ii) show that

9(A) = p(A) ={(z,w) € X : |z] = |w| = 1}.

(i) Let f € A. For z € D define f* on D by f*(w) = f(z,w). Similarly, for
w € D, define f,, on D by fu,(2) = f(z,w). Observe that f#, f,, € A(D) and
conclude that |f| attains its maximum on T x T.

(ii) Let (z0,wo) € T x T. Show that (zg,wp) is a peak point for A by
considering the function f(z,w) = }(z + 20)(w 4+ wo), (z,w) € X.

It is worth pointing out that in the example of Exercise 3.6.22 the Shilov
boundary is much smaller than the topological boundary of A(4) =D x D,
which equals (D) = (D x T) U (T x D).

Exercise 3.6.23. Let X = {(z,t) : z € D,t € [-1,1]} and let A be the
algebra consisting of all continuous functions f on X with the property that
z — f(2,0) is holomorphic on the open unit disc. Prove that a point (z,t) € X
is a peak point for A if and only if either ¢ # 0 or ¢ = 0 and |z| = 1. Note that
the Shilov boundary of A equals X.

Exercise 3.6.24. Let X = {2z = (21,...,2,) € C": ||2|? = Z?:l |z;]% < 1},
the closed unit ball in C™ (n € N). Show that

p(P(X)) =0(P(X)) ={z€ X : |z]| = 1}.

Exercise 3.6.25. Let X be a compact Hausdorff space and zg € X, and
suppose that xy has a countable neighbourhood basis. Prove that xg is a peak
point for C(X) by finding a continuous function f : X — [0,1] such that

F7H1) = {=o}-

Exercise 3.6.26. Let A = {f € A(D) : f(0) = f(1)} C A(D).

(i) Show that A(A) is homeomorphic to D\ {0}, where D\ {0} is identified,
as a set and topologically, with the quotient space D/ ~ of D which is obtained
by the equivalence relation z ~ w if and only if z =0 and w=1o0r z =1 and
w = 0.

(ii) Show that O(A) =T and p(A) =T\ {1}.
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Exercise 3.6.27. Consider functions of the form &y + 281 € [1(Z), z € T,
to show that every point of T = A(I'(Z)) is a peak point for I'(Z). Thus
o(11(Z)) = A}(Z)).

(Remark: Later it follows from regularity of L'(G) (Theorem 4.4.14) that
I(LY(Q)) = A(LY(Q)) for every locally compact Abelian group.)

Exercise 3.6.28. Prove that in the definition of a topological divisor of zero
(Definition 3.4.1) the condition ||z,|| = 1 may be replaced by ||z, || > ¢ for
some 6 > 0.

Exercise 3.6.29. Let A be a unital, not necessarily commutative Banach
algebra which is not isomorphic to the complex number field. Conclude from
Corollary 3.4.8 and the Gelfand-Mazur theorem (Theorem 1.2.9) that A has
topological divisors of zero.

Exercise 3.6.30. Use Corollary 3.4.8 to show that a nonzero element of the
radical of a commutative Banach algebra is a topological divisor of zero.

Exercise 3.6.31. Let A be a commutative Banach algebra and let x be a
nonzero element of A which is not a divisor of zero. Prove that x is a topo-
logical divisor of zero if and only if zA # zA.

(Hint: Consider the linear mapping L, : y — xy of A.)

Exercise 3.6.32. Show that in Exercise 3.6.31, the assumption that x is not a
divisor of zero is essential. That is, find an example of a commutative Banach
algebra A and a zero divisor = in A such that xA # zA.

Exercise 3.6.33. For k € N, let g, € L'(T) denote the function g(z) = z*.
Let f € L'(T) and compute ||gx * f||1 to conclude that f is a topological zero
divisor.

Exercise 3.6.34. Let f : [0,1] — C be a continuous function. Show directly,
without appealing to Corollary 3.4.5 or Corollary 3.4.6, that f is a topological
zero divisor in C[0, 1] if and only if f vanishes at some point of [0, 1].

(Hint: Suppose that 0 < tg < 1 and that f(tp) = 0. For k € N, consider the
tent function g defined by

1+k(t—t0) fOl“to—l/kStSto,
gk(t): 1—k(t—t0) fOI‘tQStStQ—Fl/k,
0 for [t — to| > 1/k.

Show that ||gxf|lcc — 0 as k — o00.)

Exercise 3.6.35. Let A be a commutative Banach algebra such that A(A)
is finite. Show that there exist idempotents eq, ..., e, € A with the following
properties:

(1) ej #epfor j#k, 1< j5,k<n.

(2) Every z € A admits a representation z = y + Z;;l Aje;, where
Als..., Ap € C and y € rad(A).
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Exercise 3.6.36. Let A be a semisimple commutative Banach algebra. An
idempotent u of A is called minimal if for any other idempotent v of A, either
uv = 0 or uv = u. Show that the following conditions are equivalent.

(i) There exists a minimal idempotent in A.

(ii) There exists a compact and open connected component in A(A).

Exercise 3.6.37. Let A be a semisimple commutative Banach algebra and
suppose that A(A) is discrete and that the set of all @ € A such that @ has
finite support is dense in A. Show that the set of all finite linear combinations
of idempotents in A is dense in A.

Exercise 3.6.38. Let X be a compact subset of C", n € N. Use the Shilov
idempotent theorem to show that if X is connected, then so is the polynomial
convex hull of X. Does the converse also hold?

Exercise 3.6.39. Let X be a compact subset of C". Suppose that X is poly-
nomially convex and totally disconnected. Use Theorem 3.5.6 to show that
P(X)=C(X).

3.7 Notes and references

Most of the material covered in this chapter is the work of Shilov or at least
originated from it. The single-variable holomorphic functional calculus, as pre-
sented in Section 3.1, essentially amounts to the exploitation of Cauchy’s in-
tegral formula in one variable to define functions of Banach algebra elements
and is due to Gelfand [38]. The much more sophisticated several-variable
functional calculus, which of course requires Cauchy’s theory for holomorphic
functions in several-variables, was developed by Shilov [123] for finitely gen-
erated algebras and in the general case by Arens and Calderon [7]. We refer
the reader to, for example, [108, Chapter III], [126, Section 8], [99, Section
3.5], and [56]. The beautiful proof of Theorem 3.1.10 given here is taken from
[19, Section 20]. Proofs of Oka’s extension theorem can be found in [47] and
[137].

In Section 3.2 we have put together some of the more immediate applica-
tions of the one-variable functional calculus, notably those concerning G(A),
the group of invertible elements of a unital commutative Banach algebra A.
The realisation of the connected component of the identity of G(A) as exp A
(Theorem 3.2.6) is standard. The fact that G(A) is either connected or has
infinitely many connected components (Theorem 3.2.8) was shown by Lorch
[82]. Actually, Theorem 3.2.8 can be deduced from the following theorem. The
quotient group G(A)/ exp A is isomorphic to H*(A(A), Z), the first Cech co-
homology group of A(A) with integer coefficients. This result, which is one of
the most important ones on the subject, is referred to as the Arens-Royden
theorem as it was proved, independently, by Arens [6] and Royden [111].
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The existence of a smallest closed boundary 9(A) (Theorem 3.3.2) was es-
tablished by Shilov (see [41, Section 24]). A proof which does not utilize Zorn’s
lemma is also available [126, Section 7]. It is worth pointing out that Shilov
introduced 9(A), which is called the Shilov boundary, to determine which el-
ements of A(A) extend to elements of A(B) whenever B is any commutative
Banach algebra containing A as a closed subalgebra. Temporarily, call such an
element of A(A) extensible. Then Theorem 3.3.9, which is also due to Shilov,
combined with Lemma 4.4.5 [88] shows that the Shilov boundary is exactly
the set of all extensible elements of A(A).

The notion of a topological divisor of zero was introduced by Shilov [120]
who used the terminology generalised divisor of zero and was aware of the
connection with the extension problem. However, topological and joint topo-
logical divisors of zero have been studied by several authors and appear in
various contexts. Theorem 3.4.7, for instance, which identifies the topological
divisors of zero of a unital commutative Banach algebra as precisely those ele-
ments of A that are not invertible in any superalgebra of A, was shown, among
many other results, by Arens [4, 5]. If A is a uniform algebra on a compact
Hausdorff space, then ¢ € A(A) belongs to (A) if and only if ker ¢ consists
of joint topological divisors of zero (Theorem 3.4.10), and we have seen in
Theorem 3.4.11 that the ‘only if’ part holds for arbitrary unital commutative
Banach algebras [142].

The Shilov idempotent theorem and its various important consequences
presented in Section 3.5, such as Theorem 3.5.5 and Theorem 3.5.9, are all
due to Shilov [123]. Unfortunately, it is not known how to prove the idempo-
tent theorem without recourse to the several-variable holomorphic functional
calculus, or at least some variant of it. An interesting approach was chosen in
[99, Section 3.5], utilising an implicit function theorem which in turn is also
based on the heavy machinery of several-variable complex analysis. The reader
who is especially interested in the topology of A(A), will appreciate Theorem
3.5.5, which is the ultimate solution to the question of whether compactness
of A(A) forces A to be unital.



4

Regularity and Related Properties

The main theme of this chapter is the concept of regularity, which plays a cen-
tral role in the study of the ideal structure of a commutative Banach algebra.
This concept originates from regularity of algebras of functions on locally com-
pact Hausdorff spaces, applied to the range of the Gelfand homomorphism.
The relevance of regularity of a commutative Banach algebra A for the ideal
theory is mainly due to the fact that it is equivalent to coincidence of the
Gelfand topology and the hull-kernel topology on A(A).

Accordingly, we start by introducing the hull-kernel topology in Section
4.1. In Section 4.2 we relate regularity to the hull-kernel topology and present
fundamental properties of regular commutative Banach algebras, such as nor-
mality and the existence of partitions of unity. In addition, we prove that
regularity is inherited by ideals and quotients, by the unitisation and by ten-
sor products. Every commutative Banach algebra A possesses a greatest closed
regular subalgebra, reg(A) (Section 4.3). This is used to show that if I is a
closed ideal of A, then A is regular if both I and A/I are regular. As an
example, reg(Co(X, A)) is determined.

In Section 4.4 we establish regularity of L!(G) for a locally compact
Abelian group G. This is one of the most profound results in commutative
harmonic analysis, and, as usual, the proof is based on the Plancherel theorem
which in turn is a consequence of the inversion formula. To keep our treatment
as self-contained as possible, we have included a proof of the inversion formula
which utilises the Gelfand theory of commutative C*-algebras (Section 2.4).

Recently, certain properties weaker than regularity have been investigated.
These properties concern questions such as when, for a semisimple commu-
tative Banach algebra A, spectral radii, or spectra of elements of A remain
unchanged when embedding A into a larger algebra B, and also the problem
of extending elements of A(A) to elements of A(B). In Section 4.5 we discuss
most of the relevant results in this context that have been obtained. A related
property is the so-called unique uniform norm property which we address in
Section 4.6.

E. Kaniuth, A Course in Commutative Banach Algebras, Graduate Texts in Mathematics,
DOI 10.1007/978-0-387-72476-8 4, (© Springer Science+Business Media, LLC 2009
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The final section of this chapter is devoted to the study of Beurling algebras
LY(G,w). In contrast to L' (@), Beurling algebras in general fail to be regular.
Somewhat surprisingly, L (G, w) turns out to be regular if it has the unique
uniform norm property. Our main objective, however, is to establish Domar’s
theorem which asserts that L!(G,w) is regular whenever the weight w is non-
quasianalytic.

4.1 The hull-kernel topology

Let A be a commutative Banach algebra. Recall that there is a bijection
between A(A), the set of all homomorphisms of A onto C, and Max(A), the
set of all maximal modular ideals in A, given by ¢ — ker ¢. In this way
we always identify A(A) and Max(A). So far we only considered the Gelfand
topology on A(A). We now introduce a new topology on A(A) = Max(A), the
so-called hull-kernel topology, which is much more appropriate for studying
the ideal structure of A. In general, the hull-kernel topology is weaker than the
Gelfand topology, and we show soon (Theorem 4.2.3) that the two topologies
coincide if and only if I'(A) = {Z : x € A} is a regular algebra of functions on

A(A).

Definition 4.1.1. For £ C A(A) = Max(A) the kernel of E, denoted by

k(E), is defined as
k(E):{a:EA:tp(a:)=0forall<p€E}:ﬂ{MeMax(A):MEE}

if B # (), whereas k() = A. For ¢ € A(A) we write k() instead of k({¢}) =
ker . If B C A, then the hull h(B) of B is defined by

hB)={pec A(A) : BC k(p)} ={M € Max(A) : BC M}.
Also, for z € A, we simply write h(z) instead of h({z}).

It is clear that k(E) is a closed ideal in A, and that h(B) is a closed subset
of A(A) since the functions Z,x € A, are continuous on A(A). We next list
some elementary properties of the formation of hulls and kernels.

Lemma 4.1.2. Let B, By, and By be subsets of A and let E, Ey, and Es be
subsets of A(A). Then

(1) Bl - Bg — h(Bl)

D (B,
i) h(B) = h(B) and B C k

).
(h(B)).
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Proof. (i), (ii), and (iv) are obvious from the definitions. We show the remain-
ing assertions.

(iii) If M € h(k(h(B))) then M D k(h(B)) 2 B, so that M € h(B).
Conversely, if ¢ € A(A) is such that k(¢) & h(k(h(B))), then ¢(a) # 0 for
some a € k(h(B)) and hence ¢ & h(B).

(v) E C h(k(E)) is clear, and therefore k(E) 2 k(h(k(E))) by (iv). On
the other hand, taking B = k(F) in (i), we get k(E) C k(h(k(E))).

(vi) First, h(k(E1)) U h(k(E2)) C h(k(E1) Nk(E2)) = h(k(E1 U Ey)). For
the converse inclusion, let

¢ € h(k(E1 U Ep)) = h(k(E1) Nk(E2)) C h(k(E1)k(E2))

and assume that ¢ € h(k(FE2)). Choose a € k(E3) with ¢(a) # 0. Then for all
x € k(E1), p(z)p(a) = p(ra) = 0. This implies that ¢ € h(k(E1)). O

Definition 4.1.3. Let A be a commutative Banach algebra. For E C A(A)
the hull-kernel closure E of E is defined to be E = h(k(FE)). The correspon-
dence E — E, E C A(A), is a closure operation, that is, satisfies the following
conditions.

(a) EC Fand E=FE.
(b) Ey UFEy = E; UEs.

Indeed, (b) is exactly property (vi) in Lemma 4.1.2, and by (v) E C h(k(E)) =
E and
E = h(k(h(k(E)))) = h(k(E)) = E,

so that (a) holds. Thus, there is a unique topology on A(A) such that, for
each subset E of A(A), E = h(k(E)) is the closure of E. This topology is
called the hull-kernel topology (hk-topology).

Example 4.1.4. (1) Let X be a locally compact Hausdorff space. Then the
hull-kernel topology on X = A(Cy(X)) agrees with the given topology. In
fact, given a closed subset F of X and 2o € X \ E, by Urysohn’s lemma there
exists f € Cp(X) such that f(z¢) # 0 and f(x) =0 for all x € E. This shows
that F = h(k(E)), a hull-kernel closed set.

(2) The hull-kernel topology on D = A(A(ID)) is genuinely weaker than
the usual topology on . This follows from the fact that the set of zeros of a
nonzero holomorphic function in a region cannot have an accumulation point
within that region. Thus every hull-kernel closed subset of D has an at most
countable intersection with the open unit disc.

We continue with some basic properties of the hull-kernel topology, which
are used later.

Lemma 4.1.5. Let I be a closed ideal of A.
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(i) Let g : A — A/I denote the quotient homomorphism. The map ¢ — poq
is a homeomorphism for the hull-kernel topologies between A(A/I) and
the closed subset h(I) of A(A).

(ii) The map @ — @|; is a homeomorphism for the hull-kernel topologies
between the open subset A(A)\ h(I) of A(A) and A(I).

Proof. (i) The map ¢ : p — ¢ o g clearly is a bijection between A(A/I) and
h(I) € A(A). Now, for any subset E of A(A/I) and ¢ € A(A/I), kerp D
N{kert : ¢ € E} if and only if

ker p(p) = ¢ ' (kerp) D ¢~ (ﬂ{kerw RS E})
_ﬂ{q (ker) : ¢ € B} = [ [{ker ¢(¢)) : ¥ € E}
:ﬂ{kerT:TEQS( )}

Thus F is hull-kernel closed in A(A/I) if and only if ¢(E) is hull-kernel closed
in h(I).

(ii) We have seen earlier that the map ¢ : ¢ — |; is a bijection between
A(A) \ h(I) and A(I). It is obvious that ¢ is continuous for the hull-kernel
topologies. Now let E be a hull-kernel closed subset of A(A) \ ~A(I) and let
1 € A(I) be such that

ker ) 2 ({ker(¢|r) : ¢ € E}.

We have to verify that

ker ¢~ (1) D [ ker ¢~ (¢lr) 1 p € B} = (ke : ¢ € E}.

However, if © € kerp for all p € E, then xy € ker(p|;) for all p € E and
y € I, whence ¥(z)1(y) = (xy) = 0 for all y € I. Since ¥ (y) # 0 for some
y € I, we get ¢(x) = 0. So x € ker $~1(?)), and the above inclusion holds. O

Lemma 4.1.6. Let A be a commutative Banach algebra without identity and
let a € A be such that @ is continuous in the hull-kernel topology on A(A).
Then @ is also continuous on A(A.) with respect to the hull-kernel topology.

Proof. Recall that A(A.) = A(A) U {¢o}, where each p € A(A) is identified
with its canonical extension x + Ae — ¢(x) + A, x € A, A € C. In the sequel
we denote by h and k the hull and kernel operations with respect to A and
by h. and k. those with respect to A.. For any subset E of A(A.), it follows
immediately from the definitions of hulls and kernels that

he(ke(E)) € h(k(E N A(A))) U{pe}

Let F be a nonempty closed subset of C and E = {¢ € A(A) : ¢(a) € F}.
By the hypothesis on a, FNA(A) is hull-kernel closed in A(A). To show that
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E is hull-kernel closed in A(A.), we have to distinguish the two cases 0 € F
and 0 € F. If 0 € F and hence ¢, € E, the above inclusion gives

he(ke(E)) € (ENA(A)) U{pac} = E,

whence F is hull-kernel closed in A(A.). If 0 € F, then ¢ & E and therefore
E C A(A). Let § = inf{|a| : @ € F}. Then § > 0 and |¢(a)| > 6 for all p € E.
In particular, E is compact. Because E = A(A/k(FE)) and a(p) # 0 for all
@ € E, Theorem 3.2.1 applies and yields the existence of some b € A such
that ¢(b) = 1/¢(a) for all ¢ € E. Now let

r=¢e¢—abc A,.

Then x satisfies poo(z) =1 and p(z) =0 for all ¢ € E. S0 poo & he(ke(E)),
and hence

he(ke(B)) € h(k(E N A(A))) = h(k(E)) = E.
This shows that E is also hull-kernel closed in A(A.), as required. O

Lemma 4.1.7. Let « be an algebra cross-norm on A @ B such that o >
. Then the map ¢ @a10 — (p,1b) from A(A®4B) onto A(A) x A(B) is
continuous for the hull-kernel topology on A(A @aB) and the product of the
hull-kernel topologies on A(A) x A(B).

Proof. Let E be a hull-kernel closed subset of A(A4). We claim that the set
F = {p®a : ¢ € E,ip € A(B)} is hull-kernel closed in A(A®,B). We
have k(F) D k(E)®4B and hence F = h(k(F)) C h(k(E) ®,B) C F since
(¢ ®a)(a®@b) =0 for all b € B only when ¢ € h(k(E)) = E.
Thus the projection from A(A&4B) onto A(A) is hull-kernel continuous,
and similarly for A(A®,B) — A(B). The statement of the lemma follows.
O

Conversely, as the following example shows, the map (p,1)) — ¢ @41 is
not generally continuous for the hull-kernel topologies.

Example 4.1.8. Let D denote the closed unit disc, and let A = A(D) and
B = C(D). Then the map ¢ : (p,9) — p&;¢ from A(A) x A(B) onto
A(A @),,B) fails to be continuous for the hull-kernel topologies. To simplify
notation, identify as sets both of A(A) and A(B) with D and A(A®,B)
with I x D. Then the diagonal A = {(z,z) : z € D} is hull-kernel closed in
A(A®,B). Indeed, A is the zero set of the function z® 1 - 1@ w € A® B,
that is, the function (z,w) — z —w. So W = A(A®,B) \ A is hull-kernel
open.

Assuming that ¢ is hull-kernel continuous, there exist nonempty hull-
kernel open subsets U of A(A) and V of A(B), respectively, such that
UxV C ¢ YW). Because the hull-kernel topology on A(B) equals the usual
topology on DD, V' can be taken to be an ordinary open disc contained in
D. Now the hull-kernel closed subset A(A) \ U of A(A) can contain at most
countably many interior points of D (Example 4.1.4). In particular, VNU is a
nonempty subset of A(A). It follows that U x V intersects A, a contradiction.
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Also, the next two lemmas are used in subsequent sections.

Lemma 4.1.9. Let I be a closed ideal of the commutative Banach algebra A
and let E be an hk-closed subset of A(A) such that ENh(I) =0 and k(E) is
modular. Then I contains an identity modulo k(E).

Proof. Because A/(I + k(FE)) is unital and
h(I+k(E))=h(I)Nh(k(E))=h(I)NE =0,

it follows that I + k(F) = A. Let u € A be such that ux — z € k(FE) for all
x € A. Then u = v+ y, where v € I and y € k(F), and hence vx — z =
ur —x +yx € k(E) for all x € A. O

Lemma 4.1.10. Let A be a semisimple commutative Banach algebra with
bounded approrimate identity and regard A as a closed ideal of its multiplier
algebra M(A). Then A(A) is hull-kernel dense in A(M(A)).

Proof. We have to show that h(k(A(A))) = A(M(A)). For that, consider an
arbitrary T € k(A(A)), so T is a multiplier of A such that ¢(T) = 0 for
all o € A(A) = A(M(A)) \ h(A). To prove that T = 0, by semisimplicity
of A it suffices to show that ¢¥(Ta) = 0 for all a € A and ¢ € A(A). Let
¢ € A(M(A)) denote the unique extension of ¢. Then

'@[J(Ta) = SD(LTa) = @(LaT) = QO(La)SD(T) =0,

as desired. 0

4.2 Regular commutative Banach algebras

Let T be a Ty topological space and F a family of complex valued functions
on T'. Recall from point set topology that F is said to be regular if for any
given closed subset E of T and t € T\ E, there exists f € F with f(¢) # 0
and f|z = 0. This leads to the following definition.

Definition 4.2.1. A commutative Banach algebra A is called regular if its
algebra of Gelfand transforms is regular in the above sense, that is, given any
closed subset E of A(A) and ¢y € A(A) \ E, there exists x € A such that
wo(x) #0 and p(x) =0 for all p € E.

Some authors (see [108] and [19], for example) call such Banach algebras
completely regular rather than regular. However, the term regular is more
widely used.

Example 4.2.2. (1) Every commutative C*-algebra A is regular. Indeed, A
is isomorphic to Cy(A(A)), and Urysohn’s lemma ensures that for any locally
compact Hausdorff space T, Co(T') is a regular space of functions.
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(2) It is easily seen that C"[a, b] is regular since, when A(C"[a, b]) is iden-
tified with [a, b], the Gelfand homomorphism is nothing but the identity.

(3) The disc algebra A(D) fails to be regular since the Gelfand homomor-
phism is the identity mapping and a nonzero holomorphic function cannot
vanish on, say, a nonempty open set.

It is fairly difficult to prove and is postponed to Section 4.4 that L!(G),
for G a locally compact Abelian group, is regular. In fact, this is one of the
most crucial results in commutative harmonic analysis.

We continue to identify A(A) with Max(A) via the mapping ¢ — kerg
(Theorem 2.1.7) and proceed with relating regularity of a commutative Ba-
nach algebra A to properties of the hull-kernel topology on A(A).

Theorem 4.2.3. For a commutative Banach algebra A, the following condi-
tions are equivalent.

(i) A is regular.
(ii) The hull-kernel topology and the Gelfand topology on A(A) coincide.
(iii) The hull-kernel topology on A(A) is Hausdorff, and every point in A(A)
possesses a hull-kernel neighbourhood with modular kernel.

Proof. We show the chain of implications (i) = (i) = (iii) = (1). If [ is a
closed ideal of A, we consider A(A/I) as embedded into A(A) (Lemma 4.1.5).

Suppose that A is regular and consider a subset E of A(A) that is closed
in the Gelfand topology. Then, for every ¢ € A(A) \ E, there exists z, € A
with Zy|p = 0 and Z,(p) # 0. This means that k(E) € kery for every
¢ € A(A)\ E, and hence E = h(k(E)), which is an hk-closed set. This proves
that the two topologies on A(A) coincide.

To prove (ii) = (ili) we only have to show that every ¢y € A(A) has a
neighbourhood V' with modular kernel k(V'). Fix x € A with ¢o(x) # 0 and
let

V= {gp € A(A) : |p(x)| > ;|g00(x)|}

Then V is open and V, the closure of V' in the Gelfand topology, is contained
in the set {¢ € A(A) : |p(z)| > }|po(x)|}. Because T vanishes at infinity,
V' is compact. Now, by hypothesis, V' = h(k(V)) = A(A/k(V)). Thus the
semisimple algebra A/k(V') has a compact structure space and ¢ (x + k(V)) #
0 for every ¥ € V. Corollary 3.2.2 now yields that A/k(V) has an identity.
Finally, suppose that (iii) holds. To show (i), let E be a subset of A(A)
which is closed in the Gelfand topology and let ¢y € A(A)\ E. Choose an open
hull-kernel neighbourhood V' of ¢ with modular kernel k(V'). Since A/k(V)
has an identity, h(k(V)) = A(A/k(V)) is compact with respect to the Gelfand
topology, and hence so is Eg = ENh(k(V)). Consequently, Ey is hk-compact.
Now, g € Ep, and the hull-kernel topology is Hausdorff by hypothesis. By
the standard covering argument, ¢y and Ej can be separated by hk-open sets.
Thus, let U be an hk-open set containing Ey such that ¢o ¢ U = h(k(U)).
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Then there exists y € A such that ¢o(y) # 0, but ¢(y) = 0 for all ¢ € U.
On the other hand, ¢y € V and A(A) \ V is hk-closed. Hence there exists
z € k(A(A) \ V) with ¢o(z) # 0. Let & = yz, then ¢o(x) = wo(y)po(z) # 0
and ¢(x) =0 for all ¢ € (A(A)\ V)UU. Now

(AANVIUU 2 [AA) N\ h(R(V)U[ENR(E(V)] 2 E,
so that Z|g = 0. This shows that A is regular. O

By Lemma 2.2.14, the Gelfand topology on A(A) equals the weak topology
with respect to the functions z, © € A. Therefore the equivalence of (i) and
(ii) in Theorem 4.2.3 can obviously be reformulated as follows.

Corollary 4.2.4. A is reqular if and only if T is hull-kernel continuous on
A(A) for each x € A.

Remark 4.2.5. In [75, Theorem 7.1.2] it is claimed that a commutative Ba-
nach algebra is regular provided that the hull-kernel topology on A(A) is
Hausdorff. Of course, this is true when A is unital. However, even though we
are unaware of a counterexample, this strengthening of the implication (iii)
= (i) in Theorem 4.2.3 does not seem to be correct.

In what follows we show that in the definition of regularity the singleton
{¢} can be replaced by any compact subset of A(A) which is disjoint from
FE, and we investigate how regularity behaves under the standard operations
on Banach algebras, such as adjoining an identity and forming closed ideals,
quotients, and tensor products.

Theorem 4.2.6. Let A be a commutative Banach algebra.

(i) Let I be closed ideal of A. If A is regular, then so are the algebras I and
A/l

(ii) A is regular if and only if A, the unitisation of A, is reqular.

Proof. (i) Because A is regular, by Theorem 4.2.3 the Gelfand topology coin-
cides with the hk-topology on A(A). By Lemma 4.1.5(ii), the map ¢ — ¢|;
is a homeomorphism for the hk-topologies on A(A) \ h(I) and A([), and the
same is true of the Gelfand topologies by Lemma 2.2.15(ii). So the Gelfand
topology and the hk-topology on A([I) coincide. Another application of The-
orem 4.2.3 now shows that I is regular.

Similarly, using Lemma 4.1.5(i) and Lemma 2.2.15(i), it follows that A/T
is regular.

(ii) If A, is regular, so is A by (i). Conversely, suppose that A is regular.
Then, for every a € A, a is hk-continuous on A(A) by Corollary 4.2.4 and
hence on A(A,) by Lemma 4.1.6. This of course implies that 7 is hk-continuous
on A(A,) for each z € A.. So A, is regular by Corollary 4.2.4. O
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We show later (Theorem 4.3.8) that conversely A is regular whenever A
has a closed ideal I such that both I and A/I are regular. This result is
more difficult and involves the existence of a greatest closed regular ideal in a
commutative Banach algebra. It is worth mentioning that a closed subalgebra
of a regular algebra need not be regular. In fact, C'(D) is regular whereas the
closed subalgebra A(D) is not.

Lemma 4.2.7. Let I be an ideal in the reqular commutative Banach algebra
A. Given any po € A(A) \ h(I), there exists u € I such that u =1 in some
neighbourhood of ¢ .

Proof. Because A is regular, by Theorem 4.2.3 the hull-kernel topology on
A(A) is Hausdorff and oo possesses a neighbourhood with modular kernel.
Therefore we can choose a neighbourhood V' of ¢g such that VNh(I) = () and
E(V) is modular. By Lemma 4.1.9 there exists u € I such that u|y =1. O

The following theorem is one of the most striking results on regular com-
mutative Banach algebras, as becomes apparent in this and several of the
subsequent sections.

Theorem 4.2.8. Let A be a reqular commutative Banach algebra, and sup-
pose that I is an ideal in A and K is a compact subset of A(A) with
KN h(I)=10. Then there exists x € I such that

Zlk =1 and T =0 on some neighbourhood of h(I).

Proof. We first show the existence of some y € I with ylx = 1. As K is
compact, by the preceding lemma there exist open subsets V; of A(A) and
w; € I,1 <4 <r, such that @;|y, =1 and K C |J,_, V;. We inductively define
elements y; of A by y; = u; and

Yitrl = Yi + Uip1 — Yibip1, 1< <r—1.

It then follows by induction that y; € I and g7j|U iy, =L Indeed, if y; has
this latter property, then -

(Yi+1) = @(y;) + p(ujr1) — o(y;)e(uj1)

_ { 1+ o(uj1) — p(uj1) for o € U, Vi
e(y;) +1—0(y;)  for p € Vi,

and hence y;11 =1 on Ufill Vi. Now y = y,- has the desired properties.
Choose an open subset V' of A(A) with K C V and V C A(A) \ h(J).
Because
KO h(k(A(A)\ V) = KN (AA)\V) =0,

we can apply the arguments of the first part of the proof to K and the ideal
J =k(A(A)\V) to obtain z € J with Z|x = 1. By the first part of the proof,
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there exists y € I such that y|x = 1. Then the element x = yz of I satisfies
Z(p) =1 for all p € K and

suppZ Csuppz C V C A(A) \ h(I),
so that & vanishes in a neighbourhood of h(I). O

We continue with a series of interesting and very useful applications of
Theorem 4.2.8.

Corollary 4.2.9. Every reqular commutative Banach algebra A is normal in
the sense that whenever E C A(A) is closed, K C A(A) is compact and
ENK =0, then there exists x € A such that supp T C A(A)\ E and Z|x = 1.

Corollary 4.2.10. Let A be a regular commutative Banach algebra such that
its range under the Gelfand homomorphism A — Co(A(A)) is closed under
complex conjugation. Suppose that K and E are disjoint closed subsets of
A(A) with K compact. Then there exists x € A such that

Zlgk =1, 0<Z<1 and suppZ C A(A)\ E.

Proof. By Theorem 4.2.8 there exist y € A such that y|x = 1 and suppy C
A(A) \ E. By hypothesis, there exists z € A such that z = y. Let f be the
entire function defined by

w2 (T
f(w) =sin (Zw)
and let 2 = f(yz). Then by Theorem 3.1.8,

#(p) = o(f(y2) = HeW)e(2)) = sin? (T o))
for all ¢ € A(A). Thus
Zlk =1, 0<Z <1andsuppz C A(A)\ E.
O

Corollary 4.2.11. Let A be a semisimple reqular commutative Banach alge-
bra. If A(A) is compact, then A has an identity.

Proof. By Theorem 4.2.8 there is u € A such that u=1on A(A) and hence
2z —ux =0on A(A) for all z € A. A being semisimple, this yields ux = x for
all z € A. O

In Corollary 3.5.5 we have already shown as an application of the Shilov
idempotent theorem that the conclusion of Corollary 4.2.11 holds true without
assuming that A be regular. However, since the proof of Shilov’s idempotent
theorem requires a several-variable functional calculus, it appears to be justi-
fied to give a simpler proof in the case of a regular semisimple algebra.

In a regular commutative Banach algebra A we can find partitions of unity
on A(A) subordinate to a given finite open cover of a compact set. Corollary
4.2.9 represents essentially the case n = 1 of the following result.
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Corollary 4.2.12. Let A be a regular commutative Banach algebra. Suppose
that K is a compact subset of A(A) and Uy, ..., U, are open subsets of A(A)
such that K C U?Zl Uj. Then there exist ai,...,an, € A with the following
properties.

(i) (d\l—l—...—l—C/L;)h(:l.
(i) @jlaapnu, =0 for each j=1,...,n.

Proof. Choose open subsets V; of A(A),1 < j < n, such that V; C U; and
K C U?:1 Vj. Let

I =k(AA)\V;), 1<j<n, and I=5L+...+1,.

Then h(I;) = A(A) \ V; and hence

h(I) = ﬂ h(lj) = _ﬂ(A(A)\Vj) = A\ Vi

j=1 j=1

Thus h(I)NK = @, and Theorem 4.2.8 guarantees the existence of some a € I
with a|x = 1. Write @ as ¢ = a1 + ... + a,, where a; € I;. Then ay,...,a,
satisfy (i) and (ii). O

Corollary 4.2.12 turns out to be a key tool when studying the ideal struc-
ture of regular commutative Banach algebras.

The main objective in the remainder of this section is to establish further
permanence properties of regularity.

Lemma 4.2.13. Let A and C be commutative Banach algebras and let f :
A(A) — A(C) be an injective map with the following properties.

(i) f is continuous with respect to the hull-kernel topologies.
(ii) =1 : f(A(A)) — A(A) is continuous for the Gelfand topologies.

Then A is reqular whenever C' is.

Proof. We remind the reader that a commutative Banach algebra B is regular
if and only if the Gelfand topology and the hk-topology on A(B) coincide
(Theorem 4.2.3). Let E be a subset of A(A) which is closed in the Gelfand
topology. Then f(F) is closed in the Gelfand topology of f(A(A)) by condition
(ii). So f(E) = FN f(A(A)) for some subset F' of A(C') which is closed in the
Gelfand topology of A(C'). Because C' is regular, F' is hk-closed in A(C). It
now follows from (i) that £ = f~1(F) is hk-closed in A(A). Thus the Gelfand
topology on A(A) is coarser than the hk-topology, and hence A is regular. O

Theorem 4.2.14. Let j : A — B be an injective algebra homomorphism
between commutative Banach algebras. Suppose that B is regular and that
j(A) is an ideal in B. Then A is regular.
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Proof. Let I = j(A), which is a closed ideal in B. Since B is regular, so is [
by Theorem 4.2.6. Consider the dual mapping

T AI) = A(A), Y=oy

Then j* is injective since j(A) is dense in I. We show that j* is also surjective.
To this end, let p € A(A) be given and select a € A such that ¢(a) = 1. Define
1 : I — C by

U(y) = (i~ (i(@)y)),

y € I. Clearly, ¢ is linear and ¢oj(x) = p(ax) = ¢(x) for all z € A. Moreover,
for y1,y2 € 1,

This shows that ¢ € A(I) and j*(¢) = .

Thus j* is a bijection and clearly continuous for the Gelfand topologies.
We claim that (5*)~! is continuous for the hull-kernel topologies. For that we
have to show that if F' is an hk-closed subset of A(I) and ¢ € A(A) annihilates
k(j*(F)), then ¢ € j*(F). Fix a € A with p(a) =1 and let y € E(F) C I be
arbitrary. Then

G W) = )R (@) ) @) ()
= (") @) (G(a)y)
= (i~ (i (@)y)
07
because j~1(j(a)y) € k(5*(F)). Hence (*)"1(¢) € h(k(F)) = F, whence
¢ € j*(F).
An application of Lemma 4.2.13 with C = I and f = (j*)~! now yields

that A is regular. a

The following lemma is frequently used in Section 4.3.

Lemma 4.2.15. Let A and B be commutative Banach algebras, and let ¢ :
A — B be a homomorphism with dense range. If A is reqular, then so is B.

Proof. We have to show that given a closed subset F of A(B) and ¢ € A(B)\
F, there exists b € B such that b =0 on F and 3(@/}) # 0.

Consider the dual mapping ¢* : A(B) — A(A), ¥ — ¢ o ¢. We claim
that ¢*(¢) & ¢*(F). Assuming that ¢*(¢) € ¢*(F), we find a net (¢q)q in
F such that ¢*(vo) — ¢*(¢); that is, Yo (P(a)) — ¥(¢(a)) for all a € A.
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Because ¢(A) is dense in B, this implies that 1, — t. Thus ¥ € F, which is
a contradiction.

So ¢*(¢) ¢ ¢*(F) and since A is regular, there exists a € A such that
a=0on ¢*(F) and a(¢*(¢p)) # 0. Now let b = ¢(a). Then b vanishes on F,
whereas b(1)) # 0. O

Theorem 4.2.16. Let A and B be commutative Banach algebras and suppose
that A is semisimple and regular. If ¢ is an injective homomorphism from A

into B, then
(A(B) U{0}) 0 6 = A(4) U {0},

(
Proof. Clearly, (A(B)U{0})o¢p C A(A)U{0}. Towards a contradiction, assume
there exists g € A(A)\ A(B) o ¢. Then, for any ¢ € A(B)U{0}, there exists

ay € A such that ¥ o ¢(ay) # po(ay). Let ey = ;[1 0 ¢(ay) — po(ay)| and
={p € A(B)U{0} : |p((ay)) — polay)| > €y}

Then Wy, is an open neighbourhood of ¢ in A(B)U{0} C B*. Since A(B)U{0}
is compact in the w*-topology, there exist 91, ..., 1, € A(B)U{0} such that

AB)yU{0} = | Wy,

j=1
Let aj = ay, (1 <j <n), e=min{ey, : 1 <j <n}, and

V = {p € A(4) U0} : [play) — polay)| < e for 1 < j < n}.
Then V is an open neighbourhood of ¢g in A(A) U {0}. Furthermore,

VN (AB)U{0})op =
Indeed, for ¢ € V and ¢ € Wy, we have

¢ 0 dlaj) = wla;)| = [¢(¢(a;)) — pola;)| —lwolaz) — wla;)] > ey, — e >0,

so that V.N (Wy, o ¢) = 0.

Choose an open subset U of A(A) such that ¢y € U, U is compact and
U C A(A)NV. Since A is regular, there exists a; € A such that ¢g(ar) =1
and ¢(ay) =0 for all p € A(A)\U. Let I = k(A(A)\ V). Then h(I)NU =0
and Theorem 4.2.8 yields the existence of some as € A such that p(az) =0
for all p € A(A)\V and ¢(az) = 1 for all ¢ € U. The element ajas of A
then satisfies ¢(a1a2) = ¢(ar) for all p € A(A). Because A is semisimple, we
conclude that ajas = aq.

We next consider ¢(az) as an element of B, and claim that (1—¢(as))Be =
Be. Assuming that (1 — ¢(az))B. is a proper ideal of B, it is contained in
some maximal ideal of B.. Thus there exists 7 € A(B,) such that
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m(y) — 7(y)7(d(az)) =0

for all y € B.. We have seen above that V' N (A(B) o ¢) = (. Since p(az) =0
for all p € A(A)\ V, it follows that 7(¢(az)) = 0. This implies 7 = 0, which
is impossible.

Thus (1 — ¢(a2))B. = B. and hence there exists b € B, such that e =
b — bg(az). Since araz = a1, we obtain

P(ar) = (b—bg(az))p(a1) = bg(ar) — bp(araz) = 0.

Since ¢ is injective, a3 = 0. This contradicts a1 (@) = 1 and hence the exis-
tence of some ¢ € A(A) \ A(B) o ¢. O

Corollary 4.2.17. Let B be a commutative Banach algebra and A a subal-
gebra of B. Suppose that, for some norm, A is a semisimple reqular Banach
algebra. Then

(i) Every element of A(A) extends to some element of A(B).
(ii) oa(z) U{0} = op(x) U {0} for all x € A.

Proof. (i) is an immediate consequence of Theorem 4.2.16. To show (ii), we
apply Theorem 4.2.16 taking for ¢ the inclusion map j : A — B. It follows
that

oa(z) U{0} = z(A(A) U{0})
F(AB) U Do )
— @AB) U {0}
= op(z) U{0}

for every z € A. a

The preceding corollary is related to concepts which will be studied in Sec-
tion 4.6. More precisely, let A be any semisimple regular commutative Banach
algebra. Then Corollary 4.2.17(i) says that A has the so-called multiplicative
Hahn-Banach property.

Corollary 4.2.18. Let A be a semisimple reqular commutative Banach alge-
bra, and let | - | be any algebra norm on A. Then r4(x) < |z| for all z € A.

Proof. Let B be the completion of A with respect to | - |. Then part (ii) of
Corollary 4.2.17 implies that

ra(x) =sup{|A|: A € oa(x)} =sup{|A\| : A € op(z)} < ||
for all z € A. O

We conclude this section by characterizing regularity of tensor products
A ®,B through regularity of A and B.
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Lemma 4.2.19. Let A and B be commutative Banach algebras and let o be
an algebra cross-norm on A ® B such that o > €. Then A®yB is regular
whenever both A and B are regular.

Proof. We identify A(A) x A(B) and A(A®4B) as topological spaces by
means of the map (¢, ) — ¢ @41p (Theorem 2.11.2). Let E be a closed subset
of A(A®,B) and let gy € A(A) and vy € A(B) be such that (pg,10) ¢ E.
There exist open neighbourhoods U of ¢¢ in A(A) and V' of ¢ in A(B)
such that (U x V)N E = {). Because A and B are regular, there exist a € A
and b € B such that @(o) # 0, @ = 0 on A(A) \ U, b(th) # 0 and b = 0

on A(B) \ V. Then the element a ® b satisfies a ® b(po,10) # 0 and a ® b
vanishes on

((A(A)\U) x A(B)) U (A(A) x (A(B) \'V))
and hence on E. m]

Theorem 4.2.20. Let A and B be commutative Banach algebras and let « be
a cross-norm on A ® B which dominates €. Then the tensor product A®,B
is reqular if and only if both A and B are regular.

Proof. By Lemma 4.2.19, A®,B is regular whenever A and B are regular.
So suppose that conversely A ®,B is regular. To see that A is regular, by
Corollary 4.2.4 it suffices to show that, for each a € A, the function ¢ — ¢(a)
is hk-continuous on A(A).

Select 1 € A(B) and let ¢y, : A®,B — A be the continuous homomor-
phism satisfying ¢y (a ® b) = 1(b)a for all a € A and b € B (Lemma 2.11.5).
The kernel I of ¢ is a closed ideal, and the dual map Py podyisa
bijection between A(A) and A((A®,B)/I). It actually is a homeomorphism
for the hull-kernel topologies by Lemma 4.1.5. Note that ¢ o ¢y = ¢ ®at) and
choose b € B with ¢(b) = 1. Then

p(a) = (¢ Ba¥)(a®b) = ¢ (¢)(a ®b)

for all a € A. Now, A®,B is regular and therefore the function ¢ @41 —
(9 ®at)(a ® b) is hk-continuous on A(A&,B) (Corollary 4.2.4). Since by, is
hk-continuous, it follows that ¢ — ¢(a) is hk-continuous on A(A). O

4.3 The greatest regular subalgebra

The first purpose of this section is to establish the existence of a closed regu-
lar subalgebra of a commutative Banach algebra A which contains all closed
regular subalgebras of A.

Lemma 4.3.1. Let A be a commutative Banach algebra and B a closed sub-
algebra of A. If B is regular, then for every b € B the Gelfand transform b is
continuous on A(A) with respect to the hull-kernel topology.
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Proof. Suppose first that A has an identity e and that e € B. Let 7 : A(A) —
A(B) denote the restriction map ¢ — ¢|p. Because B is regular, the Gelfand
transform of b € B on A(B) is hk-continuous by Corollary 4.2.4. It therefore
suffices to show that r is continuous for the hull-kernel topologies on A(A)
and A(B). To see this, let F' be a hk-closed subset of A(B). Then

F={y e AB) : p(k(F)) = 0}

and hence
r N (F) = {p € A(A) : p(k(F)) = 0},

which is hk-closed in A(A).

In the general situation, consider A. and the subalgebra B. = B + Ce.
Since B is regular, so is B. (Theorem 4.2.6). By the first paragraph, for b € B,
b is hull-kernel continuous on A(A,) and hence on A(A). O

Theorem 4.3.2. Let A be a commutative Banach algebra. Then A contains
a greatest closed regular subalgebra, denoted reg(A).

Proof. Let reg(A) be the closed subalgebra of A generated by the collection
B of all closed regular subalgebras B of A. We have to show that reg(A) is
regular. N

Let B € B and b € B. Then, by the preceding lemma, b is hk-continuous
on A(reg(A)). Thus Gelfand transforms of products bibs-...-by,, b; € Bj € B,
1 < 7 < m, and hence of finite linear combinations of such products are also
hk-continuous on A(reg(A)). The elements of this form are dense in reg(A).
Therefore, for each a € reg(A), the Gelfand transform @ is a uniform limit on
A(reg(A)) of hk-continuous functions, hence itself is hk-continuous.

It now follows from Corollary 4.2.4 that reg(A) is regular. O

Remark 4.3.3. The greatest regular subalgebra of a unital commutative Ba-
nach algebra may well be trivial. For instance, this happens with the disc
algebra A(D). To see this, let f € A(D) and suppose that f is hull-kernel
continuous. Then, for each € > 0, the set C. = {z € D : |f(2) — f(0)| < e} is
hk-closed in D. Tt follows that C.N{z € C : |z| < r} is finite for each 0 < r < 1.
This of course forces f to be constant with value f(0) on {z € C : |z] < r}.
Thus reg(A(ID)) consists only of the constant functions.

The same arguments as in the proof of Theorem 4.3.2 show that A pos-
sesses a largest closed regular ideal. More precisely, let regid(A) be the closed
subalgebra of A generated by all the closed regular ideals of A. Then regid(A)
is regular and it is a closed ideal which contains every closed regular ideal
of A.

Lemma 4.3.4. There exists a largest closed regular ideal regid(A) of A, and
for every x € A, T is hull-kernel continuous on the open subset A(regid(A))

of A(A).
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Proof. It only remains to show the second statement. Let J = regid(A) and
x € A. Let o be an arbitrary element of A(J) and choose y € J such
that @o(y) # 0. Then ¥ # 0 in a neighbourhood V' of ¢y and zy € J.
Since J is regular both zy and 3 are hk-continuous functions on A(J). Now
Z(p) = 2y(p)y(p)~* for all ¢ € V and hence 7 is hk-continuous at ¢g. O

Lemma 4.3.5. Let A be a commutative Banach algebra, J the greatest reqular
ideal of A and suppose that A/J is regular. Then the hull h(J) has empty
interior in A(A).

Proof. Assume that there exists a nonempty open subset U of A(A) which
is contained in h(J) = A(A/J). Because A/J is regular, U is hk-open in
h(J). Let W be an hk-open subset of A(A) such that W N h(J) = U, and
let K = k(A(A) \ W). Then A(K) = W and hence A(K) Nh(J) = U, and
V = A(K)N A(J) is hk-open in A(K). Then A(K) =U UV and U and V
are both hk-open in A(K).

Now, for every x € A, T is hk-continuous on U since A/J is regular. By
Lemma 4.3.4, 7 is also hk-continuous on V. In particular, Z is hk-continuous
on A(K) for every x € K. Thus K is a regular ideal of A by Corollary 4.2.4.
But K is not contained in J since U # () and U C h(J). This contradiction
shows that A(J) has an empty interior. O

Corollary 4.3.6. Let A and J be as in Lemma 4.3.5 and let E be a closed
subset of A(A) such that k(E) = {0}. Then E = A(A).

Proof. By Lemma 4.3.5, A(J) is dense in A(A). It is therefore enough to show
that A(J) C E. Assume that ' = ENA(J) is a proper subset of A(.J). Then,
since J is regular, there exists a nonzero element x of J such that £ = 0 on F.
It follows that @ vanishes on all of E. This contradicts k(E) = {0} and shows
that £ D A(J). 0

Lemma 4.3.7. Let J be the greatest closed reqular ideal of A and suppose
that A/J is reqular. Let I be an arbitrary closed ideal of A. Then there exists
a closed ideal K of A/I such that both K and (A/I)/K are regular.

Proof. Let ¢ : A — A/I denote the quotient homomorphism. Since J is
regular, Lemma 4.2.15 implies that K = ¢(J) is a regular ideal of A/I. Yet,
(A/I)/K is also regular. Indeed, since

(A/D)/E = (A/D)/(q (K)/T) = AJq~ " (K)

and since ¢~ (K) contains J, (A/I)/K is a quotient algebra of A/.J. Because
A/J is regular by hypothesis, it follows from Theorem 4.2.6 that (A/I)/K is
regular. a

Recall that if A is regular and I is a closed ideal of A, then both I and
A/T are regular (Theorem 4.2.6). We are now ready to prove the converse.
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Theorem 4.3.8. Let A be a commutative Banach algebra and suppose that A
has a closed ideal I such that both I and A/I are reqular. Then A is reqular.+

Proof. Let J be the largest regular closed ideal of A. Then J O I and since A/I
is regular, it follows that A/J is regular as well. So A satisfies the hypotheses
of Lemma 4.3.7.

Let E be any closed subset of A(A). We have to show that E is hk-closed
in A(A). To that end, let B = A/k(E), let ¢ : A — B denote the quotient
homomorphism and consider the dual mapping

q" : A(B) — Wk(E)) C A(A), ¢ —1oq.

Let F = ¢*1-1(F) C A(B). We claim that k(F) = {0}.

For that, let z € A be such that ¢(z) € k(F) and let ¢ € E. Then ¢ = ¢)oq
for some ¢ € F and hence ¢(x) = ¥(¢(z)) = 0. Thus x € k(E) and therefore
q(z) = 0. Applying Lemma 4.3.7 with I = k(F), we see that B = A/k(F) and
F C A(B) satisfy the hypotheses of Corollary 4.3.6. It follows that F' = A(B),
and this implies

E=q(¢" (B) =4 (F)=q¢(AB)) = h(k(E)),
so that E is hk-closed in A(A). O

Corollary 4.3.9. Suppose that A possesses a sequence (I;)jen of closed sub-
algebras with the following properties.

(i) I; is an ideal in Iy for each j € N and Ujoil 1; is dense in A.
(ii) Iy and Ij41/1; are regular for each j € N.

Then A is regular.

Proof. Applying Theorem 4.3.8 and induction, it follows from the hypotheses
that I; is regular for every j. Thus (J;2, I; C reg(A), and since [J;2, I; is
dense in A, we obtain that reg(A) = A (Lemma 4.2.15). O

As an important example, we proceed to determine reg(Co(X, A)), where
X is a locally compact Hausdorff space and A any commutative Banach alge-
bra. Although the result turns out to be what one would expect, it is highly
non-trivial to achieve.

Lemma 4.3.10. Let A be a commutative Banach algebra and let B be a Ba-
nach algebra consisting of A-valued functions on a set X with pointwise op-
erations. Let

R={feB: f(X)Creg(A)},

and suppose that R is closed in B and R is reqular. Then reg(B) = R.
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Proof. For each x € X, consider the algebra homomorphism

O reg(B) — A, f— f(ZIJ)

Lemma 4.2.15 yields that ¢, (reg(B)) is a regular subalgebra of A and hence
contained in reg(A). Thus, for every f € reg(B), we have f(x) € reg(A) for
all z € X. Consequently, reg(B) C R. By hypothesis, R is closed and regular.
Thus it follows that reg(B) = R. O

Theorem 4.3.11. Let X be a locally compact Hausdorff space and A a com-
mutative Banach algebra. Then

reg(Co(X, A)) = Co(X, reg(4)).
In particular, Co(X, A) is regular if and only if A is regular.

Proof. Because Cp(X,reg(A)) is a closed subalgebra of Cy(X, A), by Lemma
4.3.10 it suffices to show that Co (X, reg(A)) is regular. We know from Lemma
4.2.19 that the projective tensor product of the two regular algebras Cy(X)
and reg(A) is regular. Therefore, we establish a homomorphism

¢ Co(X) @Wreg(A) — Co(X,reg(A))

with dense range. Regularity of Co(X,reg(A)) then follows from Lemma
4.2.15.

For f € Co(X) and a € A, let fa € Cy(X, A) be defined by fa(x) = f(z)a
for all z € X. Then the map (f,a) — fa is bilinear and maps Cy(X) x reg(A)
into Cy(X,reg(A)). Hence there is a unique linear map

¢ : Co(X) @reg(A) — Co(X, reg(A))

such that ¢(f ® a) = fa for all f € Cyp(X) and a € reg(A). For f,g € Cp(X)
and a,b € A, we have

o((f ®@a)(g®b)) = ¢(fg®ab) = (fg)(ab) = (fa)(gh) = ¢(f ® a)p(g ®b).

So ¢ is a homomorphism.
We verify next that ¢ is continuous with respect to the projective tensor
norm on Co(X) ®@reg(A). For fi,..., fn, € Co(X) and ay, ..., ay € reg(A), we

H¢<ij®aj>H= > Fial| <30 M fillsollagll-
Jj=1 j=1 j=1

It follows that [|¢(u)|| < m(u) for every u € Cy(X) @ reg(A). Hence ¢ is
continuous and extends uniquely to a homomorphism

¢ : Co(X) Rnreg(A) — Co(X,reg(A)).
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It remains to show that the range of ¢ is dense in Co(X, reg(A)). To that end,
let F' € Cy(X,reg(A)) and € > 0 be given. There exists a compact subset K
of X such that ||F(z)|| < €/2 for every z € X \ K. For each z € K, let

Ue ={y e X :[|F(y) - F(a)|| <e€/2}.
The sets U,,xz € K, form an open cover of the compact set K. Hence there
exist x1,...,x, € K such that K C U;-Zzl Uy, Because X is a locally compact
Hausdorff space we can find a partition of unity subordinate to this finite open
cover of K. This means that there exist non-negative continuous functions
f1,..., fnon X with compact support such that supp f; C Uy, forj =1,...,n

and B
(ij)(X) € [0,1] and <ng> =1
Jj=1 K
Now let .
u=Y_f;®F(z;) € Co(X) @reg(A).
j=1
Then, for every y € X,
IF(y) = s(w) (@)l = ||F(y) = > f3(y) F (=)
j=1
< HWIF) = Flay)| + <1 - ij(@) IEW)I-
j=1 Jj=1
It follows that, if y & U,, for all j =1,...,n, then
1F(y) — o(w) )|l < I1F W)l <e/2,
whereas if y € Uy, for at least one k, then
£ (y) — vl < Z SeWIF(y) — F(aw)||

yEUzk

<1—ng )IF )l
< +<1—ij >||F .

Hence ||F(y) — ¢(u)(y)|| < €/2 for y € K, and if y € Uy, \ K for some k, then

€

IF@) - sl < 5+ | 1= i) |y <e
j=1

Thus ||F(y) — ¢(u)(y)|| < e for all y € X. This shows that ¢(Co(X) @reg(A))
is dense in Cp(X,reg(A)), which finishes the proof of the theorem. O
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4.4 Regularity of L'(G)

The most important examples of regular commutative Banach algebras are the
L'-algebras of locally compact Abelian groups. However, to prove regularity
of L'(@) is rather difficult because one has to appeal to another fundamental
theorem in harmonic analysis, the Plancherel theorem. We have chosen an
approach to the inversion formula and Plancherel’s theorem which utilizes
Gelfand’s theory of commutative C*-algebras (Section 2.4) and is therefore
much closer to the general theme of this book than are other proofs.

Definition 4.4.1. Let G be a locally compact Abelian group and C*(G) the
space of all bounded continuous functions on G endowed with the supremum
norm | - |- Let A : f — As denote the regular representation of L'(Q)
on L%(G) as introduced in Section 2.7 and recall that the group C*-algebra,
C*(@), is the closure of the A(L}(G)) in B(L*(Q)).

Let C*°(G) be the set of all f € C?(G) such that there exist 7' € C*(G)
and a sequence (f,), in L'(G) N C*(G) with the following properties.

(i) As, — T in B(L*(@)) as n — oo.
(ii) ”fn_fHoo — 0 asn — oo.

Lemma 4.4.2. Given f € C*(G), the operator T € C*(G) in Definition
4.4.1 is unique and is denoted T}.

Proof. Let T, S € C*(G) and suppose that (f,), and (gn), are sequences in
LY(G) N C*(G) such that, as n — oo,

A, =T, Ag, — S and ||fn — fllo = 0, |lgn — flloc — 0.
Let @ =T — S. Then, for arbitrary g € C.(G),

[(fn = gn) * glloo < [[fn = gnlloollglls < lglla(lfn = Flloo +1lgn = flloc) — 0

and

1(fr = gn) ¥ g = Q9)l2 < (A, = T)(@)ll2 + |(Ag, = S)(9)]l2 — 0.

In particular, for every compact subset K of G, ((f,—gn)*g)|x — 0 uniformly
and ((fn — gn) * 9)|lx — Q(9)|x in L?(K). Both facts together imply that
Q(g9)|xk = 0 in L?(K). This holds for all compact subsets K of G. Thus
it follows that Q(g) = 0. Since C.(Q) is dense in L?(G), we conclude that
Q=0. 0

Remark 4.4.3. Let f € L'(G) N C*°(G). Then, taking f, = f for all n € N,
we see that Ty = Ay. Hence the three Gelfand transforms ff, Xf, and f
coincide on G. Thus, defining f: ff for f € C*(G), the assignment f — f
coincides on LY(G) N C*°(G) with the Gelfand transformation of L'(G). In
addition, we have || flloo = [ T7 oo = [|IT7]I-
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In preparation for the inversion formula and the Plancherel theorem we
have to provide a series of technical lemmas.

Lemma 4.4.4. The map f — Ty from C=(G) into C*(G) is linear and in-
Jective.

Proof. Linearity of the map is obvious. Thus it remains to show that f =0
whenever Ty = 0. So suppose there exists a sequence (f,,), in L'(G) N C*(G)
such that Ay, — 0 and || f,— f|loc — 0. Then, for any g € C.(G), || fa*gll2 — 0
and
[fnxg—fxglloc <Ifn— fllecllglls — 0.

As in the proof of Lemma 4.4.2, it follows that f*g=0in L?(G). However,
since f* g is continuous, we get that [, f(z)g(z)dz = 0. Finally, since C,(G)
is dense in L'(G) and f € L>®(G) = E;( )*, it follows that f = 0. O

Lemma 4.4.5. Let S € C*(G) and g,h € C.(G). Then
(i) g* S(h) € C(G) and Ty 5y = SAgun-
(i) S(g)  S(g)* € C=(G) and Ts(g)xs(g)* = 55 Agug= -

Proof. (i) We know that g x S(h) € Co(G) C C*(Q). Let (fu)n C C.(G) be
such that Ay, — S in C*(G). Then, for every z € G,

(foxg* h)() — (g% S()(@)] < / 19(0)| - s, () () — S(R) ()| dy

< llglle - 1Rz (As, (R)) = Ra(S(h))ll2
<Az, = SI- IRll2llgll2;

which tends to zero as n — oo. Moreover, for each u € C.(G),

[Afuxgen(u) = SAgenlla < IAg, = S|+ llg * hxulla
< A, = SI - llull2llg * Al
and hence
A faxgen = SAgenll < A, = Sl - llg * hlly — 0.
This shows that g+ S(h) € C*(G) and Ty.s(n) = SAgsn-
(ii) Clearly, S(g) * S(g)* € Co(G) C C*(G). Let (fn)n be a sequence in
C.(G) with Ay, — S. Then

H)‘fn*f;*g*g* —55%A = 1A, }n)‘g*g* —S5°A

which converges to zero as n — oo. Moreover, we have f,, * f x g * g* €
LY(G)NC*(G) and
[fr e S g g™ = S(g) % S(9) lloe = A1, (9) * As, (9)" — S(g) * S(9)" o
<Az @l2llAr. (9)" = S(9)" (2
+15@9) ll2llAr, (9) = S(g)ll2
< Ar, = SI - llgl2UAz, (9)ll2 + [15(g)l]2),

which also converges to 0 as n — oo. This proves (ii). O
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Lemma 4.4.6. Let f € C*°(G), x € G and o € G. Then

~

(i) f* € C=(G) and f* = f. R
(ii) L, f € C=(GQ) and/ézf(oz) = a(z) fla).
(iii) af € C*°(G) and af = L f.

Proof. Let (fn)n € LY(G) NC*(G) and T € C*(G) such that A\, — T and

(i) Because || fr — f*[lc — 0 and Ay: — T = (Ay, = T)* — 0, it follows
(ii) Let S € B(L*(G)) be defined by S(g) = T(L.g), g € L*(G). Then, for
all g € Co(G), | Lafn — Lof|loc — 0 and

IAL, 1. (9) = S(@)ll2 = || fa * La(g) — T(La (@)l < IAg, =TI - llgll2-

This shows that ||Ar,r, —S|| — 0 and hence S € C*(G), L, f € C>°(G) and

S =Typ,s. Thus L, f = S. On the other hand, Ijz\h(oz) = a(x) h(a) for every
h € LY(G) and hence

S(a) = lim Ly fo(e) = a(z) im fo(a) = a(z) T(a).

n—oo n—oo

This shows that f(a)a(x) = fw\f(a).
(iii) Define S € B(L?(Q)) by
S(9)(x) = a(z)S(ag)(x), g€ L?*(G),z €G.

Since ||afn, — af]|co — 0 and

Aan(9)(2) = ((@h) * g)(z) = a(z)(h * (ag))(z) = a(z)An(ag)(z)

for h € L'(G),g € C.(G) and x € G, we get that A,z — S. Consequently,
S e C*G),af € C®(G), and S = Ty¢. Finally, by Lemma 2.7.3,

af =8 = lim af, = lim Laf, = LaT = Lo f,
as was to be shown. O

Lemma 4.4.7. Let [ € C*(G). If J? is real valued then f(e) € R, and if
f >0 then f(e) > 0.

Proof. Suppose that f is real valued and let " = Ty. The Gelfand homo-
morphism of L!(G) preserves involution and is injective. Hence we have
T+* =T = f = f =T and hence T* = T. Now, let f,, € LY(G)NC*(G), n € N,
be such that || f, — f|lcc — 0 and Ay, — T Then, setting g, = (fn + f})/2 €
LY(G) N CY@),
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This implies (f + f*)/2 € C*(G) and T(ff+) /2 = Ty, whence f = f* and,
in particular, f(e) = f(e).

Now let fz 0. Then f(e) € R by what we have shown in the preceding
paragraph. Towards a contradiction, assume that f(e) < 0 and choose sym-
metric neighbourhoods V' and W of e in G such that W2 C V and Ref(x) < 0
for all z € V. In addition, choose g € CF(G), g # 0, with suppg C W. We
want to compute (f*g+*g*)(e). Note that if fG g(y)g* (y~tx=1)dy # 0 for some
x, then y~'z~! € suppg* C W for some y € suppg C W, so that = € V.
Thus

1 1
gu—(F+ )| —0and A, — (T+T) =T,

o0

(f* g% g°)(e) = /V Ref(z)(g* g*) (@ )dz +i /V Imf(2)(g * g*) (" )d,

which fails to be > 0 since Ref(x) < 0 for all z € V.

To reach a contradiction, we show that (f * g x g*)(e) > 0. There exists
S = §* € C*(G) such that S? = T. Indeed, C*(G) is isomorphic to Cy(G)
and T is positive, so that there exists S € C*(G) such that § = (T)%/2.
Choose (fn)n € LY(G) N C*(G) such that A\, — T and || f,, — fllec — 0 and
(gn)n € L*(G) so that Ay, — S. Then

HT_ /\gn*gﬁ

<118 = Ags Sl + 152z = Mg, A
<SI- 115 = Agz [+ Ag Il - [[Ag, = Sl

which converges to 0 as n — oo. Since Ay, — T we get Ay, — Ay, «gx — 0, and
hence, using || fn — flloo — 0,
(Fraea)e) = [ F@)gsg)a e = lim (F+g+57))
= lim (Af,(9),9) = lm (Ag, . (9),9)

= lim [ (gn*g)(x)(gn *g)* (™ ")da

n—oo el

= lim A, (9)]13 = IS(9)]I3
> 0.

This contradiction shows that f(e) > 0. O

Lemma 4.4.8. Let ¢ € CE(G) and € > 0. Then there exist functions f1, fa €
C™(G) such that fy, fo € CF(G), fr > € > fa and fi(e) — fa(e) <e.

Proof. To start with, let K be any compact subset of G and n > 0. Then,
given a € K, there exist neighbourhoods U, of a and V,, of e such that
|B(z) — 1| <nforall z € V, and 3 € U, (Lemma 2.7.4). Since K is compact,
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the usual covering argument shows that there exists a neighbourhood V' of e
in G such that |a(z) — 1| < n for all @« € K and x € V. Then, if f € CH(G)
is such that supp f CV and f(1lg) = 1, we have

—1|—>/f x) — 1)dzx

for all @ € K.

Let now K = supp{ and i > 0 . Then, by the preceding paragraph, there
exists a symmetric neighbourhood V' of e such that |f(a) — 1] < n for all
f € CH(G) with ||f]l1 = 1 and supp f C V. For all such f, it follows that

<sup|a )—1]|- /f Ydy <n
zeV

P i) = 1] < |f(@)fla) = Fla)| + [ Fla) — 1] < 2|f(a) — 1] < 22.

This in turn implies the following facts.

(1) Given 6 > 0, there exists a function gs of the form gs = f5 * f5 with
fs € CF(G) such that 1+6 > gs(a) >1—46 for all « € K.

(2) There exists g of the form g = f*f*, where f € CF(G), such that g(a) > 1
for all a € K.

Let T € C*(G) with T = ¢ and define Ty, Ty € C*(G) by
Ty = Ty and Ty = Thg, s,
From (1) and (2) we get
Ti=€(gs+09)" > €Q—0+0g) >€ >TA+5-483) > T,

Let C*(G) = {T, : v € C*(G)} C C*(G). Both g and g5 are of the form
h*h* with h € C.(G). So Lemma 4.4.5 shows that

T1,Ty € C%(G) and T), € C%(G).

Thus there are f fl, and f2 in C°°(G) such that f: f/\\g and fj = /;,j =
1,2. Then f T)\ {h * h* is real valued and hence f(e) € R by Lemma
4.4.7. Moreover L - N

fi—fa=20TX, =26f.
The injectivity of the map h — T}, from C*°(G) into C*(G) (Lemma 4.4.4)
implies that f1 — fo = 25 f. In particular fi(e) — fa(e) = 25 f(e). Because f(e)
is real and since the definition of g and hence T'A; and f do not depend on 4,
it follows that fi(e) — f2(e) < e for suitably chosen ¢ > 0. This completes the
proof of the lemma. O

Now we are ready to prove the inversion formula.



218 4 Regularity and Related Properties

Theorem 4.4.9. (Inversion formula) With suitable normalisation of the Haar
measure on G, for all f € C*(G) such that f has compact support and all

r € G, we have
x) = /A f(a)a(x)da

Proof. We are going to define a Haar integral on C.(G ) Let € € CR(@). Then,
by Lemma 4.4.8

sup{f(e): f € C=(G), f € Ce(G), f < €}

=inf{f(e) : f € C(G), [ € Co(@), f 2 €}.
Denote this real number by I(£). Then I : £ — I(£) is a real linear functional
on C¥(G). To see this, let £,n € C¥(G) and A € R. Using the supremum in

the above equation gives I(§) 4+ I(n) < I(£ +n), and using the infimum shows
I(€+m) < I(&) + I(n). Clearly, I(\6) = AI(€) if A > 0. Since

I(=€) = sup{f(e) : f € C¥(G), f € Ce(G),— F > &}
—inf{(—f)(e) : f € C®(G), f € C(G),— F > &}
=—1(¢),
it follows that I(A&) = AI(€) for all A € R. R
The functional I is positive, since if £ € C.F(G), then
1(§) = inf{f(e) : f € C*(G), f € C(G), f > ¢}

and fz 0 ensures that f(e) > 0 by Lemma 4.4.7. Thus I extends uniquely
to a positive linear functional on Cc(@).

We next observe that I is nontrivial. For that, choose T' € C*(G) and
g € Co(G) such that T € C.(G) and T(g) # 0. Setting h = T(g), Lemma
4.4.5 implies that h « h* € C*(G) and

e b =TT Nyuge = T2 |° € C(G),

whence I(h h*) = h* h*(e) = ||h||2 > 0.
It remains to verify that I is translation invariant. Note first that, by
Lemma 4.4.6(iii), for « € G and f € C*°(G) with f € C.(G),

I(Laf) = I(af) = (f)(e) = [(e) = I(f).
Using this and Lemma 4.4.6(iii) again, we obtain, for arbitrary £ € ng(@),

I(La€) = sup{I(g) : g € C=(G), 560(@) 7> Lot}
= sup{I(Lag) : g € C%(G),5 € Co(G), Lag > £}
= sup{I(ag) : ag € C¥(G),ag = Lag € C(G), &g > £}
=sup{I(f): f € C¥(G), [ € C.(G), [ > &}

= 1(¢).
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Thus, for a suitably normalized Haar measure da on é, we have

1(6) = /éaa)da

for all £ € Cc(@). In particular, if f € C°°(G) is such that fe CC(CAJ), then
by Lemma 4.4.6(ii),

G

flo) =1L = [

G

Lo 1 f()da = / o(z) f(a)da

for all z € G. O

Let g € Co(G) and € € L%(G). Then g * & € Cy(G) N L?(G). The bounded
linear transformations & — g * & and & — \,(€) of L?(G) agree on C.(G).
Thus, taking £ = T'(f) where f € C.(G) and T' € C*(G), we obtain that

g*T(f) =Xg(T(f)) =T(g*f)-

This simple fact is used when we deduce the Plancherel theorem from the
inversion formula and some of the above lemmas.

Theorem 4.4.10. (Plancherel theorem) Let G be a locally compact Abelian

group and let the Haar measure on G be normalised so that the inversion
formula holds. Let E = C*(G) N L*(G). Then

(i) E is a dense linear subspace of L*(G).
(i) The set E = {f : f € E} is a dense linear subspace of L*(G).
(iii) The mapping f — ffrom E to E is isometric and extends uniquely to a
Hilbert space isomorphism from L*(G) onto L*(G).

Proof. (i) Clearly, E is a linear subspace of L?(G). To prove that F is dense
in L?(G), let F denote the set of all functions of the form g*T(h) = T'(g* h),
where g,h € C.(G) and T € C*(G) is such that T € C.(G). By Lemma
4.4.5(1), F C C*(G) and hence F C E. It therefore suffices to show that F’
is dense in L?(G).

To that end, let h € C.(G),h # 0, and € > 0 be given. Denote by |X|
the Haar measure of a measurable subset X of GG, and choose an open neigh-
bourhood U of e in G such that |U -supp h| < 2| supp h|. Since h is uniformly
continuous, we find a symmetric open neighbourhood W of e contained in U
such that

Ih(yz) — h(z)| < € (2] supp h))~/2

forallz € Gand y € W. For all z € G and u € Cf (G) such that suppu C W
and |Jull; = 1, it then follows that

[(uxh)(z) = h(z)] < /G [uly)| - [h(y~"x) = h(z)|dz < e(2|supp h|) =/
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and hence, by the choice of U, W, and u,
||u>kh—h||§:/ |(u* h)(x) — h(z)|>de < €.
W-supp h

Now let V' be a symmetric neighbourhood of e such that V2 C W and let
f € CHG) such that || f|l; = 1 and supp f C V. Then supp(f * f) C W and
| ff]ln = 1. There exists T € C*(G) with T € C.(G) and || T(h)—A r(h)2 <e.
Summarizing, we have f * T'(h) = T(f *h) € F and

[f+T(h) = hlls <|[f *T(h) = fx Ap(R)ll2 + [[(f % £) + h = A2
<Al 1T (R) = Ap(h)ll2 + €

< 2e.

This proves that F is dense in L?(G).

To establish (ii), let £ € L2(§) and € > 0 be given. Since C* (G ) D C( )
and C.(Q) is dense in L?(Q), there exists T € C*(G) such that Tec, (G) and
||T &|l2 < e. Arguing as in the proof of Lemma 4.4.8, there exists h € C.(G)

such that f = hx h* satisfies

fla) =1 < e(|T|1% |supp T|)~*/?

for all o € suppT’. Then T(f) € E and, by Lemma 4.4.5(i),

TF = Tnene = Thione = Thozne)
= h* T(h*) = /\h( (h*) = TW*)

—

=7(7).

It follows that

1T -T2 = /G () 2IFa) - 1]2do

- / ()P f(0) - 11%da
supp T

< |17 [supp T ¢ (|12 | supp T) "
and hence [[¢ = T(f)||> < € = Tll2 + |T = T(f)]l2 < 2¢.

Because F and E are dense in L?(G) and L2(G), respectively, for (iii) it
only remains to show that the mapping f — f F— Eis isometric. If f € F,
say f = S(g  h), where g,h € Co(G), and S € C*(G) such that S € C.(G),
then f* f* € C*°(G) and

—

Frf*=88((g*h)*(gxh))" € Ce(G)
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by Lemma 4.4.5(ii). So for each f € F, f % f* satisfies the hypotheses of
Theorem 4.4.9. Using Lemma 4.4.5, it follows that

IIfIIQ—/f v V) = (f * f)(e)

/ o F(a)da = / (SAgut (SAgen)*) (@)da

/|ng*h> Ida—/lf )2da
:||fH2-

Thus f — fis isometric on F', as required. O

Definition 4.4.11. The unique extension of the mapping f — f from F to
all of L?(@), also denoted f — f , 18 called the Plancherel transformation and
f, for f € L?(G), is called the Plancherel transform of f. By Theorem 4.4.10,
f — f is a Hilbert space isomorphism from L2(G) onto L%(G).

The Plancherel formula and linearisation imply

Corollary 4.4.12. For f,g € L*(G) the Parseval identity

/G f(@)g(x)da = /G Fle)g(a)da
holds.

Corollary 4.4.13. For f € L*(G) and o € é,

fr=f f=(f) and af =L,f.
Proof. 1t is sufficient to check all three equations for functions f in a dense
linear subspace of L?*(G). Now, the first and the third equations hold in
C*(G), and hence in E, by (i) and (iii) of Lemma 4.4.6, respectively. As
to the second, it is enough to verify that if f € C°°(G) then f € C*°(G) and
ff B) = ff(ﬁfl) for all 8 € G. However, this follows immediately from the
corresponding equation for functions f in L*(G). O

Now regularity of L'(G), our main goal in this section, follows quickly.

Theorem 4.4.14. Let G be a locally compact Abelian group. Then L*(G) is
reqular.

Proof. Let E be a closed subset of G and o € G\E We have to find f € Ll(G)
such that f( ) # 0 and f|E = 0. Choose a neighbourhood U of o in G and a

symmetric neighbourhood V' of 14 in G such that UV N E = 0.
By the Plancherel theorem we find functions u and v in L?(G) with the
following properties.
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-~

(1) uwe CH(G), suppu C U and u(«) # 0.

~

(2) v e CH(G), suppv C V and 0(1g) # 0.
Then f =uv € L'(G) and, by Corollaries 4.4.12 and 4.4.13,

7(6) = /G w(z)o(z)B(x)dz = / u(z) fo(z)

G

= [at) @ = [ a0 L)

G

— [ a(y)v(By) = / u(y) v(vB)dy
G G

= (@ *9)(B)

for all 3 € G. Now (1) and (2) imply that supp(d *9) C UV C G\ E and
(u*v)(w) > 0. Thus f has the desired properties. O

In Theorem 4.3.11 we have shown that if X is a locally compact Haus-
dorff space and A is a commutative Banach algebra, then reg(Co(X, A)) =
Co(X,reg(A)). Using regularity of L!(G), the analogous result can be estab-
lished for L'(G, A). The proof, however, is somewhat more technical. The
reader is invited to carry out two of the main steps in the exercises (Exercises
4.8.21, 4.8.22 and 4.8.23).

We conclude this section with another consequence of regularity of L' (G).

Remark 4.4.15. We already know that if G is a compact Abelian group, then
G is discrete. Conversely, suppose that G'is a locally compact Abelian group
and that G is discrete. By Theorem 4.4.14 there exists f € L'(G) such that

f(a) =0for a # 1g and f(lg) = 1. Then f = f * f* and hence f € L*(Q)
and f can be assumed to be continuous. The Plancherel formula implies

/G (&) = gz = 3 fla)G() - G(1a) =0

aeé

for all g € C.(G). This forces f(x) =1 for all z € G and hence G has to be
compact.

4.5 Spectral extension properties

Let A be a commutative Banach algebra. An extension of A is a Ba-
nach algebra B such that A is algebraically, but not necessarily continu-
ously, embedded in B. We then view A as a subalgebra of B. In this case,
op(z) U {0} C oa(z) U {0} and hence rp(x) < ra(z) for all z € A. These
observations suggest the following definition.
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Definition 4.5.1. A commutative Banach algebra A has the spectral exten-
sion property if rp(x) = ra(x) for every extension B of A and every z € A.
A is said to have the strong spectral extension property if op(x) U {0} =
oa(x) U {0} holds for every commutative extension B of A and every z € A.
Finally, A has the multiplicative Hahn—Banach property if, given any com-
mutative extension B of A, every ¢ € A(A) extends to some element of A(B).

It is clear from the very definition that the strong spectral extension prop-
erty implies the spectral extension property. For any commutative Banach
algebra C and y € C,

oc(y) \ {0} C{v(y) : v € A(C)} C ac(y)

(Theorem 2.2.5). Therefore the multiplicative Hahn-Banach property implies
the strong spectral extension property.

We have seen in Corollary 4.2.17 that every regular semisimple commu-
tative Banach algebra A has the multiplicative Hahn—Banach property. The
purpose of this section is to characterise the semisimple commutative Banach
algebras having either of these three properties by a condition similar to, but
weaker than, regularity of A and conditions involving the Shilov boundary
0(A) of A.

Lemma 4.5.2. For a commutative Banach algebra A, the following conditions
are equivalent.

(i) A has the spectral extension property.
(ii) Every submultiplicative norm | -| on A satisfies ra(a) < |a| for all a € A.

Proof. (i) = (ii) Let |-| be any submultiplicative norm on A and let (B, | - ||)
be the completion of (A, |- |). By (i), for all a € A,

ra(a) = rp(a) = lim fla”|['/" < flal| = al.

(ii) = (i) Let (B, ||-||) be any extension of A. Then rp is a submultiplicative
norm on B and hence on A. Thus (ii) implies that r4(a) < rp(a) for alla € A,
as required. O

For an element a € A, define the permanent radius r,(a) of a to be
rp(a) = inf{rp(a) : B is an extension of A}.
Clearly, 7,(a) < ra(a). More precisely,
rp(a) = inf{la| : | - | is a submultiplicative norm on A}.

Indeed, if || is any submultiplicative norm on A and B is the completion of A
with respect to |- |, then B is an extension of A and hence 7,(a) < rg(a) < |a]
for every a € A.
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Theorem 4.5.3. For a semisimple commutative Banach algebra A the fol-
lowing are equivalent.

(i) A has the spectral extension property.

(ii) If E is a closed subset of A(A) that does not contain the Shilov boundary
of A, then there exists an element a € A such that @ = 0 on E and
rp(a) > 0.

(iii) Whenever B is a commutative extension of A, every ¢ € I(A) extends to
some element of A(B).

Proof. (i) = (ii) Let E be a closed subset of A(A) that does not contain
the Shilov boundary of A. Towards a contradiction, assume that F has the
property that for any a € A, a|g = 0 implies a = 0. Then |a| = ||a]g]|~
defines a submultiplicative norm on A. Because A has the spectral extension
property, Lemma 4.5.2 shows that r4(a) < |a|. Now, since A is semisimple,
ra(a) = ||a]|c and hence ||a]|s = ||@|£||oo for all @ € A. Thus E is a boundary
for A and therefore has to contain the Shilov boundary. This contradiction
shows the existence of some nonzero element a € A such that @ = 0 on E.
Finally, using once more the facts that A is semisimple and has the spectral
extension property, we have r,(a) = ra(a) > 0.

(i) = (iii) Let B be a commutative extension of A and consider the
restriction map

¢: A(B)U{0} — A(A)U{0}, ¢ —la.

Then ¢ is continuous with respect to the w*-topologies. Moreover, A(B)U{0}
is a w*-closed subset of the unit ball of B*, because a w*-limit of elements of
A(B) is either 0 or an element of A(B). Thus A(B)U{0} is w*-compact and
hence so is ¢(A(B) U{0}) € A(A) U {0}. Let

E = A(A) N ¢(A(B) U{0}),
which is a closed subset of A(A). For all a € A,
rp(a) = sup{[¢(a)| : ¢ € A(B)} = sup{|p(a)| : ¢ € E},

since, by definition of E, ¢(A(B)) \ E cousists only of the zero functional.

Also, by definition of E, every ¢ € E extends to some element of A(B).
It therefore suffices to show that 9(A) C E. Assume that E does not contain
0(A). Then, by hypothesis (ii), there exists a € A such that rp(a) > 0 and
a|g = 0. Thus, by the above formula for rz(a),

0 <rpla) <rp(a) = [[alelle = 0.

This contradiction shows that d(A) C E.
(iii) = (i) Let @« € A and let B be any extension of A. To show that
rg(a) = ra(a), we can assume that B is commutative. In fact, if C' is the
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closure of A in B, then rg(a) = rc(a). Choose ¢ € 9(A) such that |p(a)| =
ra(a). By (iii), ¢ extends to some ¢ € A(B). It follows that

ra(a) = |e(a)| = [¢(a)] < rp(a) < rala),
and so (i) holds. O

Before proceeding, we insert a consequence concerning the existence of
zero divisors.

Corollary 4.5.4. Let A be a semisimple commutative Banach algebra and
suppose that A has the spectral extension property. If A is not one-dimensional,
then A contains zero divisors.

Proof. Notice that if E is any proper closed subset of 9(A), then, by Theorem
4.5.3, there exists a # 0 in A such that @ = 0 on E. Now 0(A) contains at
least two elements. Indeed, this follows from Theorem 3.3.14 if 9(A4) # A(A)
and is clear otherwise since A is not one-dimensional and semisimple.

Thus we can find two nonempty disjoint open subsets U and V of 9(A).
Let E = 0(A)\ U and F = 9(A) \ V. Then there exist nonzero elements
a,b € Asuch that @=0on E and b = 0 on F. It follows that ab=1a b = 0
on J(A) and hence on all of A(A). By semisimplicity of A, we get ab=0. O

An obvious method to construct an extension is as follows.

Lemma 4.5.5. Let A be a semisimple commutative Banach algebra. Then
Co(0(A)) is an extension of A. Furthermore, if ¢ € A(A) extends to some
element of A(Cy(0(A))), then ¢ € O(A).

Proof. Because A is semisimple, the mapping a — @|y(4) is an injective ho-
momorphism of A into Cy(9(A)). Now, every element of A(Cy(9(A))) equals
the evaluation of functions at some point of 9(A). Hence, if p € A(A) extends
to some element of A(Cy(9(A))), then ¢(a) = a(y) = 1¥(a) for some ¢p € J(A)
and all a € A. This proves ¢ = 1) € I(A). 0

Both the strong spectral extension property and the multiplicative Hahn—
Banach property are stronger than (but, as Examples 4.5.8 and 4.5.10 show,
not equivalent to) the spectral extension property. Therefore the question
arises of what distinguishes the spectral extension property from either of the
other two properties. The next two theorems provide satisfactory answers.

Theorem 4.5.6. Let A be a semisimple commutative Banach algebra. Then
A has the strong spectral extension property if and only if A has the spectral
extension property and the Shilov boundary O(A) of A satisfies

a(9(A)) U{0} =a(A(A)) u{0}
for all a € A.
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Proof. Suppose first that A has the strong spectral extension property. Then
A has the spectral extension property. By Lemma 4.5.5, B = Cy(9(A)) is an
extension of A. For every f € B,

op(f) U{0} = f(9(A)) U{0}
(Example 1.2.3). It follows that
a(0(A)) U{0} = op(a) U{0} = 0a(a) U{0} = a(A(A)) U {0}

for all @ € A.

Now assume that, conversely, A has the spectral extension property and
satisfies a(0(A4))U{0} = a(A(A))U{0} for all a € A. Let B be any commuta-
tive extension of A. If A € 0 4(a) and X # 0, then A = a(¢p) for some ¢ € A(A)
(Theorem 2.2.5). By assumption ¢ can be chosen to be in the Shilov boundary
of A. Because A has the spectral extension property, by Theorem 4.5.3, (i) =
(iii), ¢ extends to some element of A(B). It follows that A = ¢(a) € op(a).
This shows that 04(a) U{0} C op(a) U {0} and, since the reverse inclusion
holds anyway, equality follows. ad

Theorem 4.5.7. Let A be a semisimple commutative Banach algebra. Then A
has the multiplicative Hahn—Banach property if and only if A has the spectral
extension property and the Shilov boundary of A equals A(A).

Proof. Suppose first that A has the multiplicative Hahn—Banach property.
Then 0(A) = A(A) by Lemma 4.5.5. Let B be any extension of A and let
C' be the closure of A in B. Given a € A, there exists ¢ € A(A) such that
|p(a)] = ra(a). Now ¢ extends to some ¢ € A(C'), and this gives

raa) = lp(a)] = [¢(a)| < rcla) = rp(a),

since C'is a closed subalgebra of B. Thus r4(a) = rp(a).

Conversely, if A has the spectral extension property and 0(A) equals A(A),
then the implication (i) = (ii) of Theorem 4.5.3 shows that A has the multi-
plicative Hahn—Banach property. ad

Recall that regularity implies the multiplicative Hahn—Banach property,
this in turn implies the strong spectral extension property and, finally, the
strong spectral extension property implies the spectral extension property.
We now present three examples showing that none of these implications can
by reversed. All these examples are constructed in a similar manner in that
they possess an ideal isomorphic to Cp(Z) with quotient isomorphic to A(Y")
for properly chosen spaces Z and Y.

Example 4.5.8. Suppose that 0 <7 < Rand let X = {z € C: |z] < R} and
U={2€C:|z| <r}. Let
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A={feC(X): f is holomorphic onU},

endowed with the uniform norm. Because a uniform limit of holomorphic
functions is holomorphic, A is closed in C(X). Of course, the mapping x — ¢y,
where @, (f) = f(x) for all f € A, is an embedding of X into A(A). To see
that every ¢ € A(A) is of this form, let Y = {z € C : |2| < r} and consider
the closed ideal I = {f € A: fly = 0} of A. Then the mapping f — f|x\y is
an isometric isomorphism from I onto Co(X \Y), and it follows from Tietze’s
extension theorem that A/I is isometrically isomorphic to A(Y') (Exercise
4.8.24). Let ¢ € A(A). If ¢ € h(I) then ¢ = ¢, for some z € X \ Y, whereas
if o(I) # {0}, then ¢(g) = g(y) for all g € I and some y € Y (Theorem
2.6.6). In the latter case, choosing g € I such that ¢(g) # 0, we obtain
o(f) = o(fg)e(g)~t = f(y) for all f € A. Thus A(A) can be identified with
X and, with this identification, the Gelfand transform fcoincides with f for
every f € A.

It follows from the maximum modulus principle that the Shilov boundary
of A equals the annulus {z € C : r < |z| < R}. Now the function f(z) = z
does not attain all its values on the Shilov boundary, and so A does not have
the strong spectral extension property by Theorem 4.5.6.

Yet, A has the spectral extension property. To verify this, we apply The-
orem 4.5.3. Thus, let E be a proper closed subset of X that does not contain
the Shilov boundary. Then there exists a nonempty open subset of X \ YV
which is disjoint from E. Hence there exists f € A such that f =0 on E and
f =1 on some nonempty open subset W of X. On the other hand, A contains
a nonzero function g with supp g C W. It follows that fg = g and hence

0<rp(g) =rp(fg) < rp(f)rpg),

whence 7,(f) > 1. An application of Theorem 4.5.3, (ii) = (i), now shows
that A has the spectral extension property.

The next example shares the multiplicative Hahn—Banach property but
fails to be regular.

Example 4.5.9. Let X = D x [0,1] and let A be the algebra of all continu-
ous complex-valued functions f on X with the property that z — f(z,0) is
holomorphic on D°. Endowed with the supremum norm, A is a commutative
Banach algebra. Arguing as in the previous example and taking the closed
ideal I = Cy(D x (0, 1]) with quotient isomorphic to A(DD), it is easily seen
that A(A) can be identified with X in such a way that f equals f for all
feA

In this case, however, the Shilov boundary of A is all of X . Indeed, since A
contains every continuous function on X which is zero on D x {0}, it follows
that 9(4) 2 D x (0, 1] and hence 9(A) = X. Of course, A fails to be regular
because A/I = A(D) is not regular.

However, A has the multiplicative Hahn—-Banach property. Since 9(A) =
X, this follows from Theorem 4.5.7 once we have shown that A has the spectral
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extension property. This is done by again applying Theorem 4.5.3, (ii) = (i).
Thus let E be a closed subset of X that does not contain the Shilov boundary,
which simply means that E # X. Precisely as in Example 4.5.8, it can be
shown that there exist functions f,g € A such that f =0 on E, g # 0, and
fg=g. Then ry(f) > 0 and condition (ii) of Theorem 4.5.3 is fulfilled.

Finally, we give an example of a commutative Banach algebra A which has
the strong spectral extension property, but does not have the multiplicative
Hahn-Banach property. As one might expect, such an example is not so easy
to discover. The one that follows involves the theory of holomorphic functions
of two complex variables.

Example 4.5.10. Let X denote the closed ball of radius 2 around zero in C?
and Y the open ball of radius 1 around zero in C2. Let

A={feC(X): f|yis holomorphic}.

Endowed with the supremum norm, A becomes a commutative Banach alge-
bra. As usual, for each z € X, let ¢, : A — C be the evalution at z. It is
then shown in the same way as in Example 4.5.9 that the mapping x — ¢,
is a homeomorphism between X and A(A) (Exercise 4.8.25). Indentifying X
and A(A) in this way, the Gelfand homomorphism of A is the identity. Notice
next that

I(A) = {(z,w) € C?: 1 < |2|* + |w|® < 4}.

Indeed, by the maximum modulus principle for holomorphic functions of two
variables, || f|y|lco = [|flocv)ll for every f € A. Moreover, the ideal

I={feA:fly =0} =Co(X\Y)

is regular, whence X \'Y = A(I) = 9(I). So 9(A) = X \ 'Y and, in particu-
lar, 9(A) # A(A). Therefore A cannot have the multiplicative Hahn-Banach
property (Theorem 4.5.7).

We observe next that A has the spectral extension property. To see this, we
once more apply Theorem 4.5.3, (ii) = (i). Thus, let E be a closed subset of X
not containing 9(A). Because E does not contain X \ Y, we can find an open
subset U of X such that U C 9(A) and UNE = (). There exists f € A such that
f=0on F and f =1 on U. Also, there exists g € A, g # 0, with suppg C U.
Then fg = g and hence, as in the previous two examples, r,,(f) > 1. Theorem
4.5.3 now shows that A has the spectral extension property.

To conclude that A even has the strong spectral extension property, by
Theorem 4.5.6 we have to verify that f(9(A)) U {0} = f(A(A)) U {0} for
every f € A. It is this point where use is made of the fact that the functions
flyv, [ € A, are holomorphic functions of two variables. From a well-known
property of holomorphic functions of several-variables [76, Theorem 1.2.6], it
follows that if f attains a value ¢ at some point (z,w) € Y, then there exists
(z/,w") € O(Y) such that f(z',w’) = c. Therefore
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F(A(A)) = F(X) = F(X\Y) = f(0A),

as required.

4.6 The unique uniform norm property

The unique uniform norm property, which is the subject of this section, is
intimately related to the properties studied in Section 4.5.

Definition 4.6.1. Let A be an algebra. A submultiplicative (not necessarily
complete) norm | - | on A is called a uniform norm if it satisfies the square
property |2?| = |z|? for all x € A.

Lemma 4.6.2. Let A be a commutative Banach algebra and let | -| be a uni-
form norm on A. Then |z| < ra(x) for all x € A. Let

E={pec A(A): |o(x)| < |z| for all x € A}.
Then E is a closed subset of A(A) and

|z = sup{lp(z)| : ¢ € E}
for all x € A.

Proof. Let (B, |-]) be the completion of A with respect to |-|. Since A is dense
in B and elements of A(B) are continuous, |4 € A(A) for each ¢ € A(B)
and the map ¥ — 9|4 is a bijection from A(B) onto the set of all elements of
A(A) which are continuous with respect to the norm |- | on A. By definition,
this set is nothing but the set F.

Because | - | is a uniform norm on B, for 2 € B we have |22"| = |z|*" for
all n € N and hence |z| = rg(z). For z € A, it follows that
|z = rp(z) = supf{lp(z)] : ¢ € E},
which is the second statement of the lemma, and also
|z = rp(x) = sup{[¢(x)] : ¥ € A(B)}

< sup{lp(z)]: ¢ € A(A)}

= ra(z),
which is the first statement of the lemma. O

Lemma 4.6.2 leads to the following criterion for semisimplicity.

Corollary 4.6.3. For a commutative Banach algebra A the following condi-
tions are equivalent.
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(i) A is semisimple.
(ii) The spectral radius is a uniform norm on A.
(iii) A admits a uniform norm.

Proof. We have already observed in Section 2.1 that A is semisimple if and
only if 74 is a (uniform) norm on A. Thus it suffices to show (iii) = (i).

If || - || is the original norm on A and |- | is a uniform norm on A, then
|z] < ra(x) = ||Z||c for all x € A by Lemma 4.6.2. Hence Z = 0 implies
z=0. ad

Definition 4.6.4. A commutative Banach algebra A is said to have the
unique uniform norm property if r4 is the only uniform norm on A. A closed
subset E of A(A) is called a set of uniqueness for A if the assignment

z — sup{|Z(p)| : ¢ € E}
defines a norm on A.

Note that if A has the spectral extension property then it has the unique
uniform norm property. In fact, let |- | be a uniform norm on A and let B be
the completion of (A, |- |). Then

ra(z) =rg(z) = lim [22"|V?" = |z
n—oo
for every x € A.

Of course, the Shilov boundary is a set of uniqueness by definition. The
theorem below characterizes the unique uniform norm property in several
different ways.

Theorem 4.6.5. Let A be a semisimple commutative Banach algebra. Then
the following four conditions are equivalent.

(i) A has the unique uniform norm property.
(i1) The Shilov boundary O(A) of A is the smallest set of uniqueness.
(iii) If F is a closed subset of A(A) that does not contain O(A), then there
exists x € A such that x # 0 and Z|p = 0.
(iv) If B is any semisimple commutative extension of A, then every element
of O(A) extends to a multiplicative linear functional on B.

Proof. (i) = (ii) If FF C A(A) is a closed set of uniqueness, then

|z = sup{lp(2)] : ¢ € F}

defines a uniform norm on A. By (i), ra(z) = |z| for all z € A. Thus F is a
closed boundary, whence F D 0(A).
(ii) = (iii) is obvious.
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Suppose that (iii) holds and let B be any semisimple commutative exten-
sion of A. As in the proof of the implication (ii) = (iii) of Theorem 4.5.3,
consider the map

¢: A(B)U{0} — A(A) U {0}, ¢ — ¢la.
Then (compare the proof of Theorem 4.5.3) the set
F=A(A)Ne(A(B) U {0})

is closed in A(A). Suppose that F does not contain 9(A). Then, by (iii),
there exists © € A,z # 0, such that ¥ = 0 on F'. Since p(z) = 0 for every
¢ € (A(B)) \ F and since B is semisimple, it follows that

0 =supflp(z)| : ¢ € F} = sup{[y(2)] : ¢ € A(B)} = ().

This contradicts « # 0 and shows that 9(A) C F. Hence, by definition of F,
each ¢ € 0(A) extends to some element of A(B).

(iv) = (i) Let | - | be a uniform norm on A and let B be the completion
of (A,|-|). Since rg(x) = |z| for all x € B, B is a semisimple commutative
extension of A. For each x € A, there exists ¢, € 9(A) such that ra(z) =
|z (x)]. By hypothesis (iv), there exists 1, € A(B) extending ¢,. It follows
that ra(z) = ¢, (x)| < |z|] and hence |z| = r4(x) for every z € A. O

A further interesting notion that has been introduced in this context is
that of weak regularity.

Definition 4.6.6. A semisimple commutative Banach algebra A is called
weakly regular if given any proper closed subset E of A(A), there exists a
nonzero element a of A with alg = 0.

The algebra studied in Example 4.5.9 is, as we have seen there, weakly
regular but not regular. An immediate consequence of the equivalence of con-
ditions (i) and (iii) in Theorem 4.6.5 is the following

Corollary 4.6.7. For a semisimple commutative Banach algebra A, the fol-
lowing conditions are equivalent.

(i) A is weakly regular.
(ii) A has the unique uniform norm property and satisfies O(A) = A(A).

From Theorem 4.6.5 we can deduce that the unique uniform norm property
is inherited by certain ideals.

Corollary 4.6.8. Let A be a semisimple commutative Banach algebra having
the unique uniform norm property. Let I be a spectral synthesis ideal of A,
that is, an ideal with the property that I = k(h(I)). Then I also has the unique
uniform norm property.
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Proof. By Theorem 4.6.5, (iii) = (i), it is sufficient to show that if F is a
closed subset of A(I) not containing the Shilov boundary 9(I), then F is not
a set of uniqueness for I. Let

E = (A(A)\ A(I)) UF = h(I)UF.

Then FE is a closed subset of A(A) which does not contain 9(A) as 9(I) C
0(A). Because A has the unique uniform norm property, by (i) = (iii) of
Theorem 4.6.5 there exists a nonzero element a € A such that a|g = 0. Then
a € k(h(I)) since h(I) C E. Thus a € I and a|p = 0, and hence F fails to be
a set of uniqueness for I. |

It is not known whether in the preceding corollary the hypothesis that I
be a spectral synthesis ideal can be dropped. We continue with an example
showing that the unique uniform norm property is in general not inherited
by quotient algebras A/I even when I is a spectral synthesis ideal. This is in
strong contrast to the hereditary properties of regularity.

Example 4.6.9. Let A be the commutative Banach algebra considered in
Example 4.5.8 where we now choose r = 1 and R = 2. Then A has the
spectral extension property and hence the unique uniform norm property. Let

I={feA: f(z)=0for all z € D}.

Then T is a spectral synthesis ideal and A/ is isometrically isomorphic to the
disc algebra A(D) which does not have the unique uniform norm property.
Indeed, every closed subset of D which has an accumulation point in D° is a
set of uniqueness.

The construction in the following proposition is a generalisation of the one
performed in Example 4.5.9. The subsequent Theorem 4.6.11 shows that this
construction provides a useful method to construct examples.

Proposition 4.6.10. Let (B, || - ||p) be a unital semisimple commutative Ba-
nach algebra. Let X = A(B) x [0,1] and

A={feC(X): f(-,0)=Db for some b€ B}.
Then, with the norm

1f1l = max([| flloc, [, 0)] 3),

A is a semisimple commutative Banach algebra satisfying

A(A) = X and 9(A) = A(A).
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Proof. Tt is clear that A is a semisimple commutative Banach algebra. For
1 € A(B) and t € [0,1], define @y, € A(A) by vy (f) = f(¥,1),f € A
Then ¢ : (1,t) — @y maps A(B) x [0, 1] continuously into A(A).

To show that ¢ is injective, let (11,¢1) and (¢2, t2) be two distinct elements
of X. If t; =ty = 0, then v; # 19 and since B is semisimple, there exists
b € B such that ¢ (b) # ¢2(b) and f € C(X), defined by f(1,t) = (D),
belongs to A and satisfies

Pip1,ta (f) # Prpa,ta (f)

Now, if one of t1,t5 is non-zero, say t; # 0, then there exists a continuous
function f: X — [0,1] such that f(¢1,t1) =1 and

fleas)xonuf s ta)r = 0.

Then also Pap1,t1 (f) 7& Papa,ta (f)
Because X is compact, ¢ is a homeomorphism onto its range. Therefore,

it remains to show that every ¢ € A(A) is of the form ¢ = ¢y, for some
1 € A(B) and t € [0,1]. To that end, define a closed ideal I of A by

I'={feA: f(AB) x{0}) = {0}}
and a closed subalgebra J of A by

J={fe€A:fiht)=f(1),0) for all ) € A(B),t € [0,1]}.

Notice that J is isomorphic to B and I is isomorphic to Co(A(B) x (0,1]). If
f € Aand b e B such that b = f on A(B) x {0}, then

f=(-b+bel+J

Hence A is the vector space direct sum of I and .J. Since J contains the
identity, ¢ is nonzero on J, and therefore there exists ¢ € A(B) such that

o(f) = f(¥,0) for all f e J. If o(I) = {0}, then clearly v = @y 0. If p(I) #
{0}, then there exists (p,t) € A(B) x (0, 1] such that ¢(f) = f(p,t) for all
fel. Forany f € I and g € J, we then have, since I is an ideal,

flpst)g(p,t) = falp,t) = w(fg) = w(f)p(g) = flp,t)g(¢,0).

Choosing f such that f(p,t) # 0, we obtain that g(p,t) = g(¢,0) for all
g € J. Now, let f = f1 + fo, where f; € I and f5 € J, be an arbitrary element
of A. Tt follows that

o(f) = ¢(f1) + o(f2) = fi(p,t) + f2(,0)
= fl(pat) + f2(p7t)
= f(pat)'

This proves that ¢ = ¢, ;. Finally, it is now obvious that 9(A) = A(4). O
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Theorem 4.6.11. Let B and A be as in Proposition 4.6.10. Then

(i) A has the spectral extension property and hence the unique uniform norm
property.
(ii) A is weakly regular.
(iii) A is regular if and only if B is regular.

Proof. (i) It is shown exactly as in Example 4.5.9 that A has the spectral
extension property.

(ii) Because A has the unique uniform norm property and 9(A) = A(A)
by Proposition 4.6.10, Corollary 4.6.7 shows that A is weakly regular.

(iii) Suppose first that B is not regular. Then there exists a closed subset
F of A(B) and ¢ € A(B) \ F such that E(F) # {0} for every b € B with
g(w) =1.Let E=F x {0} and ¢ = ¢y 0. Then E is a closed subset of A(A)
and ¢ € E. Since f = b on A(B) x {0} for every f € A, it follows that there
exists no f € A such that ¢(f) =1 and f(E) = {0}. Hence A is not regular.

Conversely, suppose that B is regular. Let E be a closed subset of A(A)
and (¢,t) € A(A)\ E. If t # 0, then FF = E N (A(B) x (0,1]) is closed in
A(B)x (0,1] = A(I) and (¢,t) € A(I)\ F. Since I = Cy(A(B) % (0,1]), there
exists f € I such that f(¢,t) = 1 and f(F) = {0}. But then f(E) = {0}
since f € Co(A(B) x (0,1]).

Now let ¢t = 0. There exists an open neighbourhood U of ¢ in A(B) such
that (U x [0,e]) N E = 0 for some € > 0. Let ' = A(B)\ U. Then ¢ ¢ F
and since B is regular, there exists b € B such that b(¢) = 1 and b(F) = {0}.
Define h € A by h(p,s) = b(p) for (p,s) € A(A). Then h(1,0) = 1 and
h(E) ={0}.Let G = A(B)x[e/2,1] C A(A). There exists g € C(A(B)x[0,1])
such that g(G) = {0} and g(A(B) x {0}) = {1}. Since B is unital, g € A.
Let f = gh € A. Then f(v,0) = 1. For (p, s) € E, we have to distinguish two
cases. If 0 < s < £/2, then p ¢ U and hence h(p,s) = E(p) =0.If s > ¢/2,
then (p,s) € G and hence g(p,s) = 0. Thus f(E) = {0}. This shows that A
is regular. O

The following simple lemma is analogous to the corresponding statement
for regularity (Lemma 4.2.15).

Lemma 4.6.12. Let A be a semisimple commutative Banach algebra and B
be a dense subalgebra of A. If B has the unique uniform norm property, then
so does A.

Proof. Let |- | be a uniform norm on A. Then |- | < ra(-) < || on A. Let
a € A and choose a sequence (b,), in B such that ||b, — a|| — 0. Because B
has the unique uniform norm property, |b,| = r4(b,) for all n. Now, since the
spectral radius is subadditive,

Iraa) —lal| = ra(a) —la| < rala—0b,) +ra(bn) — |af
=ra(a—0by,)+ |bn] —|a
< lla = bull + |bn — al,
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which converges to 0 as n — oo. Thus |- | =74(-), as required. O

As an application of Theorem 4.6.5 we finally show that the unique uni-
form norm property behaves well with respect to forming projective tensor
products.

Theorem 4.6.13. Let A and B be commutative Banach algebras and suppose
that their projective tensor product A®;B is semisimple. Then A®;B has
the unique uniform norm property if and only if both A and B have the unique
uniform norm property.

Proof. Suppose first that both A and B have the unique uniform norm prop-
erty and let | - | be any uniform norm on A ®,B. Let

S={0cAA®:B):|o(x)| <|z| for all z € A, B}.
Then, by Lemma 4.6.2, for every z € A®,B,
|x| = sup{|o(z)|: 0 € S}.

We claim that [|Z||ee = |z| for all z € A®,B. Clearly, |z| < |Z]/s and
for the reverse inequality it suffices to show that d(A®,B) C S. Suppose
that this is false. Since d(A®,B) = d(A) x d(B) (Proposition 3.3.12), there
exist ¢ € d(A) and ¢ € 9(B) such that p .4 ¢ S. Thus we can find open
neighbourhoods U of ¢ in A(A) and V of ¢ in A(B) such that SN(UxV) = 0.
Let E = A(A)\ U and F = A(B) \ V. Then E and F do not contain 9(A)
and J(B), respectively.

Because A and B have the unique uniform norm property, by Theorem
4.6.5, (i) = (iii), there exist nonzero elements a of A and b of B such that
@=0o0n E and b =0 on F. Since

S C (E x A(B)) U (A(A) x F),

it follows that o(a ® b) = 0 for all o € S. Thus a ® b = 0. This contradicts the
fact that a # 0 and b # 0. Hence d(A®,B) C S, as was to be shown.

Conversely, let A®,B have the unique uniform norm property. To show
that then A has this property, we apply the equivalence of conditions (i) and
(iii) in Theorem 4.6.5.

Let E be a closed subset of A(A) which does not contain d(A). Then
E x A(B) does not contain 0(A®,B). Therefore there exists u € A®,B
such that u # 0 and u|gxapy = 0. Select ¢ € A(A) and ¢ € A(B) with
(p@x1)(u) # 0 and let a = ¢y(u), where ¢y is the homomorphism from
A®.B to A satisfying ¢, (z @ y) = ¢(y)z for all z € A and y € B (Lemma
2.11.5). Then, for any representation u = Zj’;l a; ®bj, a; € A, bj € B, of u,

pla)=¢ | Y w(b)a; | = (&) (w).
j=1
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On the other hand, for every p € E, p(a) = (p @x1)(u) = 0. Thus F satisfies
condition (iii) of Theorem 4.6.5. It follows that A has the unique uniform
norm property. O

4.7 Regularity of Beurling algebras

In Section 4.4 we have shown that L'-algebras of locally compact Abelian
groups are always regular, and hence they have the unique uniform norm
property. We begin this section with a simple example which shows in a very
explicit manner how the unique uniform norm property may fail for Beur-
ling algebras. However, perhaps unexpectedly, it turns out that for Beurling
algebras satisfaction of the unique uniform norm property already implies
regularity.

Example 4.7.1. Let w be a weight function on the group Z of integers and
let A =1'(Z,w). Let, as in Proposition 2.8.8,

R, =inf{w}™:n e N} and R_ = sup{wl/™:m e —N}.

Then R_ < Ry and we know from Proposition 2.8.8 that A(A) can be iden-
tified with the annulus

(zeC:R_<|2| <Ry}

by means of the map z — ¢, where p.(f) = >, ., f(n)z". For R_ <r < Ry,
let K, = {z € C: |z| = r}. Suppose that f € A satisfies ¢,(f) = 0 for all
z € K. Then ¢, (6,, * f) =0 for all m € Z and z € K,., and hence

27
0= / vt (5 * )it
0

27 )
= Z(5m * £)(n)r" /O e Mt dt = (6, * £)(0)

ne”z

= f(m).

This shows that f = 0. Thus every such circle K, is a set of uniqueness
and therefore A = ['(Z,w) does not have the unique uniform norm property
whenever R_ < R;.

Recall from Section 2.8 (Theorems 2.8.2 and 2.8.5) that A(L'(G,w)) is
homeomorphic to the set G(w) of w-bounded generalised characters on G by
the map v — ¢,, where

o (f) = / f@(@)dz (f € LG, w)),
G
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and @(w) is equipped with the topology of uniform convergence on compact
subsets of G. In the sequel we make use of the fact that if 6 € G(w) and
a € G, then da € G(w).

Proposition 4.7.2. Suppose that L*(G,w) has the unique uniform norm
property and let v € G(w). Then

(i) The map oo — vy is a homeomorphism from G onto CAv'(w)
(ii) (LY (G,w)), the Shilov boundary of L*(G,w), coincides with G(w).

Proof. Note first that for each § € G(w), the assignment

f = |fls = sup{|¢sa(f)| : a € G}

defines a uniform norm on L'(G,w) since L!(G) is semisimple, §(z) # 0 for
all z € G and @sa(f) = @a(8 - f). The map o — va from G into G(w) is
continuous and injective. Moreover, the set v - G is closed in G(w). Indeed,
if 8 € @( ) and () is a net in G such that vy, — B in G(w), then
ay =7~ (’yoo\) — v~ ! uniformly on compact subsets of G, and this implies
that v~!3 € G. R R

Assume that v G # G( ) and choose ¢ € G( )\ 7G. Then, since G is a
group, y GNSG = (). Because vy G and § G are both closed sets of uniqueness
for L'(G,w) and L'(G,w) has the unique uniform norm property, Theorem
4.6.5 yields that (LY (G,w)) C v G'N 6 G, which is empty. This contradiction
shows that v G = é( ). Finally, since the function |y| is bounded away from
zero on every compact subset of G, it is easy to see that the map 8 — ~ 13
from G(w) onto G is continuous. Thus a — e is a homeomorphism.

To prove (i), let E C G(w) = vG be a closed boundary for L'(G,w).
Then F = {a € G : yo € E} is closed in G and for every f € L'(G) we have

v 1f € LYG,w) and

1flloc = sup {7 TF ()l s € G} = I il
= I~ flellee = sup{|f(e)| : a € F}
= [fFlloo-
Since L'(G) is regular, it follows that F' = G and hence E = é(w) O

Theorem 4.7.3. Let G be a locally compact Abelian group and w a weight
on G. Then L'(G,w) has the unique uniform norm property if and only if
LY(G,w) is regular.

Proof. Since for every semisimple commutative Banach algebra regularity
implies the unique uniform norm property, we only have to show the ‘only
if” part.
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Let E be a proper closed subset of @(w) and let v € @(w) \ E. By the
preceding lemma, the map o — vy« is a homeomorphism between Gand G (w).
Thus F = {«a € X ~va € E} is a closed subset of G which does not contain
the trivial character 1. Choose a symmetric open neighbourhood U of 1¢ in
G such that FNU? = (. Then EN~yU? = .

Because L!(G,w) is semisimple (Theorem 2.8.10), has the unique uni-
form norm property, and satisfies (L (G, w)) = G(w) (Proposition 4.7.2(ii)),
LY(G,w) is weakly regular by Corollary 4.6.7. Thus there exists a nonzero
function g € L'(G,w) such that §(8) = 0 for all § € G(w) \ vU. Since g is
nonzero, g(v3) # 0 for some 3 € U. Now, let f = 8g. Then f € L'(G,w) and
f(v) = g(vB) # 0. Moreover, f(d) =g(6p) =0 for all § € E since

BENAU = B(EN ByU) C B(ENAU?) = 0.
This shows that L'(G,w) is regular. O

Passing to the problem of when L!(G,w) is regular, we now introduce a
condition on the weight w that turns out to entail regularity of L!(G,w).

Definition 4.7.4. Let G be a locally compact Abelian group. A weight w on
G such that w(xz) > 1 for all z € G is said to be nonquasianalytic if

i Inw(a™) < o
e n?
for all z € G.
Lemma 4.7.5. Let G be a nonquasianalytic weight on G. Then

lim w(a:")l/” = lim w(x_”)_l/” =1

for all x € G. In particular, CAv'(w) =G.

Proof. Suppose the statement is false, so that lim,, . w(z™)Y/™ > 1 for some

x € G. Then there exist some § > 0 and N € N such that w(z™)'/" > 1+ 6
for all n > N. For all such n,

Inw(z®)  Inw(™)/n - In(1+9)
1+n2  layn T lagp s
However, this is impossible since w is nonquasianalytic. Thus lim,,_, - w(x”)l/ n
<1 forall x € G.
Since w(y) > 1 for all y € G, it follows that lim,, ., w(x™)
z € G and, as noted in Remark 2.8.3, this implies that G(w) =
also get

n =1 for all
G. Finally, we

lim w(z™")"Y" = ( lim w((x_l)”)l/”)_l =1

n—oo n—00

for every z € G. a
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Clearly, each bounded weight is nonquasianalytic, and in this case L*(G,w)
= L'(G) as algebras. Using the next two lemmas it is very easy to construct
unbounded weights which are nonquasianalytic.

Lemma 4.7.6. A weight w on 7Z is nonquasianalytic if and only if
= Inw(n)
A e <
Proof. For x € N, this condition implies that
= Inw(nz) = In(w(n)®) = Inw(n)
< = . <
n:Z_OO 1+ n? *n:Z_OO 1+ n? * n:Z_OO 14n2 °%°
If x € —N, apply the preceding inequality with —x in place of x and use that
i In(w(-n)) i Inw(n)
e _nzioo 1+n2’

Conversely, if w is nonquasianalytic, taking x = 1 in Definition 4.7.4 shows
that Y2 (14 n*) 'lhw(n) < co. O

In the following, for each ¢ € R, [¢| will denote the greatest integer < t.

Lemma 4.7.7. A weight w on R is nonquasianalytic if and only if
* Inw(t)
dt
/_oo 142 @S
Proof. Let C' = sup{w(s) : 0 < s < 1}. Then C < oo and

w(t) <w([t)w(t - [t]) < Cw([t])

for all £. This implies
/°° Inw(t dt Z /I’CJr1 Inw(t
1+¢2 1+ t2

k+1 1
<C Z Inw(k /k 1—|—t2dt

k=—o00

Thus nonquasianalyticity implies that [ (14 n?)~!Inw(n)dt < cc.

Conversely, suppose that w satisfies this latter condition. It suffices to show
that >°° (1 +n?) " 'lnw(n) < oo for every z > 0. Let m € Ny such that
m < x <m+ 1. Then
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n_i,o 121(7:26) - n_i,o 1n(¢d(nmici(7:lgw —m)))
| B 5

n=—oo n=—oo

NE

Thus we can even assume that 0 < x < 1. Then, since
wnz) <w(tz)w((n —t)x) < Cw(tx)

for all t € [n — 1,n], it follows that
= Inw(nz) Inw( ta:
_C Inw(s > lnw(s)
,ds=C d
/ 14 ( s/a: x/,oo82+1/x2 °

SCx/ nw(s )ds<oo.
oo L+

2

This completes the proof that w is nonquasianalytic. O

With regard to the proofs of the following three lemmas and of Theorem
4.7.11, we point out that if w is a nonquasianalytic weight on G and hence
G(w) = G, in order to establish regularity of LY(G,w) it suffices to show that,

given any neighbourhood U of 1¢ in G, there exists f € L'(G,w) such that
f(lg) #0 and f(a) =0 foralla e G\ U.

Lemma 4.7.8. Let w be a nonquasianalytic weight function on R. Then
LY(R,w) is regular.

Proof. The main tool in the proof will be the well-known Paley—Wiener the-
orem. Define a function A on R by

1
(14 t2)w(t)

Then h € LY(R) N L?(R) since w(t) > 1. Moreover, since

h(t) = (t € R).

In(1+12) /3 1
L+t — 142~ t4/3
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for large t and since w is nonquasianalytic, Lemma 4.7.7 shows that

| Inh(t)] _/OO In(1 +¢2) /°° Inw(t)
/ L4 dt = L4 dt + 1_’_tzdt<oo.

— 00 — 00 — 00

Then, by the Paley-Wiener theorem, there exists a function g € L?(R) such
that |g(t)| = h(t) almost everywhere and the Plancherel transform of g van-
ishes almost everywhere on (—o0,0). Since g € L'(R) N L%*(R), the Plancherel
transform of g equals the Fourier transform g of g and g is continuous. So
g(s) =0 for all s <0. Let

so = inf{s € R: g(s) # 0}.

Replacing g by the function t — g(t)e®*°! if necessary, we can assume that
5o = 0. It suffices now to show that given any € > 0, there exists f € L'(R, w)

o~ ~

such that f(0) # 0 and f(s) = 0 when |s| > e. Since so = 0, there exists
0 < § < e such that g(d) # 0. Define functions f; and fo on R by

fi(t) = g(t)e™ and fo(t) = fo(t) = g(t)e™".
Then the function f = f; * fo € L'(R) satisfies f(O) # 0 and f(s) =0
whenever |s| > e. Indeed,
f(s) = i) fa(s) = G5 + )90 — 5)

and so f(s) = 0 whenever |s| > 6. Moreover, f(0) = [§(6)| # 0.
Finally, we show that f € L!(R,w). We have

[F@O < ([frl+[£21)(#) = (gl * g])(#) = (h* h)(E)

for all £ € R, and hence

o 1
V“”3/;41+wxy+@—w%MWw@—wdu

1 o0 1
< wit) /,oo (14 u2)(1+ (t—u)2) ™
2
T w2 +4)

Thus fw € L'(R), as required. O

Lemma 4.7.9. Let w be a nonquasianalytic weight on the integer group Z.
Then 1*(Z,w) is regular.

Proof. We reduce this case to that of the real line. To this end, we first extend
w to R by setting

wi(t) =w([t]) + = [t (w(lt] +1) — w([t])),
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Since we will have lost submultiplicativity through interpolation, we now put
-~ t 0
w(t) = sup{W1( )1 (0) NS R} .
wi(s)

Then O(t) > wi(t) > 1 for all t € R and @(k) > wi(k) = w(k) for k € Z. We
show next that
&(tl + tg) < &j(tl)&(tg)

for all 1,5 € R. By definition of @, it suffices to verify that

wi (t1 + t2 + $)w1(0)
wi(s)

for all s € R. Now, given s, let s1 = t3 + s and so = s. Then

w(th)w(tz) >

w1 (tl + sl)wl (0) Wy (tg + 52)w1 (0)
wl(sl) w1 (52)

—wl(t1+t2+8)-w 2

N wi(s) 1(0)

wl(tl + 1o+ 8) .

wi(s)

w(t)w(te) >

w1 (0)
Thus @(t1)w(t2) > @(t1 + t2). Observe next that, with C' = max{w(0),w(1)},

we have
w(t) < Cw([t])

for all t € R. This implies

> Inw(t M nw(|t])
/ 1+t2dt OZ/ g O

k=—o0 k
B > Inw(k)
N Ck;w 1+ k2

Thus, by Lemma 4.7.7, @ is a nonquasianalytic weight on R and therefore,
since L'(R,®) is regular by Lemma 4.7.8, given any 0 < € < 7, there exists
g € LY(R,®) such that g(0) # 0 and g(y) = 0 for all y € R with |y| > e
Actually, as shown in the proof of Lemma 4.7.8, g can be constructed in such
a way that

- 1
900 < | L,

for all t € R. Because
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o)) < oz < | L

for all k € Z, we get that g|z € [*(Z,w). The Fourier transform of gz, is given

by the Fourier series
o0

glz(z) = > g(k)z"".
k=—oc0
For each [ € 7Z, it follows that
/ _;|\Z(6it)€iltdt _ Z g(k’) / eit(l—k)dt
—T k——o00 —T

= 2mg|z(l) = 2mg(l)
= / G(t)etdt

— 00

/ G(t)et dt.

—T

Since the finite linear combinations of functions t — a™t,l € Z, are dense in
L?[—m, w], we obtain that

glz(e") =g(t)
for all |¢t| < 7. Hence g/|2 vanishes on the complement of the arc determined
by e~ and e’. Finally, g|z(1¢) = g(0) # 0. O

At the current stage we know that L!'(G,w) is regular for any non-
quasianalytic weight whenever G equals R of Z or when G is compact. The
following lemma provides a natural tool to enlarge the class of groups for
which regularity can be shown.

Lemma 4.7.10. Let G1 and Gy be locally compact Abelian groups and let
G = G1 x Go. Suppose that L*(G1,w1) and L'(Ga,ws) are regular for all
nonquasianalytic weights wy and we, respectively. Then LY(G,w) is regular
for every nonquasianalytic weight w on G.

Proof. Let w be given and define wy and wy by wy(z1) = w(x1,e2), 21 € Gy,
and wo(x2) = w(er, x2), x9 € Ga, where €1 and es are the identities of G; and
G2, respectively. Then clearly both w; and wy are non-quasianalytic weights.
For any neighbourhood V; of 15, in G; and 1/'2 of 1q, iDAGg, there exist
f1 S Ll(Gl,wl) and fQ S Ll(GQ,WQ) satisfying fl(lGl) 75 0, f1 =0on @1\‘/1,
and similarly for fy. Define f on Gy x Gy by f(xz1,22) = f1(x1) fa(z2). Then
f € LY(G,w) since

w(x1,x2) < w(z1,e2)w(er, x2) = wi(z1)wa(x2).

Furthermore, f(lg) = ﬁ(l@Jfg(l@) #0 and f vanishes outside of V; x V.
These sets form a neighbourhood basis of 1¢ in G. Hence it follows that
LY(G,w) is regular. O
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Using Lemmas 4.7.8 through 4.7.10 and employing the structure theorem
for compactly generated locally compact Abelian groups, we can now prove
the result at which we are aiming.

Theorem 4.7.11. Let G be any locally compact Abelian group and w a non-
quasianalytic weight on G. Then L*(G,w) is regular.

Proof. Let V be any relatively compact neighbourhood of 1¢ in G. Let @ be a
continuous function on G such that ¢(lg) =1and ¢ =0 on G \ V. Since the

image of C.(G) under the Gelfand homomorphism is dense in CO(G), there
exists k € C.(G) such that [ — k[l < §. Let

h=k(1e)" 'k € C.(Q).
Then /ﬁ(lg) =1and, forall a € G \V,

h(a)] = k(1) 7 E(@)] < [k1e) "Ik — ¢llo + o(a)])
1~ L 173
< 3| (1) < 2/3
B 1
)

Now, choose a compactly generated open subgroup H of G containing the sup-
port of h. By the structure theorem for compactly generated locally compact
Abelian groups (Theorem A.5.5),

H=KxRP x 71,

where p,q € Ny and K is a compact group. Since w|y is nonquasianalytic,
combining Lemmas 4.7.8 through 4.7.10, we conclude that L'(H,w|g) is reg-
ular. Let the Haar measure of H be the Haar measure of G restricted to H,

and let .
v={ref >}

Then U is an open neighbourhood of 15 in H since iﬂ;(lH) = /}Z( a) =1
Because L'(H,w|y) is regular, there exists g € L' (H,w|p) satisfying g(15) #
0 and g(vy) = 0 for all v € ﬁ\U Let f: G — C be defined by f(z) = g(z)
for x € H and f(z) =0 for ¢ H. Then f € L'(G,w) and f( ) = g(a|g) for
all a € G. If a € V, then

} [ #wala (] =

whence «|y ¢ U. This implies that f(a) =glalg) =0foralla € G\ V.
Finally, f(1¢) = g(1g) # 0, and this completes the proof of the theorem. 0O

] = i) < 5

We finish this section by just mentioning that the converse to Theo-
rem 4.7.11 also holds. That is, regularity of L!(G,w) implies that w is non-
quasianalytic.
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4.8 Exercises

Exercise 4.8.1. Prove that the only hk-continuous functions in the disc al-
gebra A(D) are the constant functions.

Exercise 4.8.2. Let A be a commutative Banach algebra and I a closed ideal
of finite codimension of A. Show that h(I) is finite. Why does the converse
not hold?

Exercise 4.8.3. Let A be a commutative Banach algebra and U an open
subset of A(A). Suppose that the Gelfand and the hull-kernel topologies agree
on U. Let C be a subset of U which is compact in the Gelfand topology. Prove
that C' is hk-closed in A(A).

(Hint: Assuming that there exists ¢ € h(k(C)) \ C, find an element a €
E(A(A)\ U) such that @ =1 on C' and a(p) = 0.)

Exercise 4.8.4. Prove that Lip,[0, 1], the algebra of Lipschitz functions of
order o (Exercise 1.6.11), is regular.

Exercise 4.8.5. Let A be a commutative Banach algebra and suppose that
A(A) is totally disconnected. Apply Shilov’s idempotent theorem to show that
A is regular.

(Hint: Given a closed subset F of A(A) and ¢ € A(A) \ E, there exists an
open and closed neighbourhood V' of ¢ such that VN E = ().

Exercise 4.8.6. Let A be a semisimple commutative Banach algebra with
the property that the product of any two nonzero elements of A is nonzero.
Prove that if A is regular, then A is at most one-dimensional.

Exercise 4.8.7. Use the conclusion of Exercise 4.8.6 to show that the con-
volution algebras L'(R™) and I*(Z1) are not regular. For generalisations, see
Exercises 4.8.39 and 4.8.40.

Exercise 4.8.8. Let G be a nondiscrete locally compact Abelian group.
Then the so-called Wiener—Pitt phenomenon asserts that there exists a non-
invertible measure p € M(G) with the property that the Fourier—Stieltjes
transform 7i of p satisfies |fi(e)| > 1 for all o € G. Deduce that G is not dense
in A(M(G)) with respect to the Gelfand topology.

Exercise 4.8.9. Show that the measure algebra M (G) of a nondiscrete locally
compact Abelian group G fails to be regular.
(Hint: Use Exercise 4.8.8 and Lemma 4.1.10.)

Exercise 4.8.10. Let A be a commutative Banach algebra with bounded
approximate identity and let

Moo(A) ={T € M(A): f|A(1\4(A))\A(A) =0}.

Show that Myo(A) is regular if and only if A is regular.
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Exercise 4.8.11. Let A be a semisimple (and hence faithful) commutative
Banach algebra and let '€ M (A). Then

(1) ona) (T) = T(A(M(A)).

(ii) oarcay(T) = T(A(A)) if T'is hk-continuous on A(M(A)).

Exercise 4.8.12. Let A and B be unital commutative Banach algebras with
identities e4 and ep, respectively, and suppose that A is semisimple and
regular. Let ¢ : A — B be an injective homomorphism such that ¢(es) = ep.
Use results of Section 4.2 to show that op(¢(z)) = Z(A(A)) for every z € A.

Exercise 4.8.13. Let A and B be commutative Banach algebras such that B
is unital and A is nonunital. Let ¢ : A — B be an injective homomorphism.
Show that op(¢(x)) = Z(A(A)) for every z € A.

(Hint: Extend ¢ to an injective homomorphism from the unitisation A, into
B.)

Exercise 4.8.14. Let A be a semisimple and symmetric commutative Banach
x-algebra. View A(A) as a subset of A(M(A)). For T € M(A), define fr on

A(A) by fr(p) =T(p).
(i) Show that fr-A C A. Hence there exists a unique element 7% of M (A)

such that m(np) = fr(p)z(p) for all p € A(A) and x € A (Proposition
2.2.16).

(i) Assume that M (A) is regular. Show that the involution ' — T™* turns
M(A) into a symmetric Banach x-algebra.

Exercise 4.8.15. Let A be a symmetric commutative Banach x-algebra.
Then both the greatest regular subalgebra and the greatest regular ideal of A
are x-algebras.

Exercise 4.8.16. Let U be a connected open subset of the complex plane
and A a unital closed subalgebra of H>(U). Show that reg(A) consists only
of the constant functions.

Exercise 4.8.17. Let A be a commutative Banach algebra and U an open
subset of A(A). Suppose that U is hk-dense in A(A) and that the Gelfand
and the hull-kernel topologies agree on U. Let

AQ(U) = {a cA Za|U S CQ(U)},
which is a closed ideal of A. Show that
k(A(A)\U) Creg(Ao(U)).

(Hint: Use Theorem 4.2.3 to conclude that k(A(A) \ U) is regular.)
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Exercise 4.8.18. Let A be a commutative Banach algebra and n € N. Show
that
reg(C"([0,1], A)) = C™([0, 1], reg(A)).

(Hint: Prove by induction on k that C*[0,1] ® A is dense in C*([0,1], A),
keN.)

Exercise 4.8.19. Let A be a regular and semisimple commutative Banach
algebra with bounded approximate identity. View A as a closed ideal of the
multiplier algebra M (A), and define two subalgebras My(A) and Mgy(A) by

Mo(A) = {T € M(A) : T| aca) € Co(A(A))}

and
Moo(A) ={T € M(A) : T|acnmayacay = 0}

Prove that reg(My(A)) = Mgo(A).

Exercise 4.8.20. Let G be a locally compact Abelian group, M (G) the mea-
sure algebra of G, and My(G) the subalgebra consisting of all discrete mea-
sures. Show that reg(M (G)) contains M;(G). For any closed subgroup H of G,
consider L'(H) as a closed subalgebra of M (G). Then L'(H) C reg(M(G)).

Let A be a commutative Banach algebra and G a locally compact Abelian
group. It was shown in [69] that reg(L'(G, A)) = L' (G, reg(A)). The conclu-
sions of the next three exercises constitute major steps of the proof.

Exercise 4.8.21. Let G be a locally compact Abelian group and A a com-
mutative Banach algebra. Let o € G and define ¢, : L'(G, A) — A by

dulf) = /G a(@)f(@)dz (f € LY(G, A)).

Prove that ¢, (reg(L* (G, A))) C reg(A).

Exercise 4.8.22. Let B be a regular commutative Banach algebra and let G
be an Abelian locally compact group. Let ¢ : L*(G) ® B — L*(G, B) be the
unique linear map such that, for all f € L*(G) and b € B,

o(f@b)(z)=fz)b

for almost all z € G.

(ii) Show that ¢ is a homomorphism and extends to a homomorphism of
the projective tensor product L'(G) &, B into L'(G, B).

(iii) Adapt the corresponding part of the proof of Theorem 4.3.11 to show
that ¢(C.(G) ® B) is dense in L*(G, B).

(iii) Conclude that L*(G, B) is regular.
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Exercise 4.8.23. Let G and A be as in Exercise 4.8.21. Let f € reg(L'(G, A))
and suppose that f is continuous. Show that ¢ (f(z)) = 0 for all z € G when-
ever 1) € A* is such that 1 (reg(A)) = {0}. Conclude that f € L*(G,reg(A)).

Exercise 4.8.24. In Example 4.5.8, fill in the details to show that A/I is
isometrically isomorphic to A(Y").

Exercise 4.8.25. Let X and A be as in Example 4.5.10. Carry out the proof
of the statement that the point evaluation map =z — ¢, is a homeomorphism
from X onto A(A).

Exercise 4.8.26. Let X be a locally compact Hausdorff space and A a
semisimple commutative Banach algebra. Show that Co(X, A) has the unique
uniform norm property if and only if the same is true of A.

Exercise 4.8.27. Let | - |; and | - |2 be two equivalent uniform norms on a
Banach algebra A. Show that | - |; and | - |2 are equal.

Exercise 4.8.28. Let (A, || - ||) be a semisimple commutative Banach algebra
and let I be a dense ideal in A which is a Banach algebra under some norm
I - llo- If A has the unique uniform norm property, then the same is true of
1. To verify this, let | - | be a uniform norm on I and prove successively the
following assertions.

(i) Since I is an ideal in A, we have |z| < ri(x) = ra(z) < ||z| for all
z el

(ii) | - | extends (uniquely) to a uniform seminorm on A, also denoted | - |.

(ili) Let # € A such that |z| = 0 and choose a sequence (x,,), in I with
||[zn — x|| — 0. Show that xx, = 0 and that this forces = 0.

(iv) Deduce that |x| = r7(z) for every x € I.

Exercise 4.8.29. Let A be a commutative Banach algebra with approximate
identity of norm bound one. Embed A isometrically into M (A) by @ — Ly,
where L, (y) = zy, z,y € A, and let r denote the spectral radius on M(A).
Let | - | be a uniform norm on A and define |- |, on M(A) by

IT|, = sup{|T(z)|: x € A,r(z) <1}.

(i) Show that |T|, < oo and |T(z)| < |T|,r(x) for all T € M(A) and
xz € A

(ii) Let a € A with r(a) <1 and € > 0. Deduce from Cohen’s factorization
theorem (see [19] or [55]) that a can be written as a product a = bc where
r(b) <1 and r(c) < r(a) + €. Use this to prove that | - |, is submultiplicative
and hence an algebra norm on M (A).

(iii) Use the square property of | - | to show that [T?|, = |T|? for all
T e M(A).

(iv) Suppose that M(A) has the unique uniform norm property. Prove
that |z| = |Ly|, = r(z) for all x € A. Thus A has the unique uniform norm

property.
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Exercise 4.8.30. Let A be a unital commutative Banach algebra and let
B be a unital commutative extension of A. Prove that the following three
conditions are equivalent.

(i) Every ¢ € A(A) extends to some element of A(B).

(ii) For any finitely many a1, ...,a, € A,

oalal,...,an) Coplay,...,ap).
(iii) Every maximal ideal of A is contained in some maximal ideal of B.

Exercise 4.8.31. Let A be a semisimple commutative Banach algebra. Prove
that A is weakly regular if and only if A, the unitisation of A, is weakly
regular.

Exercise 4.8.32. Let A and B be semisimple commutative Banach algebras
and let ¢ : A — B be an injective homomorphism with dense range. Show
that B is weakly regular whenever A is weakly regular.

(Hint: compare the proof of Lemma 4.2.16.)

Exercise 4.8.33. Let A be a commutative Banach algebra and I a closed
ideal of A.

(i) Show that if A is weakly regular, then so is I.

(ii) Give an example showing that A/I need not be weakly regular when-
ever A is weakly regular.

Exercise 4.8.34. If A is a regular commutative Banach algebra, then 0(A) =
A(A). Conclude from results in Sections 4.5 and 4.6 that the converse state-
ment is not true.

Exercise 4.8.35. Let A be a semisimple commutative Banach algebra with
bounded approximate identity and identify A with the closed ideal {L, : x €
A} of M(A). Suppose that A is weakly regular and let |- | be a uniform norm
on M(A).

(i) Let E be a closed subset of A(M(A)) such that

IT| = sup{lp(T)| : ¢ € E}
for all T'e M(A) (Lemma 4.6.2). Prove that £ D A(A).
(ii) Define a seminorm | - |o, on M(A) by
I T]oe = sup{|T(¢)| : ¢ € A(A)}, T € M(A).

Conclude from (i) that |T'|oc < |T| for all T' € M(A).
(iii) Suppose that A(A) is a set of uniqueness for M(A). Then |- | is the
smallest uniform norm on M (A).

Exercise 4.8.36. Consider the following weights on Z and decide for which
of them [}(Z,w) is regular.

(a) w(n) =e ™ for n > 0 and w(n) =1 for n <0.

(b) w(n) = e forn >0 and w(n) =1 forn <0.
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Exercise 4.8.37. Let a > 0 and let w be the weight on R defined by w(t) =
(1 + |¢))*. Show that w is nonquasianalytic.

Exercise 4.8.38. Let w be a weight on the integer group Z and let R_ and R
be as in Proposition 2.8.8. Show that [!(Z,w) is regular whenever R_ = R.
For the converse statement compare Example 4.7.1.

Exercise 4.8.39. Let w be a weight on Z*. Show that [*(Z",w) does not
have the unique uniform norm property.

(Hint: Let R = inf{w(n)"/" : n € N}. If R > 0, then [*(Z",w) is isomorphic
to a subalgebra of A({z € C : |z| < R}), whereas if R = 0, then [}(Z",w) is
not semisimple.)

Exercise 4.8.40. Prove that L'(R™,w) does not have the unique uniform
norm property for any weight w on RT.

Exercise 4.8.41. A weight function w on a locally compact Abelian group G
is said to be weakly subadditive if there exists a constant C' > 1 such that

w(zy) < Clw(z) +w(y))

for all z,y € G.
(i) For such a weight w, show by induction on k& € N that

wzy ... -xn) < CFw(z) + ... +w(zn))

for all n € N such that 28! < n < 2% and all 1,...,2, € G.

(ii) Deduce from (i) that w(z™) < D -Inn for some constant D > 0 and
all z € G and n € N. Conclude that w is nonquasianalytic.

(iii) For o > 0, let w, denote the weight on R™ defined by

walx) =10+ |z|)*, zeR™
Show that w,, is weakly subadditive with C' = 1if a < 1 and C' = 2¢ otherwise.

A commutative Banach algebra A is said to be boundedly regular if it has
the following property. There exists a constant C' > 0 such that for each closed
subset E of A(A) and any ¢ € A(A) \ E, there is an a € A with ||a|| < C,
a(p)=1landa=0on E.

Exercise 4.8.42. Let A be a boundedly regular commutative Banach algebra
and I a closed ideal of A.

(i) Show that A/I is boundedly regular.

(i) If A/I is semisimple, then I is boundedly regular.

Exercise 4.8.43. Prove that the projective tensor product A®,B of two
boundedly regular commutative Banach algebras A and B is boundedly
regular.
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4.9 Notes and references

The hull-kernel topology on the maximal ideal space of a commutative Banach
algebra was introduced by Gelfand and Shilov [42]. In a more general, purely
algebraic setting it is due to Jacobson [60] and is therefore often called the
Jacobson topology. Proposition 4.1.7 and Example 4.1.8, which shows that
the map A(A) x A(B) — A(A®,B) need not be continuous for the hull-
kernel topologies, can be found in [37]. The notion of regularity and many
of the basic results, such as Theorem 4.2.3 and hereditary properties such
as Theorem 4.2.6, Corollary 4.2.13, and Lemma 4.2.16, go back to Shilov
[122]. Nowadays, they are all standard and can be found in several textbooks.
The same is true of the existence of partitions of unity (Corollary 4.2.12)
and normality (Corollary 4.2.9) of regular Banach algebras. The converse to
Theorem 4.2.6, namely that regularity of a closed ideal T and of A/I together
imply regularity of A (Theorem 4.3.8), was shown by Morschel [91] in his
diploma thesis. Independently, Tomiyama [128] and Gelbaum [37] show that
the projective tensor product A ®, B is regular if and only if both A and B
are regular (Theorem 4.2.21).

The existence of a greatest regular subalgebra of a semisimple commuta-
tive Banach algebra was discovered by Albrecht [1] as an application of the
theory of decomposable operators. More elementary proofs were later given
by Inoue and Takahasi [58] and Neumann [97], at the same time removing
the assumption of semisimplicity. The proof presented here follows [58]. Ac-
tually, the concept of regularity and the hull-kernel topology are intimately
related to the theory of decomposable multipliers. Concerning this aspect,
we refer the interested reader to the monograph by Laursen and Neumann
[76]. In [69], Kantrowitz and Neumann have determined the greatest regu-
lar subalgebra of several Banach algebras of vector-valued functions, such als
Co(X, A), LY(G, A), and C™([0,1], A). In general, it appears to be very diffi-
cult to determine the greatest regular subalgebra of a commutative Banach
algebra. For instance, it is unknown whether reg(A ®, B) may strictly contain
the projective tensor product of reg(A4) and reg(B).

Let G be a locally compact Abelian group. Regularity of L!(G) is one
of the most fundamental results in commutative harmonic analysis and the
basis of all deeper investigations in the ideal theory of L'(G) (see Chapter 5).
All known proofs of regularity use another fundamental theorem in harmonic
analysis, the Plancherel theorem. The most common proof of the Plancherel
theorem, in turn, is based on the Pontryagin duality theorem for locally com-
pact Abelian groups which, conversely, can be derived from the Plancherel
theorem (see Appendix A.5). We have chosen a more direct, although techni-
cal, approach to the Plancherel theorem which goes back to Williamson [139]
and utilizes the Gelfand theory of commutative C*-algebras and therefore
meets the intention of the book. It is worth pointing out that the greatest
regular subalgebra of M (G), the measure algebra of G, is not known.
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We remind the reader that Shilov introduced the boundary carrying his
name to decide which elements of A(A) extend to multiplicative linear func-
tionals of every commutative Banach algebra B into which A is embedded al-
gebraically, but not necessarily continuously. Theorem 4.2.17, which is due to
Rickart [107], says that this is true for all ¢ € A(A) whenever A is semisimple
and regular. This multiplicative Hahn—Banach property and the two further
and weaker spectral extension properties, treated in Section 4.5, were investi-
gated and characterised in a satisfactory manner by Meyer [88]. For example,
the condition that rg(x) = r4(z) for all z € A and all commutative extensions
B of A turned out to be equivalent to the fact that every ¢ € 9(A) extends to
an element of A(B). Theorems 4.5.3, 4.5.6, and 4.5.9 are all contained in [88],
and so are Examples 4.5.8 and 4.5.9. These examples together with Example
4.5.10, which has been given in [124], show that among the four properties,
regularity and the three spectral extension properties, no two are equivalent.

The related and slightly weaker unique uniform norm property was intro-
duced and extensively studied in a number of papers by Bhatt and Deda-
nia. The collection of results presented in Section 4.6 is taken from [14] and
[15]. The somewhat unexpected result that for Beurling algebras L'(G,w)
the unique uniform norm property is equivalent to regularity (Theorem 4.7.3)
was also shown by Bhatt and Dedania [17]. The remarkable and deep The-
orem 4.7.11 stating that L'(G,w) is regular whenever the weight w is non-
quasianalytic is due to Domar [26]. Our exposition of Theorem 4.7.11 follows
the one in [83]. Unfortunately, no proof seems to be known which avoids the
use of the structure theory of locally compact Abelian groups. As a matter
of fact, Domar established the even stronger result that L'(G,w) is regular
precisely when w is nonquasianalytic, and that in this case, L'(G,w) is also
Tauberian.



5

Spectral Synthesis and Ideal Theory

This final chapter is devoted to ideal theory in commutative Banach algebras
with focus on spectral synthesis problems. The proper setting is that of a
regular and semisimple commutative Banach algebra A, so that the Gelfand
homomorphism A — Cy(A(A)) is injective and the Gelfand topology on A(A)
coincides with the hull-kernel topology.

Recall from Chapter 4 that associated to any closed subset E of A(A) is
the closed ideal

E(E)={a€ A:a(p) =0for allp € E}
of A and that the hull of a closed ideal I of A is the closed subset

hI) ={p € A(4) : p(I) = {0}}

of A(A). Then h(k(FE)) = E, and hence the map I — h(I) from the collection
of all closed ideals in A onto the collection of all closed subsets of A(A) is
surjective. The spectral synthesis problem is the question of when the assign-
ment I — h(I) is injective (in this case, one says that spectral synthesis holds
for A) or, more generally, for which closed subsets F of A(A), k(F) is the only
closed ideal in A with hull equal to F. All sections of this chapter, except for
5.3 and 5.6, solely concentrate on spectral synthesis problems.

In Section 5.1 we introduce the relevant notions, such as sets of synthesis
and Ditkin sets, and develop a key tool, the local membership principle. The
genuine interest in producing sets of synthesis and Ditkin sets leads to ques-
tions such as how these classes of subsets of A(A) behave under the formation
of unions and embedding of A(A/I) into A(A) for a closed ideal I of A. These
and similar problems are extensively discussed in Section 5.2.

Spectral synthesis fails for the algebra C™[0, 1] of n-times continuously
differentiable functions on the interval [0, 1]. In fact, associated to each point
t € [0,1] = A(C™[0,1]) is a chain of n+1 distinct ideals with hull the singleton
{t}. Nevertheless, as we show in Section 5.3, every proper closed ideal in
C™[0, 1] is the intersection of such so-called primary ideals. Spectral synthesis

E. Kaniuth, A Course in Commutative Banach Algebras, Graduate Texts in Mathematics,
DOI 10.1007/978-0-387-72476-8 5, (© Springer Science+Business Media, LLC 2009
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need not even hold for A when A(A) is discrete. An example is provided by the
Mirkil algebra, which also serves as a counterexample to the union conjecture
in that its structure space contains two disjoint sets of synthesis, the union of
which fails to be of synthesis (Section 5.4).

A famous theorem of Malliavin, which is beyond the scope of this book,
states that spectral synthesis fails for the group algebra L'(G) of a locally
compact Abelian group GG whenever G is noncompact (equivalently, A(L'(G))
is nondiscrete). Therefore, in Section 5.5 we utilize the results of Sections 5.2
and 4.4 to study sets of synthesis and Ditkin sets for L!(G) in detail. Moreover,
there is a complete description, which we present in Section 5.6, of the closed
ideals in L!(G) with bounded approximate identities. The hulls of these ideals
turn out to be precisely the closed sets in the coset ring of the dual group G
of G, and in particular they are Ditkin sets.

Finally, the last section is designated to examine the projective tensor
product of two commutative Banach algebras in the context of spectral syn-
thesis.

5.1 Basic notions and local membership

Let A be a regular commutative Banach algebra. We already know that a
closed subset E of A(A) is completely determined by its kernel k(E) since
E = h(k(E)) (Theorem 4.2.3). The following kind of dual question is a very
interesting and extremely difficult one. To what extent is a closed ideal I
of A determined by its hull A(I)? It is not generally true that I = k(h(l)).
Therefore the question should be rephrased as follows. Given a closed subset
E of A(A), what are the different closed ideals of A whose hulls equal E?
More specifically, one might ask which closed subsets E of A(A) are the hull
of only one closed ideal of A, namely k(E). This is the basic problem of spectral
synthesis.

To start with, let us consider a commutative C*-algebra A. Then the
Gelfand homomorphism is an isometric isomorphism from A onto Cy(A(A))
(Theorem 2.4.5). Now, for any locally compact Hausdorff space X, we have
earlier described all the closed ideals of Co(X). In fact, by Theorem 1.4.6,
there is a bijection between closed subsets of X and closed ideals of Cp(X)
given by

Y- IY)={feCo(X): f(x)=0forall z € Y}.

Thus the assignment £ — k(E) = {a € A : a]g = 0} is a bijection between
the collection of closed subsets of A(A) and closed ideals of A. In particular,
spectral synthesis holds for any commutative C*-algebra. Moreover, applying
Urysohn’s lemma we have seen in the proof of Theorem 1.4.6 that given E,
a € k(E), and € > 0, there exists a continuous function f on A(A) such that
Iflloo =1, f(¢) =1 for all  in the compact set {1) € A(A) : |(a)| > €} and
f has compact support disjoint from E. Now, let u € A so that u = f. Then



5.1 Basic notions and local membership 255

|lua — al] = ||(@ — 1)a]|so < e. In the terminology which is introduced soon,
this means that every closed subset of A(A) is a Ditkin set.

Throughout this entire section A denotes a commutative Banach algebra.
However, all the relevant results require the additional hypotheses that A be
semisimple and regular. In studying the ideal theory of A, a certain local mem-
bership principle (Theorem 5.1.2) turns out to be very useful. This principle
is based on the following notion.

Definition 5.1.1. Let M be a subset of A and f a complex-valued function
on A(A). Then we say that f belongs locally to M at a point ¢ of A(A) if there
exist € M and a neighbourhood V' of ¢ in A(A) such that z(¢) = f(¢) for
all ¥ € V. Similarly, f belongs locally to M at infinity if there exist y € M
and a compact subset C' of A(A) such that y(v) = f(v) for all p € A(A)\ C.
Finally, we say that f belongs locally to M provided that f belongs locally to
M at every ¢ € A(A) and at infinity.

Theorem 5.1.2. Let A be regular and let I be an ideal of A and suppose that
f is a function on A(A) that belongs locally to I. Then there exists x € I such
that T = f. In particular, if A is semisimple and y € A is such that i belongs
locally to I, theny € I.

Proof. Because f belongs locally to I at infinity, there exist a compact subset
C of A(A) and an element z in I such that Zo(v) = f(¢) for all v € A(A) \
C. Since f belongs locally to I at every point of C, there are open subsets
Ui,...,Up of A(A) and elements x1, ...z, of I such that C C |JJ_, U; and
Zj(p) = f(p) for all ¢ € U;, 1 < j < n. Because A is regular, by Corollary
4.2.12 we can find elements u1,...,u, € A such that

(Wi ++ +u)|c=1 and suppi; C Uj,

1<j<n. Letu:Zyzluj and

T = g —xou—l—Zujxj el.
j=1
Now note that u;(p) = 0 for all j whenever ¢ & |J;;_; Ug. On the other hand,

if ¢ € Up_, Ur and J denotes the set of all indices j € {1,...,n} such that
(TS Uj, then

D () () = Y Ui(0)F;(0) = f() Y Ti(0) = Fl) > T;(e)
=1 jes jes =1
= fp)u(ep).

Since u(p) =1 for p € C and Zo(p) = f(p) for ¢ & C, we obtain that, for all
p € A(A),
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() = Zo(e)(1 — Uy Za )Z; (e
= To(p)(1 = i(p)) + f(@)u(e)
= f(e).

This proves the first statement of the theorem. As to the second, we only have
to observe that, by the first part, 7 = T for some x € I. By semisimplicity,
this implies y =2z € I. O

In the sequel, for x € A we simply write h(z) in place of h({x}).

Lemma 5.1.3. Let A be reqular, I an ideal of A, and x € A. Then X belongs
locally to I at each point of h(x)®, the interior of h(z), and at each point of

A(A)\ h(I).

Proof. Because (¢) = 0 for all ¢ € h(x), the first assertion is clear. If ¢ ¢
h(I), then by Lemma 4.1.9 there exists y € I such that § = 1 in some
neighbourhood V' of . It follows that yx € I and

yr(y) = y()z(y) = 2(¥)
for all ¢ € V', whence Z belongs locally to I at . O

Corollary 5.1.4. Suppose that A is semisimple and regular. Let x € A be
such that T has compact support and h(I) NsuppZ = 0. Then z € I.

Proof. Since T has compact support, & belongs locally to I at infinity. By
Lemma 5.1.3, Z belongs locally to I at every ¢ € A(A) \ h(I) and also at
every o € h(I) since, by hypothesis,

h(I) C A(A) \ supp Z = h(x)°.
Theorem 5.1.2 shows that = € 1. O

After these preparations we are able to show that given a closed subset
of A(A), there exists a smallest ideal of A with hull equal to E.

Definition 5.1.5. For any closed subset E of A(A), define an ideal j(E) of
A by

J(E) ={x € A: T has compact support and suppz N F = (}}.
If E is a singleton {¢}, we simply write j(¢) instead of j({p}).

Theorem 5.1.6. Suppose that A is semisimple and reqular and let I be an
tdeal of A and E a closed subset of A(A). Then h(I) = E if and only if

J(E) C I Ck(E).

In particular, j(E) in the smallest closed ideal of A with hull equal to E.
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Proof. Suppose first that j(E) C I C k(E). Then, since A is regular,
E = h(k(E)) C h(I) C h(j(E)).

To show that actually h(I) = E, it therefore suffices to verify that h(j(E)) C
E. To that end, let p € A(A) \ E and choose a relatively compact open
neighbourhood U of ¢ such that UNE = (). Because A is regular, there exists
x € A such that
f((p) =1 and 33\|A(A)\U =0.

Thus Z has compact support and vanishes on the open neighbourhood A(A)\
Uof E.So x € j(E), whereas p(x) # 0. This shows ¢ & h(j(E)), as required.

Conversely, suppose that h(I) = E. Then I C k(h(I)) = k(F), and if
x € j(F), then Z has compact support and k() NsuppZ = (), and this implies
x € I by Corollary 5.1.4.

Finally, this also shows that h(j(F)) = h(j(F)) = E and j(E) C I for
every closed ideal I of A with h(I) = E. O

We now introduce some further notions that are fundamental to the study
of ideal theory in commutative Banach algebras.

Definition 5.1.7. Let A be a commutative Banach algebra and F a closed
subset of A(A).

(i) E is called a spectral set or set of synthesis (some authors also use the term
Wiener set) if k(E) is the only closed ideal of A with hull equal to E. We
say that spectral synthesis holds for A or A admits spectral synthesis if
every closed subset of A(A) is a set of synthesis.

(ii) E is called a Ditkin set or Wiener—Ditkin set for A if given © € k(FE),
there exists a sequence (y)r in j(E) such that ypx — = as k — oo.

(iii) A is called Tauberian if the set of all x € A such that T has compact
support is dense in A.

Remark 5.1.8. (1) Suppose that A is semisimple and regular. Then Theorem
5.1.6 shows that a closed subset E of A(A) is a set of synthesis if and only if
k(E) = j(F), and E is a Ditkin set if and only if E is a set of synthesis and
z € xk(E) for every x € k(FE). Furthermore, A is Tauberian precisely when {)
is a set of synthesis.

(2) The fact that a singleton {¢} is a Ditkin set for A is often rephrased
by saying that A satisfies Ditkin’s condition at ¢. Similarly, one says that A
satisfies Ditkin’s condition at infinity if () is a Ditkin set. Moreover, A is said
to satisfy Ditkin’s condition if it satisfies Ditkin’s condition at every ¢ € A(A)
and at infinity.

We have already observed that every proper modular ideal of a Banach
algebra is contained in some maximal modular ideal (Lemma 1.4.2). It need
not generally be the case that every proper closed ideal of a commutative
Banach algebra is contained in some maximal modular ideal. However, we
have the following
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Lemma 5.1.9. Let A be a reqular and semisimple commutative Banach alge-
bra and suppose that A is Tauberian. Then h(I) # O for every proper closed
ideal of A. In particular, if a € A is such that a(p) # 0 for all ¢ € A(A),
then the ideal Aa is dense in A.

Proof. 1f I is a proper closed ideal with h(I) = (), then j() C I by Theorem
5.1.6. However, j(FE) is dense in A since A is Tauberian.
The second statement is now obvious. ad

In passing we insert a characterisation of sets of synthesis in terms of the
dual space A* of A (Proposition 5.1.13).

Definition 5.1.10. Let V' be an open subset of A(A) and let f € A*. Then
f is said to vanish on V if f(xz) = 0 for all x € A for which supp ¥ is compact
and contained in V.

Lemma 5.1.11. Let A be a semisimple and regular commutative Banach al-
gebra. Given f € A*, there exists a largest open subset of A(A) on which f
vanishes.

Proof. We first show that if f vanishes on finitely many open subsets V1, ...,V
of A(A), then f vanishes on U?:l V;. To that end, let € A be such that
supp Z is compact and contained in U;-Zzl Vj. Since A is regular, by Corol-
lary 4.2.12 there exist ui,...,u, € A so that suppu; C V;,1 < j < n,
and Z;;lﬂj = 1 on suppZ. Because A is semisimple, it follows that
T = Z?:l zuj, and since supp zu; C V; for 1 < j < n, we conclude that

n

f)=>" flau;) =0,

j=1

because f vanishes on each V.

Now, let V be the collection of all open subsets of A(A) on which f vanishes
and let U = |J{V : V € V}. Then f vanishes on U. Indeed, if z € A is such
that supp 7 is compact and contained in U, then there exist Vi,...,V, € V
with suppz C U?:l Vj, and hence f(xz) = 0 by the first part of the proof.
Thus f vanishes on U and, by definition, U is the largest open subset of A(A)
on which f vanishes. a

Definition 5.1.12. Let f € A* and let U be the largest open subset of A(A)
on which f vanishes (Lemma 5.1.11). The closed set A(A) \ U is called the
support of f and denoted supp f.

Now the characterisation of spectral sets in terms of A*, announced above,
is as follows.

Proposition 5.1.13. Let E be a closed subset of A(A). Then E is a spectral
set if and only if whenever f € A* is such that supp f C E, then f(z) =0 for
all v € k(E).
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Proof. Suppose first that F is a set of synthesis and let f € A* such that
supp f C E. Then f vanishes on A(A)\ E and hence f(x) = 0 for all z € j(E).
Thus f(x) =0 for all x € j(E) = k(E).

Conversely, if j(F) # k(F), then by the Hahn-Banach theorem there
exists f € A* such that f(z) =0 for all x € j(E), whereas f(y) # 0 for some
y € k(E). Then f vanishes on A(A) \ E and hence supp f C E. This finishes
the proof. a

When proceeding to study the local membership principle, it is convenient
to introduce the following notation. For a € Aand M C A, let A(a, M) denote
the closed subset of A(A) consisting of all ¢ € A(A) such that @ does not
belong locally to M at .

Lemma 5.1.14. Let A be semisimple and regular and let I be a closed ideal
of A. Let x € A and let ¢ be an isolated point of A(x,I). In addition, suppose
that j(p) possesses an approximate identity. Then T does not belong locally to

J(p) at .

Proof. Towards a contradiction, assume that & belongs locally to j(¢) at ¢,
and let U be a neighbourhood of ¢ and y € j(¢) such that £ = 7y on U.
Then, because ¢ is an isolated point of A(z,I), it is an isolated point of
Ay, I) and we can choose an open neighbourhood V' of ¢ such that V C U
and V N A(y,I) = {¢}. By Corollary 4.2.9, there exists z € A such that
z = 1 on some neighbourhood of ¢ and suppz C V. Finally, since j(¢)
has an approximate identity, there exists a sequence (uy), in j(¢) such that
|luny — y|| — 0 as n — oo.

Now consider the elements 2, = u,zy, n € N, of A. Then z, belongs
locally to I at infinity and at every ¥ € A(A)\ 'V since suppz C V. Moreover,
Zn belongs locally to I at ¢ since w,, vanishes in some neighbourhood of ¢, and
also at every ¥ € V' \ {¢} because VN A(y, I) = 0. It follows that z, € I and
therefore zy = lim,, o 2, € I. After all, this means that 7 belongs locally to
I at ¢ since Z is identically one in some neighbourhood of (. This contradicts
¢ € Ay, I) and finishes the proof. O

We conclude this section with the following proposition which is applied
in the next section.

Proposition 5.1.15. Let A be a regular and semisimple commutative Banach
algebra. Let I be a closed ideal of A and let x € A be such that h(I) C h(x).
Then

(i) A(x, I) is contained in h(I) N I(h(x)) = d(h(I)) N O(h(x)).

(ii) If singletons in A(A) are Ditkin sets, then A(x,I) has no isolated points.

Proof. (i) By Lemma 5.1.3, z belongs locally to I at each point of h(x)° and
at each point of A(A)\ h(I). Thus

Az, I) € h(I) N (A(A)\ h(z)?).
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However, since h(I) C h(x),
O(h(1) No(h(x)) = (A(D) N A\ (D)) 1 (h(2) N AA)\ b))
= h(I) N h(@) N ()\h(x) A(I) NO(h(x))
= h(1) N (h(x) N (A(4) \ h(2)"))
= h(I) N (A(A) \ h(a)").

So A(z,I) CO(h(I)) NO(h(z)).

(ii) Assume that A(x, ) has an isolated point ¢. Because {¢} is a Ditkin
set, it follows from Lemma 5.1.14 that 2 does not belong locally to j(¢) = k(v)
at . But o € h(I) C h(x), so that « € k(¢). This contradiction shows (ii). O

5.2 Spectral sets and Ditkin sets

Let A be a commutative Banach algebra. Our objective in this section is the
naturally arising problem of which closed subsets of A(A) are sets of synthesis
or Ditkin sets and whether these classes of subsets of A(A) are preserved
under certain operations, such as forming finite unions. We begin with the
latter question which allows a satisfactory answer for Ditkin sets, as the next
two results show.

Lemma 5.2.1. The union of two Ditkin sets is a Ditkin set.

Proof. Let Ey and Es be Ditkin sets in A(A) and let E = FE; U Eo. We have
to show that given x € k(F) and € > 0, there exists y € j(F) such that
||x — zy|]] < e. Now, since € k(FE;) and F; is a Ditkin set, there exists
y1 € j(E1) such that ||x — zy1|| < /2. Similarly, since zy; € k(E2) and Ej is
a Ditkin set, there exists yo € j(E2) such that ||zys —2xy1y2|| < /2. It follows
that y = y1y2 € j(E1) N j(E2) = j(E) and ||z —zy| <e. a

Theorem 5.2.2. Let A be a semisimple and regular commutative Banach al-
gebra and suppose that () is a Ditkin set. Then every closed subset of A(A)
which is a countable union of Ditkin sets is again a Ditkin set.

Proof. Let (E;); be a sequence of Ditkin sets in A(A) such that E = J;2, E;
is closed. Let x € k(F). Then, since () is a Ditkin set, there is a sequence (u,)n
in A such that zu,, — z and %, has compact support for each n. It suffices
to show that zu, € zu,j(E) for every n. We can therefore assume that = has
compact support. Then it will follow from Theorem 5.1.2 that « € zj(FE) once
we have verified that Z belongs locally to zj(E) at every ¢ € A(A).

Fix ¢ € A(A) and choose a compact neighbourhood U of ¢. Since A is
regular, there exists u € A such that © = 1 in a neighbourhood of ¢ and
suppu C U. We show that zu € zj(E). To that end, let € > 0 be given. Then,
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since all the E; are Ditkin sets and = € k(E;), we can construct by induction
a sequence (y;); such that y; € j(E;) for each 4, ||zu — zuy1 || < ¢/2 and

lzu(ys - .- yio1) —wu(ys -yl <27

for i > 2. For each 7, let V; be an open set containing F; such that ¢; vanishes
on V;. Now,
o0

Since ENU is compact, ENU C Ui:l Vi forsomen e N.Let y =y1-...-yn €
J(ENU). Because u vanishes on A(A) \ U, it follows that uy € j(E). Finally,
we have

uCg

[|[zu — zuyl| < ||Jzu — zuyr || + [|Jruyr — zuyryz|| + - -

+ qu(yl et ynfl) - xu(yl et ynfl)ynH
o

S
=1

It follows that zu € xj(E) since zuy € zj(F) and € > 0 was arbitrary. Now,
u = 1 in a neighbourhood of ¢ and hence = belongs locally to zj(E) at ¢. O

In contrast to the behaviour of Ditkin sets, the union of two sets of syn-
thesis need not be a set of synthesis, even when the structure space A(A) is
discrete. An example is provided by the Mirkil algebra which we explore in
Section 5.4. Theorem 5.2.5 below is close to the strongest available result con-
cerning unions of sets of synthesis. For that, two preparatory lemmas, which
appear to be of interest in their own, are required. We continue to assume
that A is a regular and semisimple commutative Banach algebra.

Lemma 5.2.3. Let Ey and Es be closed subsets of A(A). Let E = E1 U Es
and F' = E1NEs, and suppose that F is a Ditkin set. Let I be any closed ideal
of A with h(I) = E and let

Then I =11 N 1s.

Proof. We only have to show that I; N Io C I. Because [ is closed in A it
suffices to prove that given a € I; NIy and € > 0, there exists u € A such that
ua € I and |lua — a|| < e. Note that

h(Ix) = h(I) N h(j(Ek)) = Ek,

k =1,2, whence a € k(E1) Nk(Es) C k(F). As F is a Ditkin set, there exists
u € j(F) such that |[ua — a|| < e. Clearly, ua belongs locally to I at infinity.
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We show that ua belongs locally to I at every point ¢ € A(A). Since A is
semisimple it then follows that ua € 1.

Firstly, ua belongs locally to I at every ¢ € A(A) \ h(I) (Lemma 5.1.3)
and at each ¢ € A(A) \ suppua. Thus we are left with points of

(Er N'supp ua) U (E2 N supp ua).

Put C = F; N supp ua, which is a compact set. Then C' N Fy = () because u
vanishes in a neighbourhood of F' = F1NFEs. Choose a compact neighbourhood
V of C such that

0=V nNE,=Vnh(j(E)).

We can now apply Theorem 4.2.8, taking the ideal j(Es) and the compact
set V, to deduce the existence of some = € j(E2) such that Z(¢)) = 1 for all
¥ € V. Now, since ua € I; = I + j(FE1), for every § > 0 there exist y5 € I
and zs € j(Ep) such that

lua — (ys + 25)II < dll[| ™
It follows that ||zua — x(ys + z5)|| < 6 as well as
xys € I and xz5 € j(E1) Nj(Ee) =j(E) C I.

Since [ is closed and § > 0 was arbitrary, we conclude that zua € I. Finally,
since 7 is identically one on V, it follows that ua belongs locally to I at every
point of C.

In exactly the same way it is shown that ua belongs locally to I at every
point of Ey N supp ua. O

The following lemma shows that, as closed ideals, I; and I in the preceding
lemma are uniquely determined by the conditions that Iy NIy = I and h(l}) =
Ey for k=1,2.

Lemma 5.2.4. Let Ey, FE5, and I be as in Lemma 5.2.3. If Jy and Js are
closed ideals of A with h(Jy) = Ex, k= 1,2, and Jy N Jo = I, then

Joe =T+ (B, k=12

Proof. As in Lemma 5.2.3, let I; = I+ j(E;) for i = 1,2. We prove that
J1 C I, the converse inclusion, Iy C J;, being obvious since I C J; and
j(E7) is the smallest ideal with hull equal to E;. Thus, let a € Jy. It is
enough to show that given € > 0, there exists u € A such that ua € I; and
[|lua — a]| < e.

Since F' = E; N E3 is a Ditkin set and a € k(F), there exists u € j(F)
such that |Jua — a|| < e. Let C = E; Nsuppua and choose v € j(F5) such
that © = 1 on some neighbourhood of C' (compare the proof of Lemma 5.2.3).
Then ua — vua € I. In fact, ua — vua belongs locally to I; at infinity since
u has compact support, and clearly at every ¢ € A(A) \ h(I) as well as
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at each ¢ € A(A) \ supp ua, and finally also at ¢ € C' since ¥ = 1 in some
neighbourhood of C'. By semisimplicity, we get ua—vua € I, and this together
with

vuaEJlﬂj(Eg)ngﬂJQ:Igh

yields that uwa, € Iy, as required. So J; = I, and similarly Jo = Is. O

Using the preceding two lemmas, we can now quickly prove the result on
unions of spectral sets alluded to above.

Theorem 5.2.5. Let A be a semisimple and regular commutative Banach al-
gebra. Suppose that E1 and Eo are closed subsets of A(A) such that By N Es
is a Ditkin set. Then Fq U Es is a spectral set if and only if both E1 and Es
are spectral sets. In particular, if A satisfies Ditkin’s condition at infinity and
Ey and Es are disjoint, then E1 U Ey is a spectral set if and only if Ey and
FEs5 are spectral sets.

Proof. First, let Fy and Es be spectral sets. Let E = FE; U Fy and apply
Lemma 5.2.3 with I = j(FE). It follows that

J(E)=I+j(E)NI+j(E)
=1+ Ek(E)NI+k(E2) =k(E) NE(Esy)
=k(E).

Thus F is a spectral set.
Conversely, suppose that E is a spectral set and again let I = j(E). Then
Lemma 5.2.4, we see that

k(E:) =1+ j(E:) = j(Es),
so that F; is a spectral set for i =1, 2. O

The notions of set of synthesis and of Ditkin set are local in the sense of
the following theorem. Part (i) of this theorem in particular also shows that,
for A as in the theorem, the union of two disjoint sets of synthesis is a set of
synthesis (compare this with Theorem 5.2.5).

Theorem 5.2.6. Let A be a reqular and semisimple commutative Banach al-
gebra satisfying Ditkin’s condition at infinity and let E be a closed subset of
A(A).

(i) Suppose that each point of E has a closed relative neighbourhood in E
which is a set of synthesis for A. Then E is a set of synthesis for A.

(ii) Suppose that each point of E has a closed relative neighbourhood in E
which is a Ditkin set for A. Then E is a Ditkin set for A.
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Proof. (i) We have to show that every z € k(E) belongs to j(E). Because () is
a Ditkin set, we can assume that Z has compact support. By Theorem 5.1.2
and Lemma 5.1.3 it then suffices to show that Z belongs locally to j(E) at
every ¢ € E.

By hypothesis, there exist a closed subset E, of I/ and an open neighbour-
hood U, of ¢ in A(A) such that E, is a set of synthesis and U, N E C E,,.
A being regular, there exists u € A such that suppu € U, and u =1 in a
neighbourhood of ¢ in A(A). Since E,, is a set of synthesis, given any € > 0,
there exists y € j(E,) with |ly — z|| < ¢/||ul|. Then |jyu — zu|| < € and yu
vanishes in a neighbourhood of E since § = 0 in a neighbourhood on E,
u = 0 is a neighbourhood of A(A) \ U,, and E C E, U (A(A) \ U,). So
yu € j(F) and hence zu € j(F) since € > 0 was arbitrary. Finally, zu = 7 in
a neighbourhood of ¢ and hence T belongs locally to j(F) at ¢.

(ii) Let € k(F) and € > 0 be given. Because ) is a Ditkin set, there
exists ug € A such that ug has compact support and ||ugz — z|| < €/2. Since
E Nsuppug is compact, there exist closed subsets E1, ..., E, of E such that
Ensuppug C U;-Zzl E; and each Ej is a Ditkin set. We now define inductively
a sequence (ug)x in A such that uy € j(Fx) and

[lug(wr—1 - ... up)z — (ug—1 - ... uo)x| < €/2n.
Let u=wu, ... -ug € A. Then
n
[|lux — x| < Z [Jug(wp—1 - - ug)z — (Up—1 - ... ug)x| + |luox — || <e.
k=1

Moreover, u has compact support disjoint from E. In fact, ux € j(Eyx) for
1<k <nand ENsuppug C U?Zl E;. This shows that E is a Ditkin set. O

Let I be a closed ideal of A and let ¢ : A — A/I denote the quo-
tient homomorphism. Then the mapping i : A(A/I) — A(A), defined by
i(p)(x) = @(q(x)) for p € A(A/I) and = € A, is a homeomorphism between
A(A/I) and the subset h(I) of A(A) (Lemma 4.1.5). It is a challenging issue
whether ¢ maintains synthesis properties. As we show in Section 5.5, there
is a complete solution to this when A = L'(G) and [ is the kernel of the
canonical homomorphism L'(G) — L'(G/H), where G is a locally compact
Abelian group and H is a closed subgroup of G. The following theorem, which
might well be termed the injection theorem for spectral sets and Ditkin sets,
comprises what is known in this respect for general commutative Banach al-
gebras.

Theorem 5.2.7. Let A be a regular and semisimple commutative Banach al-
gebra, I a closed ideal of A, and E a closed subset of A(A/T).

(i) If i(E) is a spectral set (respectively, Ditkin set) for A, then E is a spectral
set (respectively, Ditkin set) for A/I.
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(ii) Suppose that h(I) is a spectral set for A. If E is a spectral set for A/I,
then i(E) is a spectral set for A.

(iii) Suppose that A satisfies Ditkin’s condition at infinity and that there exists
a constant ¢ > 0 such that for any a € A and € > 0, there exists b € A

such that ||a — bal| < c|lq(a)|| + € and b vanishes in a neighbourhood of
h(I). If E is a Ditkin set for A/I, then i(E) is a Ditkin set for A.

Proof. (i) Suppose that i(E) is a spectral set (respectively, Ditkin set) for A
and let x € A be such that ¢(x) € k(E). Then, given € > 0, there exists
y € j(i(F)) such that ||z — y|| < e (respectively, ||z — zy|| < €). Thus

la(z) —a(y)l < e (respectively, [¢(z) — q(x)q(y)l| <e).

Also supp q(y) C i~ (suppy), and if § vanishes on the open neighbourhood V
of i(E) in A(A), then ¢(y) vanishes on the open neighbourhood i =1 (V) of E
in A(A/I). This shows that E is a spectral set (respectively, Ditkin set) for
A/l

(ii) We claim that there is a bijective correspondence between the closed
ideals J of A with h(.J) = i(E) and the closed ideals K of A/I with h(K) = E.
Given such K, simply take J = ¢~ !(K). Clearly then h(J) = i(E). Conversely,
let J be given. We show that I C J. To that end, let © € I and € > 0 be given.
Because h(I) is a set of synthesis, there exists y € j(h(I)) with ||z — y|| < e.
Thus y has compact support and vanishes in a neighbourhood of h(J) since
h(J) =i(E) C h(I). Corollary 5.1.4 implies that y € J. As € > 0 was arbitrary,
we infer that z € J. So J = ¢~ !(J/I). This establishes the above claim. It
follows that k(i(E)) = j(i(F)) since k(E) = j(E).

(iii) Let = € k(i(E)), © # 0, and € > 0. Then ¢g(z) € k(F) and hence, since
E is a Ditkin set for A/I, there exists u € A such that ||¢(x)q(u) — q(z)]] < €
and q/(\u) vanishes on a neighbourhood of E in A(A/I). By (ii), i(E) is a set
of synthesis for A. Hence, since u € k(i(E)), there exists v € A with the
properties that ||v — u|| < €/||z|| and ¥ has compact support and vanishes on
a neighbourhood of i(E) in A(A). Then

la(z) — q(x)q(@)]| < llg(z) — q(x)q(u)]| + llz] - lg(u) — q(v)|| < 2e.
By hypothesis, there exists w € A such that
[z —va) —w(z —va)|| < cllg(z —va)| + e

and @ vanishes in a neighbourhood of i(A(A/I)) = h(I). Since A satisfies
Ditkin’s condition at infinity, we can assume that @ has compact support.
Now, let y = v+ w — vw. Then

o = yall = (@ — va) — w(z — va)|
< dllg(z —va)l| + €
<e2c+1).
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Finally, ¥ vanishes in a neighbourhood of i(E) in A(A) since w vanishes in a
neighbourhood of i(A(A/I)) in A(A) and v vanishes in a neighbourhood of
i(EF) in A(A). Thus y € j(i(E)), and since € > 0 was arbitrary it follows that
x € j(i(E)). O

It turns out that the hypotheses in part (iii) of Theorem 5.2.7 are fulfilled
in the group algebra situation outlined above.

We continue with a simple lemma which shows that for commutative Ba-
nach algebras, which satisfy a condition similar to being boundedly regular,
a set of synthesis necessarily is a Ditkin set.

Lemma 5.2.8. Let A be a semisimple and reqular commutative Banach al-
gebra and let E C A(A) be a set of synthesis. Suppose that there exists a
constant ¢ > 0 such that for every compact subset K of A(A) which is dis-
joint from E, there exists y € j(E) such that ||y|]| < c andy=1 on K. Then
E is a Ditkin set.

Proof. Let x € k(E) and € > 0 be given. Since F is a set of synthesis, there
exists u € j(E) such that ||u — x| < e. By hypothesis, there exists y € j(E)
satisfying ||y|| < ¢ and ¥ = 1 on supp@. Then u = uy since u = uy and A is
semisimple. It follows that

o — 2yl <[l —ull + [Juy —2zy|| < A+ o)llz —ul| < (1 +c)e.
Thus x € zj(FE), as was to be shown. O

Definition 5.2.9. A compact subset E of A(A) is said to satisfy condition
(D) (D referring to Ditkin) if there exists a constant C' > 0 such that for
every neighbourhood U of E, there is y € A so that ||y|| < C, suppy C U,
and 7 = 1 in a neighbourhood of E.

The relevance of condition (D) is due to the fact that for unital A it turns
out to be equivalent to the condition in Lemma 5.2.8, which ensures that a
set of synthesis is already a Ditkin set.

Lemma 5.2.10. Suppose that A has an identity e and let E be a closed subset
of A(A). Then the following are equivalent.

(i) E satisfies condition (D).

(ii) There exists a constant ¢ > 0 such that for every compact subset K of
A(A) which is disjoint from E, there exists a € j(E) with ||la|| < ¢ and
a=1on K.

Proof. (ii) = (i) Let U be an open set containing F. Choose an open set V' so
that E CV and V C U, and let K = A(A) \ V. By (ii), there exists a € j(E)
such that @ = 1 on K and ||a|| < ¢. Then the element z = e — a satisfies
lz]| <1+ ¢, suppZ C U, and Z = 1 is a neighbourhood of E. So (i) holds.
(i) = (ii) is even simpler. O



5.2 Spectral sets and Ditkin sets 267

We now concentrate on finding conditions on an individual closed subset
E of A(A) which ensure that E is a set of synthesis. Employing the local
membership principle it turns out that a certain condition, which is close to
countability of the boundary 9(F), is sufficient.

Definition 5.2.11. Let X be a topological space. Then X is called scattered
if every nonempty closed subset F' of X has an isolated point; that is, there
exist © € F and an open subset U of X such that U N F = {«}.

Remark 5.2.12. Suppose that X is a countable locally compact Hausdorff
space. Then X is scattered. Indeed, if F' is any nonempty closed subset of X,
then F'is a countable union of closed singletons and locally compact, so that
by Baire’s theorem at least one of these singletons has to be open in F.

Conversely, if X is a Hausdorff space with a countable basis U for its
topology and if X is scattered, then X has to be countable. This can be seen
as follows. Let

V= U{U € 4 : Uis countable} and C' = X \ V.

Then V is countable and open. Towards a contradiction, assume that C' is
nonempty. Then, since X is scattered and C'is closed in X, C' has an isolated
point z. Hence there exists U € 4 such that U N C' = {z}. From

U=UnC)uUnV)C{z}uVv

we get that U is countable and hence contained in V. So x € V, and this
contradiction shows that X = V| which is countable.

A classical and powerful theorem, which is often referred to as the Wiener—
Ditkin theorem (or Ditkin—Shilov theorem), asserts that if A is a semsisimple
and regular commutative Banach algebra which satisfies Ditkin’s condition at
infinity, then every closed subset of A(A) with scattered boundary is a spectral
set. We proceed with the following more general result, which is needed in
Section 5.7 and the proof of which is technically somewhat involved.

Theorem 5.2.13. Let A be a regular and semisimple commutative Banach
algebra. Let T be a locally compact Hausdorff space and ¢ : A(A) — T a
continuous, surjective, and proper mapping. Suppose that for each t € T,
every closed subset of $~1(t) is a Ditkin set for A. Let E be a closed subset
of A(A) such that ¢(O(E)) is scattered. Then E is a set of synthesis for A.

Proof. Let I be a closed ideal of A with h(I) = E and let = € k(E). We have
to show that x € I. Since () is a Ditkin set, for every € > 0 there exists y € A
such that § has compact support and ||z — zy|| < e. It then suffices to show
that xy € I for any such y. Therefore we can assume that T has compact
support.

Let S denote the set of all t € T" with the property that = does not belong
locally to I at at least one point of ¢~ 1(¢). We aim at showing that S = (.
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To that end, we first observe that S is closed in T'. To see this, let (sq)q be a
net in S converging to some t € T" and, towards a contradiction, assume that
t ¢ S. For each a, choose ¢, € ¢~ 1(s,) such that 2 does not belong locally to
I at ¢, . Fix a compact neighbourhood U of . Then ¢~!(U) is compact since
¢ is proper. Therefore, after passing to a subnet if necessary, we can assume
that ¢, € ¢~1(U) for every a and that ¢, — ¢ for some ¢ € A(A). Then
¢ € ¢~ () since ¢(ps) = 8o — t. Hence T belongs locally to I at ¢ and since
©®a — ©, the same is true at ¢, for large a.. This contradiction shows that S
is closed in T

Because Z belongs locally to I at all points of E° and of A(A)\ E (Lemma
5.1.3), it follows that

suppZ N ¢ () NA(E) # 0

for every t € S. Thus S C ¢(suppz N I(F)) and since ¢(9(F)) is scattered,
so is its compact subset ¢p(suppZ NI(E)). Hence S, being closed, is scattered
as well. Suppose that S # (. Then S has an isolated point ¢.

Fix an open subset U of T such that U NS = {t} and let V = ¢=1(U)
and K = suppZ N ¢~ 1(t) N d(E). Then K is compact and V is an open
neighbourhood of K. Moreover, choose an open neighbourhood W of K such
that W C V.

Since A is regular, there exists a € A such that @ = 0 on A(A) \ W and
a = 1 on a neighbourhood of K (Theorem 4.2.8). By hypothesis, the compact
subset K of ¢~1(t) is a Ditkin set. Since # € k(K), there exists a sequence
(an)n in j(K) so that ||a,z — x| — 0 and hence |a,az — ax| — 0.

We claim that a,ax € I. This follows from the three facts that

(1) an € §(O(E) Nsupp@ N ¢~ (1)),

(2) x belongs locally to I at every point of A(A)\ (O(E)Usupp ), at every
point of V' \ ¢~1(¢) and at infinity,

(3) a belongs locally to I at all points of A(A)\W, so at points of A(A)\V.

As A is semisimple, we infer that a,az € I for all n and hence az € I.
Now, @ = 1 in a neighbourhood of K and consequently Z belongs locally to
I at all points of ¢~1(¢). This contradiction shows that S = () and completes
the proof. ad

If T'= A(A) and ¢ is the identity map, Theorem 5.2.13 reduces to the
Wiener—Ditkin theorem. Theorem 5.2.13 in particular applies when E is open
and closed in A(A). In this case, however, the hypotheses on A can be weak-
ened. Nevertheless, the proof of the following proposition is very similar to
the one of Theorem 5.2.13.

Proposition 5.2.14. Let A be a regular and semisimple commutative Banach
algebra and let E be an open and closed subset of A(A).

(i) If A is Tauberian and x € Az for every x € k(E), then E is a set of
synthesis.
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(ii) If A satisfies Ditkin’s condition at infinity, then E is a Ditkin set.

Proof. (i) Let x € k(F) and I = j(FE). By Lemma 5.1.3, T belongs locally to I
at every point of A(A)\ E and, since F is open, at every point of E C h(x)°.
Because x € Az and A is Tauberian, there exist y € A, k € N, such that each
Y has compact support and yrz — x as k — 0o. Then yrx belongs locally to
I at every point of A(A) and at infinity. Since A is semisimple, ypz € I and
hence z = klggo yrr € 1.

(ii) Since E is open and closed in A(A4),
B (E) + J(A(4)\ B)) = BN (A(A) \ E) = 0.

Thus, since @) is a Ditkin set, for every = € A there exist sequences (uy), C
J(E) and (vy,)n C j(A(A) \ E) such that z(u, + v,) — z. Now, let z € k(E).
Then xv, = 0 since A is semisimple and Zv,, vanishes on E and on A(A)\ E.
So x = lim,, .o zu, € zj(E), as required. O

Supppose that spectral synthesis holds for A. Then x € Ax for every
x € A. Indeed, let E = h(x) = h(Ax). Since E is a spectral set, k(E) = Ax
and hence x € Az. The following corollary is now an immediate consequence
of Proposition 5.2.14.

Corollary 5.2.15. Let A be a semisimple and reqular commutative Banach
algebra. Suppose that A is Tauberian and that A(A) is discrete. Then spectral
synthesis holds for A if and only if x € Az for each x € A.

As we show in Section 5.5, it follows from Corollary 5.2.15 that spectral
synthesis holds for L'(G), where G is a compact Abelian group.

5.3 Ideals in C™[0, 1]

In this section we present what is known about the ideal structure of the
regular commutative Banach algebra C™[0,1],n > 1. We have observed in
Example 2.2.9 that the map a — ¢,, where ¢.(f) = f(a) for f € C™[0,1],
provides a homeomorphism from [0, 1] onto A(C™[0,1]). In what follows we
therefore identify A(C™[0, 1]) with [0, 1]. The algebras C™[0, 1] are the simplest
examples of regular semisimple commutative Banach algebras A for which sin-
gletons in A(A) fail to be sets of synthesis. More precisely, we show that given
any a € [0,1], there are exactly n + 1 different closed ideals in C™[0, 1] with
hull equal to {a}. Such ideals with a one-point hull are usually called primary
ideals. Even though singletons in A(C™[0,1]) fail to be sets of synthesis, it
turns out that every proper closed ideal in C™[0,1] is the intersection of all
the closed primary ideals containing it.

Recall that the smallest ideal with hull {a},j(a), consists of all functions
in C™[0, 1] which vanish in a neighbourhood of a. We begin with a description

of j(a).
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Theorem 5.3.1. j(a) = {f € C"[0,1] : fD(a) =0 for 0 <i <n}.

Proof. Let M denote the set of all such functions on the right-hand side. Then
M is closed in C™[0, 1] because the maps f — ) (a), C"[0,1] — C,0 < i < n,
are continuous. Clearly, j(a) C M, and hence j(a) C M.

Conversely, let f € M be given and define a sequence of functions f,, :
[0,1] - C,m € N, by

flt— 1) fortefa+ )}, 1],
fm@#) =<0 fortefa— ) a+ '],
fit+ L) fortef0,a— 11

We claim that f,,, € C™[0,1] (and hence f,, € j(a)), and that the derivatives
of f,, are given by the formula

fO@ - 711) fort € [a + 711, 1],
) = 0 fortefa— ) a+ '],
fO@+ 1) forte0,a— L]
Obviously, the function f,, is n-times continuously differentiable on the set
[0,1]\ {a—1/m,a+1/m} and there its derivatives satisfy the stated formula.
Our claim for the whole interval [0,1] now results from the following well-
known fact which is a consequence of the mean value theorem. If a continuous
function g : [0,1] — C is continuously differentiable on [0, 1] \ F, where F is
a finite set, and ¢’ admits a continuous extension h : [0,1] — C, then g is
differentiable on [0, 1] and ¢’ = h.
It remains to show [|£% — f@||lc — 0 for 0 < i < n. To this end, fix i
and set g = f) and g,, = f,g?, and let € > 0 be given. Because g is uniformly
continuous there exists 6 > 0 such that |g(t) — g(s)| < e for all ¢, s € [0, 1]

with [t — s| < §. The above formula for £ then yields that lgm — glloc < €
for all m with m > 1/6. Indeed, if t € [a — 1/m,a+ 1/m], then

lgm (t) = 9(O)] = [9()] = l9(t) — g(a)] <,

whereas, if t € [a + 1/m, 1], then

g (t) — 9(0)] = \g (=) —g(tﬁ <e

and if ¢ € [0,a — 1/m], then

on(0) — a0 = |o {1+ | ) = at0] <

as required. O
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Our next goal is to determine the closed primary ideals in C™[0, 1] with
hull {a}. Recall that these are just the closed ideals P in C™[0, 1] with

j(a) € P C k(a).

For that, we show that C"[0,1]/j(a) is algebraically isomorphic to a certain
quotient of C[X], the ring of complex polynomials in one variable X.

Lemma 5.3.2. For each a € [0,1], the quotient algebra C™[0,1]/j(a) is iso-
morphic to the (n+ 1)-dimensional algebra C[X|/J, where J denotes the ideal
in C[X] generated by X"*1.

Proof. Define ¢ : C"[0,1] — C[X]/.J by
=> 1|f a) X'+ J.

7!
i=0

¢ is a homomorphism because, for f,g € C"[0,1],

1
SN = D 1 FO@g® @)X 4
i,k=0
n k
PP P
k=0 \i=0
"1 (R LG |
=2 (Z (Z.)f(” (a)g 0 <a>> X+t
= Z (fg)(k)(a)Xk +J
k= 0
= o(f9)-
It follows from Theorem 5.3.1 that the kernel of ¢ coincides with j(a). Finally,
¢ is surjective since, for any ci,...,c, € C,
S Xt T = gb(Zci(X - a)i).
i=0 i=0
Thus C™[0,1]/j(a) is algebraically isomorphic to C[X]/.J. O

The ideals of C[X]/J are easy to determine. For sake of completeness we
include the arguments.

Lemma 5.3.3. Let J be as in Lemma 5.53.2. There are exactly n + 1 proper
ideals in C[X]/J.
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Proof. For 0 < k < n+ 1, let I}, denote the ideal in C[X] generated by X*.
Then
J=In1 CIy C ... C Iy = C[X]

since X* € I\ Ir41, 0 < k < n. It therefore suffices to show that every proper
ideal I in C[X] strictly containing J coincides with some I;. Because C[X]
is a principal ideal domain, I = C[X|]p for some polynomial p of degree > 1.
Write N
p= Z CiXi —|— an+1,
where ¢ € C[X] and ¢, # 0. Clearly I C I,,,, and we claim that conversely
I, € I. We have
X"y =, X" 4 X" g
for some g € C[X]. Since J C I, p € I, and ¢, # 0, we obtain that X" €

and hence
n—1

Z X' =p—c, X" —gX" el
i=m
If m < n, by the same argument as before, we conclude from this that X"~ €

I. Continuing in this manner, we finally end up with X™ € [I. This shows
I,, CI.So I =1I,, and this establishes the lemma. O

Lemmas 5.3.2 and 5.3.3 now quickly lead to a description of all the closed
primary ideals in C"[0, 1].

Theorem 5.3.4. Given a € [0,1], there are exactly n+1 closed primary ideals
in C™[0,1] with hull equal to {a}, namely the ideals

Pop={fcC0,1]: fP(a)=0for0<i<m}, 0<m<n.

Proof. 1t is clear that h(P, ) = {a} and that P, ,, is properly contained in
P, 1, for m > k. The statement now follows from Lemmas 5.3.2 and 5.3.3. O

We show next that j(a) contains an (unbounded) approximate identity.
This is a first step towards the main result stated at the outset of this sec-
tion. Some of the proofs that follow are fairly intricate and employ the local
membership principle in a substantial manner. Actually, the ideals P, ., don’t
possess bounded approximate identities (see Exercise 5.8.12).

Lemma 5.3.5. There exists a sequence (U )m in j(a) such that
i [[f ~ fum] = 0

for every f € j(a).
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Proof. We choose functions gg and g7 in C™[0, 1] with the following properties:
g,(:)(O) =0= g,(:)(l) fork=0,landall1 <i<n

and
90(0) =0=g1(1), go(1) =1=g:(0).

For each m € N, define u,, : [0,1] — C by

1 fort €a+ 2,1],
go(m(t—a)+1) forte€la+ ',a+ 2],

Un(t)=4¢ 0 fortefa— ' a+ 1],
gi(m(t—a)+2) fort€la—2,a— '],
1 fort € [0,a— 2].

As in the proof of Theorem 5.3.1, it is straightforward to verify that w,, €
C™[0,1] and that

0 fortefa+ 2,1],
e+ ot lat s 2]

WO =4 0 fortefa— ! a+ !,
i+ el bra- 1L
0 fortE[O,a—i]v

1 <i < n. Clearly u,, € j(a), and we show that | f — fum| — 0 as m — oo
for every f € j(a). Set

ci = max(]lg” [lso, 193" l1s0)-
so that Hugﬁ)H < mic; for 0<i<mn.Fix f,and for t >0and 0 < i < n, let
€i(t) = max{|fD(s)| :s € [a—t,a+1]N[0,1]}.

Because f()(a) = 0 for 0 < i < n (Theorem 5.3.1), we infer from the mean
value theorem that €;_1(t) < te¢;(t) and therefore
eiip(t) <the(t), 0<k<i<n.

Finally, with T, = [a — 2/m,a + 2/m] N [0,1] and using the above formula
for the derivatives u'Y, we can now estimate the norms I(f = fum)Poo as
follows:

I = Fu) ¥ o = mace

7000 =3 (1) £ s

k=0
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< tlen[g))i] |f(i) (t) - f(i) (t)um(t)l

i—1 .
! ®) (£, =0 (¢
#3 () g O 0ut 0

< (1 [t o) mae [ £ (1)

i—1 .
EY [t (k)
3 ()1 e e 19 0)
k=0
i—1

<1+ Co)ei(ﬂll) + kZ:O <;> . (jl)
<ar(2) u(?)

A\
_
+

Notice that €,(2/m) — 0 as m — oo because £ (a) = 0. Consequently
Il(f = fum)®|loe — 0 for all 0 < i < n and hence ||f — fun| — 0. O

As an immediate consequence of Lemma 5.3.5 and Lemma 5.1.14 we note
the following

Corollary 5.3.6. Let I be a closed ideal in C™[0,1] and f € C™[0,1], and let
A(f,I) denote the set of all a € [0,1] such that f does not belong locally to T
at a. If a is an isolated point of A(f,I), then f does not belong locally to j(a)
at a.

Lemma 5.3.7. Let f € C™[0,1] and suppose that a is an accumulation point
of h(f), the zero set of f. Then f € j(a).

Proof. According to Theorem 5.3.1, it suffices to show that f(™)(a) = 0 for
0 < m < n. This is done by induction on m, the case m = 0 being clear.
Thus, let m > 1 and assume that f()(a) = 0 for i < m. By hypothesis, there
is a sequence (ag)i in h(f) such that a # a for all k and ar, — a. By Taylor’s
formula,

0= f (ar) = (o ;l,a) F (a4 Ok (ar — a)),
where 0| < 1. It follows that £ (a + 6)(ax —a)) = 0 for all k and hence
™) (a) = 0 by continuity of f("). |

Lemma 5.3.8. Let I be a closed ideal in C™[0,1] and a an isolated point of
h(I). If I C j(a), then every f € j(a) belongs locally to I at a.
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Proof. Assume that some f € j(a) does not belong locally to I at a. By
hypothesis, there is an open set in U in [0,1] such that U N A(I) = {a}.
Because C"[0, 1] is regular, f belongs locally to I at every point outside h([)
(Lemma 5.1.3), so in particular at every point of U\ {a}. Hence a is an isolated
point of A(f,I). Corollary 5.3.6 now shows that a € A(f,j(a)), which is a
contradiction. ad

The next lemma generalises Lemma 5.3.8 and is another substantial tool
in proving Theorem 5.3.10 below.

Lemma 5.3.9. Let I and a be as in Lemma 5.3.8, and let m < n be maximal
with the property that

ICP,,,={geC"0,1]: g(i)(a) =0 for 0 <i<m}.
Then every function in P, ,, belongs locally to I at a.

Proof. We can assume m < n, the case m = n having been dealt with in
Lemma 5.3.8. Let f € P, ,,, and define h € C™[0, 1] by

- 10 (t—a), te0,1].

It is clear that A% (@) = 0 for 0 < k < m since f € P, . However, for
k> m -+ 1 we also have

F¥(a)

1= @9 @) 0.

Theorem 5.3.1 now yields h € j(a), and hence h belongs locally to I at a by
Lemma 5.3.8.

Now, fix f € P, ., and let h be as above. To prove that f belongs locally to
I at a, it suffices to show that each of the functions t — (t—a)®, m+1 <i < n,
belongs locally to I at a. Because I € Py 41, there exists g € I such that
gt (a) # 0. Since g € Py, the first paragraph of the proof applies to g
and shows that the function h defined by

belongs locally to I at a. Now, for 0 < k < d=n — (m + 1), define g, by

9" (a)

ma ™ a)"™F 4 ri(t) + hi(t),

ge(t) = (t—a)*Fg(t) =

where hy(t) = (t — a)?=*h(t) and
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n (4)
n— g a 1—(m
n(t) =t —ay et Y0 9 gy,
i=m-+2 :

Then, for all 0 < k < d, g € I and hy belongs locally to I at a since h does
so. All the derivatives up to order n of r¢ vanish at a, so that ro € j(a) by
Theorem 5.3.1. Hence ry belongs locally to I at a by Lemma 5.3.8. Because
the same is true of gg and hy and since g(m+1)(a) # 0, we conclude that
(t — a)™ belongs locally to I at a. It is now easy to proceed by induction on
k. Indeed, if (¢t — a)"~* belongs locally to I at a, then so does

" 99 ,
et = (t—ay 30 90D g gymome

|
1=m-+2 &

and hence also (t — a)”~**1 since

(m+1)
g a n—
(m + 1()l) (t—a)" " = g1 () = rgpa (t) — haga (t)
and g+ (a) # 0. Thus f belongs locally to I at a. a

Now we are prepared for the main result of this section.

Theorem 5.3.10. Every proper closed ideal I of C™[0,1] is the intersection
of all the closed primary ideals containing I.

Proof. Denote by P the set of all ideals P, ,,a € [0,1], 0 < m < n, which
contain I, and let

F={a€l0,1]:j(a) = Pyn € P}

Evidently, F is closed in [0,1]. Moreover, let D be the set of all relatively

open intervals D in [0, 1] such that D N F = () and the boundary 9(D) of D

is contained in F. Then [0,1]\ F = U{D : D € D} because the connected

component of every point in [0, 1]\ F' is an interval which is open and closed in

[0, 1]\ F and hence cannot have a boundary point in [0, 1]\ F'. Notice next that

due to the condition 9(D) C F, any two distinct intervals in D are disjoint.
Now, let f e \{P: P € P} and for D € D set

— (k)
1715 = max 1/%plac

We claim that for any § > 0, there are only finitely many D € D such that
[[fllp > d. Assuming that this is false, for some 0 < m < n and 7 > 0, there
exist infinitely many D; € D and a; € Dy, i € N, with D; N Dy, = ) for i # k
and [f("™)(a;)| > n. Of course, after passing to a subsequence if necessary, we
can assume that a; — a for some a € [0,1] and that a; < a for all . The

sets D; being disjoint, we have a & D, for all i. Thus, for each i, there is a
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boundary point b; of D; with a; < b; < a. Because 9(D;) C F, f(m)(bi) =0
and hence
F™ () = lim fO™(b;) = 0.

This contradicts the fact that |f(™)(a;)| > n for all i and hence establishes
the above claim.

To finish the proof of the theorem, we show that given € > 0, there exists
fe € I with || f — fe]| < e. By what we have seen in the last paragraph, there
exists r € N such that || f||p, < €/3 for all ¢ > r. Define f, : [0,1] — C by

(@) if t € Ui_y Di,
fﬁ(t)_{ 0 iftg U, D

Then f. is n-times continuously differentiable on V = (Ji_; D; and on W =
[0,1]\V, and F (t) = f*F)(t) for t € V and F® (t) = 0 for t € W. The finite
set (V) is contained in F, so that f(¥) lavy = 0 and fe(k) extends continuously
from VUW to [0,1]. It follows that f. € C™[0,1] and F (t) = f*)(t) for
t € U;_, D; and FfP@ =0fort e Ui_, D;. From this we conclude

n

17 = £l =3 L IG® = )

k=0

"1
= oo, bl
k=0 '

0,1\U7_, D; lloo

i=

= Z ! sup{[|f®|pllee : D € D, D # D;,1 <i <7}
k=0 "

It remains to show that f. € I. To that end, by Theorem 5.1.2 it suffices to
prove A(f., I) = (). Notice first that

T

i=1

since f. vanishes on the open set [0, 1]\ |J;_, D;. Moreover, f. belongs locally
to I at every a & h(I) (Lemma 5.1.3). If @ is an accumulation point of h(I)
and hence of h(g) for each g € I, then g% (a) =0 forallge I and 0 < k <n
by Lemma 5.3.7, so that @ € F. Thus, because D N F = () for D € D, every
a € h(I)N (UJi_, D;) is an isolated point of h(I). An application of Lemma
5.3.9 shows that f belongs locally to I at every a € h(I) N (U:Zl Di), and
then so does f. since f. and f coincide on |J;_; D;. Thus we have seen so far
that
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A(fe, 1 c@(UD) :ga(p

which is a finite subset of F. Therefore, if a € A(f,I), then j(a) € P and
hence
8 () = f®(a) =0 for 0 < k <n.

Thus fe € j(a) by Theorem 5.3.1. However, this contradicts Corollary 5.3.6
since A(fe, I) is finite. O

5.4 Spectral synthesis in the Mirkil algebra

Let A be a regular and semisimple commutative Banach algebra. Recall that
we have shown in Theorem 5.2.5 that if E and F' are closed subsets of A(A)
such that £ N F is a Ditkin set, then £ U I is a set of synthesis if and
only if both E and F' are sets of synthesis. This does not remain true if
the hypothesis that E N F be a Ditkin set is dropped. In fact, the so-called
Mirkil algebra M, which we study in detail in this section, even has a discrete
structure space and nevertheless the union of two disjoint sets of synthesis
need not be a set of synthesis and subsets of sets of synthesis need not be
sets of synthesis. Moreover, M serves as a counterexample to several other
conjectures in spectral synthesis. We start by introducing M and determining
its structure space.

In what follows we identity the torus T with the interval [—m, 7). Multi-
plication in T then turns into addition modulo 27. Let

M = {f € L*(T) : fl—r/2,x/2 is continuous}.
Clearly, M is a linear space and

£l = V2r || £ll2 + | fli—n /2.7 /2|00

defines a norm on M. With this norm, M is complete. Indeed, let (f,), be

a Cauchy sequence in M. Then f,, — f in L*(T) and g,, = foll—x/2,7/2) = g

uniformly on [—7/2,7/2] for some continuous function g, and the function

h, defined by h(t) = f(t) for t € [—m,m) \ [-7/2,7/2] and h(t) = g(¢) for
€ [-m/2,7/2], belongs to M and satisfies || f,, — h| —

Lemma 5.4.1. For f,g € M define f*g on T by
(F+9)e) = o [ fa=ta(t)d

Then [ * g € C(T), and with this convolution product M becomes a commu-
tative Banach algebra.
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Proof. Observe first that, for x,y € G,

(Fra)a ™)~ (Fe ) < o lglblLef — Lyflls

The map  — L, f from R into L?(T) is continuous. Thus we conclude that
f * g is continuous. So M is an algebra, and it only remains to show that the
norm || - || is submultiplicative. For that, note that

1 /™1 [7
159l = . [ |on [ fle= vt

1 K 1 K ™
<o [ ([ise—ra [ gopar) as
1513 ol

by Holder’s inequality, and

2
dx

(T * )@l <, el

Combining these two inequalities yields
1f* gll = V2r|lf * gllz + [ (f * 9| /2.7/2)llc

1
(Var+ 5 ) Ifl:lall < 251 2l

IN

IN

(Vorlfll + 1 lim/omatlloe) - (V2Rlgllz + gl n /2211 )
=171~ lgll,
as required. O
For n € Z, let e,, denote the function e, (t) = ™ t € [—, ).
Lemma 5.4.2. The linear span of the functions e,,n € Z, is dense in M.

Proof. By the Stone—Weierstrass theorem, the trigonometric functions are
uniformly dense in C(T), and hence also dense in the || - |[o-norm. Thus the
trigonometric functions are dense in (C(T), || - ||). It therefore suffices to show
that C(T) is dense in M.

To that end, let f € M and € > 0 be given. As C(T) is dense in L*(T),
we find h € C(T) with || f — h||2 <e. Choose 0 < § < 7/2 such that

2
5 ([1Blloo + 1 fl{=r/2,m /21 lloc) ™ < me®.

Define functions k : [1/2,7/2 4 6] — C by

B(0) = fw/2) + (= 7/2) (h(0) — F(/2)



280 5 Spectral Synthesis and Ideal Theory

and [ : [-7/2 — §,—7/2] — C by

I(t)=f(—m/2) — (15(7r/2 +t) (h(t) — f(—7/2)).

)
h(t) for |t| > m/2+ 6,
f(t) for |t| <m/2,
k(t) form/2 <t <m/2+40,
I(t) for —m/2—-0<t<—7/2.

Then, because g(t) = h(t) for [t| > 7/2 4§ and g(t) = f(t) for |¢t| < 7/2, it
follows that, with [ = [-7/2 — 6, —7 /2] U [7/2,7/2 + 0],

If =gl = V2rllf — gllz < V2r(e + [[(g — I)11]2)

0
<V2r (e + \/W (||h||oo + |f|[7r/277r/2]||00)>

< 2eV/2r.
This shows that C(T) is dense in M. O

We now identify the structure space of M.

Theorem 5.4.3. For n € Z, define ¢, : M — C by

on(f) = 217T/Tf(t)e_n(t)dt, feM.

Then @, € A(M) and the map n — ¢, is a homeomorphism from Z onto
A(M).

Proof. It is easy to check that ¢, € A(M). Moreover, since ¢, (em) # 0 if
and only if m = n, the map n — ¢, is injective. Observe next that given
o € A(M), there exists n € Z so that ¢ = ¢,,. Indeed, e, * €,,, = Jpme, and
therefore

p(en)p(em) = dnmep(en)

for all n,m € Z, and (e, ) # 0 for some n since the trigonometric polynomials
are dense in M (Lemma 5.4.2). Thus, for such n € N,

‘P(em) = 0nm = ‘Pn(em)

for all m € Z, and this implies that ¢ = ¢,, because ¢ and ¢,, agree on the
trigonometric polynomials.

It remains to verify that A(M) is discrete. However, this is obvious since,
for each n € N,
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Ulpn,en, 1) ={p € AM) : |p(en) — pnlen)| <1}
= {‘pm S A(M) : |‘Pm(en) - 1| < 1}
= {on}

since @, (en) = Onm, for all m € Z. O
Corollary 5.4.4. M s semisimple and regular.

Proof. If f € M is such that f: 0, then (f,e,) = 0 for all n € Z. Because the
functions e,,,n € Z, form an orthonormal basis of L*(T), f = 0 in L?(T) and
then also f(¢t) =0 for all t € [—7/2,7/2] since f is continuous on [—7/2,7/2].
So M is semisimple.

Let E be any subset of Z and n € Z\ E. Then the function f = e,, satisfies

~ o~

fleon) =1and f(pr) =0 for all £k # n. Thus M is regular. O

In order to find spectral sets F in Z = A(M), an explicit description of
j(F) is required.

Lemma 5.4.5. Let E be any subset of Z. Then j(E) equals the linear span
of all functions e,,, where n € Z\ E.

Proof. Clearly, if n € E, then e,, € j(FE) since ¢, (e,) = 0 for all m # n, so
for all m € F.

Conversely, let f € j(E) and let F = {n € Z : p,(f) # 0}. Then F is a
finite subset of Z \ E. Let p =3 ¢n(f)en. Then, for each m € Z,

om(p) = Z on(f)pm(en) = Z Snm®n(f) = om(f)-
nekF ner

Since M is semisimple, f = p which is of the desired form. a

Corollary 5.4.6. A subset E of 7 is a spectral set for M if and only if k(E)
is contained in the closed linear span of all functions e, where n € Z \ E.

Proof. Because M is semisimple and regular, F is a spectral set if and only
if k(F) = j(F). The statement now follows immediately from the preceding
lemma. a

Corollary 5.4.7. Let E C Z and m € Z. Then E is a spectral set for M if
and only if E4+m ={n+m:n € E} is a spectral set for M.

Proof. Of course, it suffices to show that if £ is a spectral set, then so is
E+m. Let f € k(E +m) and let ¢ € M be defined by g(t) = f(t)e "™,
Then, for each n € F,

eulo) = o [ SOOI = () =0,
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whence g € k(F). Since E is spectral set, given ¢ > 0, by Corollary 5.4.6 there
exist nq,...,n, € Z\ E and cy,..., ¢, € C such that

r
g—g Cjln, <ee.
j=1

Thus, with h = Z;Zl Ci€n,
[f = hemll = (g — Renll = llg—hl <e

Since n; +m € Z\ (E +m), hem = 35 ¢jen;1m € j(E +m). Since € > 0
was arbitrary, it follows that f € j(F 4+ m). So E + m is a spectral set. a

We continue to identify A(M) with Z.

Theorem 5.4.8. Let E and F be subsets of Z such that E C F and F\ E is
finite. Then E is a set of synthesis for M if and only if F' is a set of synthesis
for M.

Proof. Suppose first that E' is a spectral set. To show that F' is a spectral set,
proceeding inductively, it suffices to treat the case where F = E U {m} for
some m € Z\ E. Let f € k(F) and € > 0 be given. There exists g € j(F) such
that ||f — g|| < e. Let h = g — g(m)ey, € M. Then T has finite support and
vanishes on F. Indeed, iAz(m) = 0 and h vanishes on E since both g and ¢,
vanish on E as m ¢ E. Moreover

IF =Rl < 1f = gll + [gtm)] - llemll
= |If = gll +1F(m) = g(m)|(1 + v2m)
< |If = gl@+v2n).

Because h € j(F) and || f — g|| < € and € > 0 is arbitrary, it follows that F' is
a spectral set.

To prove the converse statement of the theorem, we can again assume that
F = EU{m} for some m € Z. Thus, suppose that F' is a spectral set and let
f € k(E) and € > 0 be given. Then f — f xe,, € k(F), and hence there exists

g € j(F) such that [|(f — em * f) — g|| < €. Since e, % f(n) = ém(n)f(n) =0
for all n € FE and €&, has support {m}, it follows that g+ e,, * f € j(F). This
finishes the proof. a

Of course, Theorem 5.4.8 can be reformulated as follows. Let E and F' be
subsets of Z such that the symmetric difference of F and F' is finite. Then
E is a set of synthesis if and only F' is a set of synthesis. We now prove an
analogous result for Ditkin sets.

Theorem 5.4.9. Let E and F be subsets of Z such that F' C E.
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(i) If F is a Ditkin set, so is E.
(i) If E is a Ditkin set and E \ F is finite, then F is a Ditkin set.

Proof. (i) Because, by Theorem 5.2.2, a closed countable union of Ditkin sets
is a Ditkin set, it suffices to show that if F' is a Ditkin set and m € Z \ F,
then £ = F'U{m} is a Ditkin set.

Let f € E(E) and € > 0 be given. Since F' is a Ditkin set, there exists
u € j(F) such that ||f —u* f|| < e Then u —u* e, € j(E) since u € j(F)
and €,,(m) = 1. Also mn = 0 since f(m) =0 and €,(n) =0 for all n # m.
So f * e = 0 and therefore

If = (w—uxen)fll = If —uxfl| <e

This shows that E is a Ditkin set.

As in the proof of Theorem 5.4.8, to show (ii) we can assume that E =
FU{m}, where m € Z\ F. Let f € k(F) and € > 0. Then f — e, * f € k(E)
and hence there exists g € j(E) such that

I(f —em*f) =g+ (f—emx [l <e

Let h=g*epn—g—em € M. Then ||f — hx f|| <e and h has finite support
and vanishes on F, as desired. O

Next we present useful characterisations of spectral sets in terms of the
dual space M of M. To that end, we need some insight into how M™* looks.
Let

E=L*T) & C([-n/2,7/2])

and equip E with the norm [|(g,R)|| = |lgll2 + [|hllee, g € L*(T),h €
C([=m/2,m/2]). The mapping f — (f, fl[—x/2,x/2)) is an isometric isomor-
phism of M onto a closed linear subspace of E. Thus, by the Hahn-Banach
theorem, every element of M™* is the restriction to M of some element of E*.
Recall that

E* = L*(T)* © C([-n/2,7/2))* = L*(T) & M([-7/2,7/2])

with norm given by
1(g, Il = max([lgl|2, [ (T))

for g € L?(T) and u € M([—n/2,7/2]). Here |u|(T) denotes the total variation
norm of the measure p. Thus every element of M* can be represented as a
measure v on T which admits a representation v = gdx + pu, where g € L?(T)
and p is a Borel measure on T supported on [—7/2, 7/2]. The evaluation of v
at f € M is given by

/2

)= g [ FGaEE+ [ fGaue)

—7/2



284 5 Spectral Synthesis and Ideal Theory

Clearly [|v[[ar- < max([|gl|2, [[(T)).

For v € M*, set U(n) = (v,e,),n € Z, and define the spectrum of v to be
the set o(v) = {n € Z : U(n) # 0}. Every g € L*(T) defines an element v, of
M* by

o f) = 5y, [ FE)ale)d.
T JT

The following lemma and Proposition 5.4.11 provide characterisations of spec-
tral sets by means of spectra of elements in M*.

Lemma 5.4.10. For a subset E of Z, the following conditions are equivalent.

(i) E is a spectral set for M.
(ii) (u, f) =0 for every f € k(E) and every p € M* with o(u) C E.

Proof. (1) = (ii) Let f € k(F) and p € M* with o(u) C E. Because E is
a spectral set, by Lemma 5.4.5 k(FE) is the closed linear span of functions
en,n € Z\ E. Thus there exists a sequence (p;); of trigonometric polynomials
such that p; — f in M. Then, for each j,

pit)= > Piln)en(t)

n€Z\E

and, since o(p) C E,

(p) = Y Bin)(men) = > Pi(n)ii(n) =0.

nEZ\E nEZ\E

So (s f) = Timj—oo {1, pj) = 0.

(ii) = (i) Towards a contradiction, assume that j(E) # k(E). Then there
exists f € k(E) such that 6 = inf{|lg — f|| : ¢ € j(E)} > 0. By the Hahn-
Banach theorem there exists p € M* such that (u, f) = 0 and pl;g) = 0.
By Lemma 5.4.5, j(E) is the linear span of functions e,,n € Z \ E. Thus
0 = (u,e,) = pi(n) for each n € Z \ E, whence o(u) C E. By hypothesis (ii),
(u, f) = 0, which is a contradiction. O

Proposition 5.4.11. For a subset E of Z the following conditions are equiv-
alent.

(i) E is a spectral for M.
(ii) If p € M* is such that o(u) C E, then u is the w*-limit of functionals in
the linear span of all pe,,n € E.

Proof. (i) = (ii) Let u € M* such that o(u) C E. Because E is a spectral
set, Lemma 5.4.10 implies that (u, f) = 0 for every f € k(FE). Towards a
contradiction, assume that p does not belong to the w*-closed subspace F'
generated by the p., ,n € E. By the Hahn-Banach theorem, there exists

f € M satistying (u, f) # 0 and 0 = (pe,,, f) = f(n) for all n € E. Thus
f € k(E), whereas (u, f) # 0. This contradiction proves (ii).
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(i) = (i) By Lemma 5.4.10 we have to show that (u, f) = 0 for every
f e k(E)and p € M* with o(p) C E. By hypothesis (ii), it suffices to verify
that (v, f) = 0 whenever v is of the form

v = § Qp e,

nekr

where «,, # 0 for only finitely many n. However, since f € k(E),

= anlpte, f) = Z an/ e f(t)dt =Y anf(n

nek nGE nek
This proves (i) = (i). O
Theorem 5.4.12. Fvery subset of 47 is a spectral set for M.

Proof. Let E be a nonempty subset of 4Z and v = gdz + p € M* with
o(v) C E. Let p be any trigonometric polynomial and let ¢(t) = p(t + 7/2).
Then .

qA(n) _ einﬂ'/2/ p(t)efintdt _ einﬂ'/2 ﬁ(n)

for all n € Z, and hence ¢q(n) = p(n) for all n € 4Z. Because v(n) = 0 for all
n ¢ E and E C 47, it follows that

/7r g(t)dv(t) = ) Gn)p(—n) = Y p(n)p(—n) = /7r p(t)dv(t).
- neaz ne4rz -

The trigonometric polynomials are uniformly dense in C(T). Thus

T

T vy = [ fet m/2dv()

—T —T

for all f € C(T), and this implies v(S) = v(S + 7/2) for every Borel subset S
of T. On the other hand, since p is supported on [—7/2,7/2], it follows that

= [gg(x)dx whenever S C [0,7/2). Combining these two facts we see
that v € L*(T). Setting

N

vy = Y D(n)en € L*(T)

n=—N
for N € N, we deduce that
v —vnllae <|lv—vnl2 —0

as N — oo. Thus v is contained in the norm closure of the linear subspace of
M* spanned by the functions e,, n € E. Proposition 5.4.11 now shows that
E is a set of synthesis. a
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The next two lemmas are straightforward and most likely well-known.
However, we include the proofs for completeness.

Lemma 5.4.13. Let f € M be defined by

R if [t] < /2,
1) = {—1 ifm/2 < |t| <.

~

Then f(0) =0 and, for n € Z\ {0},

In particular, f € k(27Z).
Proof. For n € Z,n # 0, we have

. 1 —m/2 ] /2 ] ™ ]
f(n) —/ e*mtdt—i—/ e*mtdt—/ e "t
27 -7 —m/2 /2

— 1 (einﬂ/Z _ einﬂ' _ e—irw‘r/2 + einﬂ'/Q + e—irw‘r _ e—inrr/Q)
2min
1 . )
= = (eznﬂ/2 _ efznﬂ'/2)
m™n
2 (mr)
= S .
nmw 2
It is clear that f(O) =0. O

Lemma 5.4.14. Let p = d_r /5 + 052 € M*. Then

i(n) = 2cos (mr)
2
for every n € Z. In particular, o(u) = 2Z.
Proof. For each n € Z,

ﬁ(n) = /e*intdu(t) = einﬂ'/? + e*inﬂ/Z — 92¢os (n27r) .
T

Since cos(nm/2) # 0 if and only if n € 2Z, we get that o(u) = 2Z. O

Corollary 5.4.15. Let f and pu be as in Lemmas 5.4.13 and 5.4.14, respec-
tively. Then {u, f — p* f) = 2 for every trigonometric polynomial p.

Proof. Notice first that (i, f) = f(—7/2) + f(7/2) = 2. Then
(f—pxf)=2—(wp*f)=2-> p(n)f(n)i(n)

nez

~

—2— 3" f(n) fn)i(n) =2

ne22z

since o(p) = 2Z and f € k(2Z). O
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Corollary 5.4.16. The union of two disjoint sets of synthesis for M need not
be a set of synthesis. For example, 27 = A7 U (47 + 2) fails to be of synthesis
even though both 47 and 47 + 2 are sets of synthesis.

Proof. By Theorem 5.4.12, 47 is a spectral set and hence so is 47Z + 2 by
Corollary 5.4.7. However, 27 is not of synthesis. Indeed, let f and p be as in
Lemmas 5.4.13 and 5.4.14. Then f € k(2Z) and o(u) = 2Z and (u, f) = 2
(Corollary 5.4.15). Lemma 5.4.10 now implies that 2Z is not of synthesis. O

Theorem 5.4.17. Let E be a finite subset of Z = A(M). Then E is a set of
synthesis, but E fails to be a Ditkin set.

Proof. We first show that E is a set of synthesis. Since the trigonometric
polynomials p are dense in M (Lemma 5.4.2) and p has finite support for any
such p, () is a spectral set. Thus let £ be nonempty and let f € k(F) and
w € M* with o(u) C E. To show that (u, f) = 0, let € > 0 be given. There
exists a trigonometric polynomial p = Zf:f:f N Cnén such that || f —p|| < e Of
course, we can assume that £ C {—N,..., N}. Because o(u) C E, {u,p) =
> nek Cnlit, €n). Moreover, for each n € E,

N

Pn(p) = Z cjon(e;) = cn

-N
and hence, since f € k(F),

len < len(Pl +lenlp = NI <llp—fll <e

Denoting by |E| the cardinality of E, it follows that

s D)1 < Hps f =)+ D leal - (s ea)]

nek
< e|lull(1 + | E| + |E|vV2m).

Thus (u, f) = 0 since € > 0 was arbitrary.

Turning to the second statement of the theorem, by Theorem 5.4.9(ii) it
suffices to show that ) is not a Ditkin set. To that end, let f and p be as in
Lemmas 5.4.13 and 5.4.14. Then, by Corollary 5.4.15, (i, f —p* f) = 2 and
hence || f —p=* f|| > 2/||p|| for every trigonometric polynomial p. Using again
that the trigonometric polynomials are dense in M, it follows that f & f * M.
Thus 0 fails to be a Ditkin set. O

For group algebras L'(G), where G is a locally compact Abelian group,
it is an open question whether every set of synthesis is a Ditkin set. This
question is open even for the group of integers. In the context of general regular
and semisimple commutative Banach algebras A, Theorem 5.4.17 shows in a
dramatic manner that singletons in A(A) which are spectral sets need not be
Ditkin sets.
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5.5 Spectral sets and Ditkin sets for L'(G)

A famous theorem due to Malliavin [84] states that spectral synthesis fails
for any noncompact locally compact Abelian group G; that is, there exists
a closed subset E of G = A(L'(G)) with the property that k(E) is not the
only closed ideal with hull equal to E. Therefore, there is profound interest
in producing sets of synthesis as well as Ditkin sets for L!(G). This is the
purpose of this section. Our main tools are results obtained in Sections 5.2
and 4.4.

Theorem 5.5.1. Let G be a locally compact Abelian group.

(i) LY(G) satisfies Ditkin’s condition at infinity.

(ii) Let K be a compact subset of G and € > 0. Then there exists f € L*(G)
such that f =1 on K, f has compact support and || f]1 < 1+ e.

Proof. (i) Because L'(G) has an approximate identity, it suffices to show that
L'(G) is Tauberian. Let F denote the space of all functions f € L?(G) such

~

that f equals almost everywhere a continuous function with compact support.
By the Plancherel theorem, F is dense in L?(G). Observe that if g,h € F,
then §* h € Co(G), gh € L*(G), and the Fourier transform gh of gh equals
qg* h. Indeed, by the Parseval identity (Corollary 4.4.12) and Corollary 4.4.13,

~

gh(a) = {ag, h) = (67, h)
— (Lag.h) = [ﬁ(aﬁ)ﬁ(ﬂ)dﬁ
G

= (G h)(a)

for every a € G (the same argument was used in the proof of Theorem 4.4.14).
Now, every f € L*(G) can be written as a pointwise product f = gh where
g,h € L*(G). Since F is dense in L?(G), it follows that the set {gh : g,h € F}
is dense in L!(G). On the other hand,

{gh:g,he FYC{f € L'(G): f € C.(G)}.

Thus the set on the right-hand side is dense in L!(G), as required.

(ii) Since L'(G) is regular (Theorem 4.4.14), by Corollary 4.2.10 there
exists g € L(G) such that g|x = 1 and g has compact support. Now L!(G)
has an approximate identity of norm bound 1. So there exists u € L'(G)
with ||g — g * ulj1 < €/3 and |jul|; = 1. As L'(G) is Tauberian, we find
v € LY(G) so that ¥ has compact support and ||v —ulj; < €¢/3 min{1,1/[|g|l1}.
Let f=g+v—g=*wv. Then

£l < ol +1lg — g *vllx
<1+ v —ulli + llg — g *ulli + [lglhllv — ullx
<l+e.

Moreover, f: 1 on K and fhas compact support. O
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In the following, if not otherwise stated, G is an arbitrary locally com-
pact Abelian group. Theorem 5.5.1, combined with earlier results, yields
some interesting consequences. Because L!(G) has an approximate identity,
f € f+LYQ) for every f € L*(G). From Theorem 5.5.1 and Lemma 5.1.9 we
conclude the following

Corollary 5.5.2. Every proper closed ideal of L'(G) is contained in some
mazximal modular ideal.

Because A(L(G)) = G is discrete when G is compact, Theorem 5.5.1 and
Corollary 5.2.15 imply the following

Corollary 5.5.3. Let G be a compact Abelian group. Then spectral synthesis
holds for L'(G).

Corollary 5.5.4. Let f € L*(G) and let I denote the closed linear subspace
of L*(G) generated by all the translates L, f,x € G. Then the following con-
ditions are equivalent.

(i) I = LYG).
(ii f(a) 40 foralla e @G,

Proof. Suppose that I # L'(G). Then, by Proposition 1.4.7, I is a proper
closed ideal of L'(G) and hence, by Corollary 5.5.2, there exists a maximal
modular ideal M of L*(G) such that M D I. By Theorem 2.7.2, M is of the
form
M ={ge L'(G):g(a) =0}
for some o € G. Thus f(c) = 0, and this shows that (i) implies (i).
Conversely, let f(a) = 0 for some @ € G and recall that m(a)

a(z) f(a) for every © € G (Lemma 2.7.3(i)). Since the function ¢ — g(«
is continuous on L!(G), we conclude that I C ker ¢p,. Thus (i) = (ii).

~—

O

Our next goal is to show that cosets of closed subgroups of G are Ditkin
sets. For that, we need a sequence of preparatory lemmas. For C' > 1, let
Fc(G) denote the set of all functions f € L'(G) such that || f|; < C and

f(x) = 1 for all x in some neighbourhood (depending on f) of the trivial
character 14 in G.

Lemma 5.5.5. For every compact subset K of G and € > 0, there exists
f € Fo(G) such that ||Lyf — flli <€ for ally € K.

Proof. For a Borel set S in G, let |S| denote the Haar measure of S. Define
an open neighbourhood U of 14 in G by

U={aeG:|a(x)—1| <e/2C for all z € K}.

Choose a compact symmetric neighbourhood V' of 14 in G such that V cvuU,
and then choose another such neighbourhood W of 14 such that VW C U and



290 5 Spectral Synthesis and Ideal Theory

[VW| < C|V|. Note that such a W exists because V is compact, C' > 1, and
the Haar measure is regular. Denoting by g — g the Plancherel isomorphism
between L?(G) and L*(G) (Theorem 4.4.10), let u,v € L*(G) be such that
=1y and ¥ = 1yy. We claim that the function

! wv € LYG)

I=

has all the desired properties. To that end, note first that

1 1
£ <\ llullzllvllz = llall2 0]
V] \4
1 Vw2,
= vz = /2
vl = (101 <c
<C.

~

Next, observe that f(«) =1 for all « € W. Indeed, if & € W, then

|V|J?(o<):/Gu(a:)v(a:)oz(a:)da::@-oz,v)

~

— (07a,0) = /éﬁ(av)?)(v—l)dv
_ / Ly () Lyw (7~ Y)dy = / Lyw (v~ a)dy
G \%
— v
For each y € G, we have
VI Ly f — s < /G fu(y~'z) — u(@)] - o(y~ ) |de
4 /G (@) - Jo(y~z) — v(a)|dz
< Lyu — ul2||v]|2 + [|ul|2]| Lyv — v]|2.

Now, let y € K. Then, since VW C U,

IZyv — vl = /@ la(y) = 1]?[0(e) [*da

- / a(y) — 1[2da
VW
€ 2
< (20) Vv,
and similarly

|Lyu—ul3 < () VI
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Combining these inequalities we obtain, for all y € K,

1/2 1/2
I£0f = 113 < gy g (V120 + v V2)
e (VW2 _
c/2
o(m) <
< €,
because [VW| < C|V|] and C > 1. This finishes the proof. O

Lemma 5.5.6. Given f € L'(G) and ¢ > 0, there ezists g € Fc(G) such that

If*g— f1e)glh <e

and hence also

If * gl < CIF(16)| +e.
Proof. For any g € L'(G), we have

1f xg - Fle)ll < /G F@) - [ Lyg — glhdy.

Choose a compact subset K of GG such that

L iy < g

For any g € F¢(G), since || Lyg — g|l1 < 2C, it follows that

- 2e
I/ %9 — Fla)glh < max|Lyg — gl / F)ldy + >
yeK K 3

Now, by Lemma 5.5.5 there exists g € F¢(G) such that

€
. L.g—
Il gleagl\ vg—9lh < 3

For such g, we obtain ||f * g — f(1¢)g|l1 < e. This in turn implies

1f * gl <Clf(la)] + e
since ||g|l1 < C. O

Let H be a closed subgroup of G. In the remainder of this section,
we always 1dent1fy G/ H with its annihilator in G that is, the closed sub-

group of G consisting of all @ € G such that a(H) = {1}. Remember
that TH denotes the homomorphism from L!(G) onto L'(G/H) defined by
Ty(f = [ f(zh)dh for f € L*(G) and almost all z € G.
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Lemma 5.5.7. Let H be a closed subgroup of G and let f € L*(G) and € > 0.
Then there ezists a measure p € M(G) with the following properties.

(i) lpll < 14+€ and 1 =1 on a neighbourhood ofCT/T{ inG.
(i)l flly < Tafll+ e

Proof. We first establish the lemma for f € C.(G). Choose C' > 1 such that
C <l+eand (C—1)||Tufll1 < €/2. By Lemma 5.5.6 there exists h € L*(H)

o~

such that ||h]1 < C, h = 1 in a neighbourhood V' of the trivial character in

H and
/.

Let p = pp € M(G). Then || = [, |h(t)|dt <1+ € and

mMﬂh:Aiéﬂwlmmwdx:L

:/ /f(xt)h(fl)dt dz
GI|JH
< Tufl+e.

de < ClTuflh+¢/2 <|Tufl +e

/ f(zt)h(t™)dt
H

dx

/ f(zt=Hh(t)dt
H

Moreover, for each v € @,
i) = [ Ot =Rl
H

Thus 7i = 1 on the open neighbourhood {@ € G : a|y € V} of CT/T—I in G.
Let now f be an arbitrary element of L'(G) and select g € C.(G) such
that ||g— f|l1 < €/(442¢). By the first part of the proof there exists a measure
w satisfying (1) and || * gl|1 < [|[Trg|l1 + €/2. Then
[ flle < gl + Nl (f = 9)la
€
< Trglls + Nl -NIf =gl +

< T fll+ @+l = gl + 3
< Tuflh+@+)lf =gl +
< Tufllh +e

This finishes the proof of the lemma. a

We are now in a position to prove that cosets of closed subgroups in G are
Ditkin sets. Actually, a stronger result is shown.

In passing, we make the simple observation that if E is a closed subset
of G and a € G, then F is a spectral set (respectively, Ditkin set) if and
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only if aF is a spectral set (respectively, Ditkin set). This follows readily
from the two facts that for f,g € LY(G) and v € G, f(ay) = af(y) and
V(f*g9) = (vf) * (vg)-

Theorem 5.5.8. Let G be a locally compact Abelian group, I' a closed sub-
group of G, and o € G. For every § > 0, k(al’) possesses an approzimate
identity of norm bound 2 4+ & which is contained in j(al'). In particular, ol
is a Ditkin set for L'(G).

Proof. By the remark preceding the theorem, we can assume that o = 1¢. The
closed subgroup I" of G is of the form I = 6/7{ , where H is the annihilator
of I'in G; that is, H = {x € G : y(z) = 1 for all y € I'} (Corollary A.5.3).
Let f € L'(G) be such that f vanishes on I'. Then

Tuf(y) = /

G

R ( /H f(xh)dh) d(xH) = /G @)y ()dz = 0

for all v € I', whence Ty f = 0.

Given € > 0, we find u € L'(G) such that ||u|| < 1, % has compact support
and ||f —u* f||1 < e Because Ty(u* f) = Tgu Ty f =0, by Lemma 5.5.7
there exists u € M(G) such that i = 1 in a neighbourhood of I', [|u|| <1+46
and ||p*u* f||1 < e. Then

1f = (u—pru) « flln <2

and the Fourier transform of y *u — u vanishes on a neighbourhood of I'. Let
g=p*u—u. Then g € j(I') and

lglly < flully(llpll + 1) <2+ 4.
This proves the theorem. O

From Theorem 5.5.8, Lemma 5.5.7, and Theorem 5.2.6 we can now derive
the injection theorem for spectral sets and Ditkin sets for L'-algebras.

Theorem 5.5.9. Let G be a locally compact Abelian group, H a closed sub-
group of G, and embed G/H into G. Let E be a closed subset of G/H.

(i) E is a set of synthesis for LY(G/H) if and only if E is a set of synthesis

for LY(G).
(ii) E is a Ditkin set for L*(G/H) if and only if E is a Ditkin set for L*(G).

Proof. Tt follows from Theorem 5.2.6(i) that if E is a set of synthesis (respec-
tively, Ditkin set) for L!(G), then E is a set of synthesis (respectively, Ditkin
set) for L}(G/H) = L'(G)/ker Tx. Moreover, the converse conclusion of (i)
follows from part (ii) of Theorem 5.2.6 because h(ker Ty) = G/H is a Ditkin
set by Theorem 5.5.8.
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Finally, suppose that E is a Ditkin set for L'(G/H). Since CT/T—I is a Ditkin
set for L(G) (Theorem 5.5.8) and L*(G) satisfies Ditkin’s condition at infinity
(Theorem 5.5.1), it follows from Theorem 5.2.6(iii) that F is a Ditkin set for
L'(G) provided that there exists a constant C' > 1 with the following property.
For every f € L'(G) and € > 0, there exists g € L'(G) such that g vanishes
in a neighbourhood of CT/?J in Gand ||f — fgll < CITu(f)|l: +e

In the situation at hand, we can simply take any C' > 1. In fact, this can
be seen as follows. By Lemma 5.5.7 there exists p € M(G) such that g =1

in a neighbourhhod of CT/T—I in G and

s fll < ClITa ()l + €.

Choose 0 < § < C||T(f)||1 + € — ||u* f|l1- Then there exists u € L*(G) with
llul[f <1 and || f — f *xuljy < 6. Let g=u — p*u € L*(G). Then

If = Fgly < IIf = Frulln 4 [lp frul
<O+ [l flh
< ClTu(f)llh +e

as required. O

Corollary 5.5.10. Let Iy, ..., I}, be closed subgroups of@ and let yi,...,Ym
be characters of G. For each j =1,...,m, let m; € Ny and for 1 <k < m;,

let Aji be an open subgroup of I'; and &1, € G. Then the subset
E=Jv I3\ 6l
j=1

of G is a Ditkin set for LY(@G).

Proof. Finite unions of Ditkin sets are Ditkin sets (Lemma 5.2.1). Therefore
we can assume that m = 1. Moreover, if F' is a Ditkin set then so is vF'
for every v € G. Thus we can further assume that E is of the form F =
I'\\Ug_, 0 Ay, where I' is a closed subgroup of G and for each k =1,...,n,

Ayj, is an open subgroup of I and J; € G. Then E is open and closed in
I'. Let H be the annihilator of I" in G, so that I' = G/H. Since L'(G/H)

—

satisfies Ditkin’s condition at infinity, the open and closed subset F of G/H is
a Ditkin set for L'(G/H) (Proposition 5.2.14). Then assertion (ii) of Theorem
5.5.9 shows that E is a Ditkin set for L!(G).

Subsets E of G of the form in Corollary 5.5.10 play a vital role in Section
5.6 in that the ideals k(E), for such E, will turn out to be precisely the closed
ideals of L'(G) with bounded approximate identities.
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5.6 Ideals with bounded approximate identities in L'(G)

Let G be a locally compact Abelian group. In this section we take up the study
of closed ideals in L'(G) with bounded approximate identities. We start with
the simple observation that if x4 is an idempotent measure in M (G) (that is,
wkp = ), then px L*(G) is a closed ideal with bounded approximate identity.
Indeed, p* LY(G) is closed in L}(G) since p * f, — g in L'(G) implies that
pxg = g. Moreover, if (4 )« is a bounded approximate identity in L!(G), then
(i * Uy )o is one in p* L1(G). We show that, when G is compact, conversely
every closed ideal with bounded approximate identity is of this form. In the
general case such ideals turn out to give rise to idempotent measures on the
Bohr compactification b(G) of G which we have introduced and investigated
in Section 2.10. We remind the reader that b(G) is a compact Abelian group

and, by Corollary 2.10.14, the discrete group b/((\?) is isomorphic to éd, the

dual group G of G with the discrete topology. This isomorphism is given by
v — 7, where Y(p,) = v(x) for v € G and = € G.

Proposition 5.6.1. Let G be a locally compact Abelian group and b(G) the
Bohr compactification of G. Let I be a closed ideal of L*(G) with bounded
approzimate identity. Then there exists an idempotent measure y € M*(b(QG))
such that [i coincides with the characteristic function of Gq \ h(I).

Proof. By assumption, I has an approximate identity of norm bound ¢ > 0,
say. Thus, given any f € I and € > 0, there exists u € I such that |lu|; < ¢
and |lux* f— f|l1 <e.

If F is any finite subset of G \ h(I), then there exists f € I such that
f(v) =1 for all v € F. In fact, this is a consequence of Theorem 4.2.8 and
regularity of L!(G) (Theorem 4.4.14). For u as above and all v € F, it follows
that

@) = 1) = [ux F() = FO) < llux f = flh <e
Now, let
A(Fe) ={uel:||uli <ecluly)—1] <eforall v € F}.
By the preceding, A(F,¢) is nonempty for every finite subset F' of G \ h(I)
and € > 0. We embed A(F,¢) into M1 (b(G)) C C(b(G))* = AP(G)* (compare

Section 2.10) by making correspond the measure u(z)dz to the function w.
Thus, for any g € AP(G),

(w.9) = [ gle)uteyts
a
This embedding is isometric; that is, for all u € L!(G) we have

[ully = sup{[(u, 9)[ : g € AP(G), [[glloc <1}
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To verify this, it is sufficient to consider u € C.(G) and to show that given any
d > 0, there exists g € AP(G) such that ||g|lcc = 1 and |Jull1 < |[{u, g)| + 2.
For that, let

Cs ={z € G:|u(x)| = 6/mg(suppu)},

where m¢ denotes the Haar measure of G, and let us = u - 1¢,. Then |ju —
ugllt < 4. Since Cjs is compact, the injective continuous homomorphism ¢
from G into b(G) maps Cs homeomorphically onto the closed subset ¢(Cs) of
b(G). Thus the assignment ¢(z) — |u(z)|/u(z), © € Cs, defines a continuous
function of absolute value one on ¢(Cy). Extending this function to a norm one
function in C'(b(G)), we see that there exists g € AP(G) such that ||g|lcc =1
and g(z) = |u(x)|/u(z) for all = € Cs. It follows that

lulls - 6 < /C ()| dz = /C u(@)g(z)dz

< [us, 9) = (u, 9) + [, 9)]|
< lus = ullx - llglloo + [{u; 9)]

and hence |ul|; < [(u,g)| + 20.

Let B(F,¢) denote the closure of A(F,¢) in M (b(G)) in the w*-topology
o(M(b(G)),C(b(G))). By continuity (in this topology), every u € B(F,¢)
satisfies |fi(y) —1| < € for all v € F. Moreover, since A(F,¢) C I, by continuity
again, 11(y) = 0 for all v € h(I). The set B(F|¢) is compact in the topology
o(M(b(Q)),C(b(G))). In fact, B(F,¢) is a closed subset of the compact ball
of radius ¢ around the origin in M (b(G)). Now, the family

{A(F,e) : F C G\ h(I) finite,e > 0}

obviously has the finite intersection property. Thus the family of all sets
B(F,¢) also has the finite intersection property. It follows that the set

({B(F,e): F € G\ h(I) finite, e > 0}

is nonempty. Now any measure p on b(G) which belongs to all of the sets
B(F,¢) has the property that fi(y) = 0 for all v € A(I) and f(y) = 1 for all
v € G\ h(I). In particular, p is an idempotent.

Corollary 5.6.2. Let G be a compact Abelian group and I a closed ideal of
LY(G). Then I has a bounded approzimate identity if and only if I = puxL'(G)
for some idempotent measure u € M(G).

Proof. Let I have a bounded approximate identity. Then, by Proposition 5.6.1,
there exists an idempotent measure p on b(G) = G such that i equals the
characteristic function of G \ h(I). Now,

h(px LYG)) = {a € G : fi(a) = 0} = h(I).
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Because G is compact, every subset of G is a set of synthesis for L' (G) (Corol-
lary 5.5.2). It follows that I = p* L(G).

As pointed out at the outset of this section, the converse is true for arbi-
trary locally compact Abelian groups.

According to Proposition 5.6.1 the description of the hull of ideals with
bounded approximate identities in L!(G) is related to the description of the
sets S(p) = {7 € Gq : Ji(y) # 0} associated to idempotent measures y on the
compact group b(G). We therefore proceed to study idempotent measures on
groups.

Let G be a locally compact Abelian group. For 4 € M(G) and f € C*(G),
the measure f - p is defined by (f - p,g) = (i1, fg), g € Co(G). Let H be a
compact subgroup of G and denote by my the normalized Haar measure of
H, considered as a measure on G. G. If v is a character of G, then v - my is
an 1dempotent measure and 7 - my equals the characteristic function of the

subset v - G / H of G. Indeed, for each a € G,

TR () = /G a(@)y(@)dmp () = /H o)y (h)dm (h),

which, by the orthogonality relations, equals one if a|gy = |y and is zero
whenever a|g # v|n.

The most decisive result in this context is Cohen’s idempotent theorem
(Theorem 5.6.6) which states that any idempotent in M (G) is a finite linear
combination with integer coefficients of such measures v - my. To approach
Cohen’s idempotent theorem, it turns out to be useful to consider, more gen-
erally, the set

F(G) ={p € M(G) : i is integer valued}.

Then F(G) contains the idempotents and is closed under addition and con-
volution and also under multiplication by characters. For p € F(G), the
range of [ is finite. Moreover, note that if uq,pe € F(G) and pq # po,
then ||y — pofl > [|111 — fi2floc > 1.

The following proposition reduces the study of measures in F(G) to com-
pact groups G.

Proposition 5.6.3. If u € F(G), then the support group of u, the smallest
closed subgroup of G whose complement is a p-null set, is compact.

Proof. Assume that p # 0 and let H be the support group of y. Then p can
be regarded as an element of F(H). We show that H is discrete and hence H
is compact.

Let v be any nontrivial character of H. We claim that v -y # p. Assume
that v-u=pandlet L ={h € H : y(h) = 1}. Then L is a proper subgroup of
H since v # 1. The uniqueness theorem for the Fourier—Stieltjes transform
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implies that v(x) = 1 |u|-almost everywhere. It follows that suppu C L,
which contradicts L # H. Thus v - 1 # p and hence ||y - g — pf] > 1. Choose
a compact subset C' of H such that |u|(H \ C) < 1/4, and define an open
neighbourhood of 15 by

~ 1
V={7€H:|fy(a:)—1|< foralleC'}.
3
Then, for v € V,
Iyl < /H y(z) — 1d]p(z)

- / () — Lldlul(z) + / () — 1ld]ul (=)
c H\C
1

N

g +2uH\O) < 1.

It follows that V' consists only of the trivial character of H. So His discrete,
and hence H is compact (Remark 4.4.15). O

Lemma 5.6.4. Let G be a compact Abelian group and let p € F(G),un # 0.
Let M be a subset of M (G) such that every measure in M is of the form -

for some v € G. If v is an accumulation point of M in the w*-topology on
M(G), then

Il < llall =
v|| < |||l — .
161

Proof. Assuming that v # 0, we have 0 < ||| < ||p| since [|v - u| = ||lpll
and the ball of radius ||u| in M(G) is w*-closed. Fix any ¢ > 0 such that
¢ < |[v||/||u]l. Then there exist f € C(G) with | fllec <1 and [, f(z)dv(z) >
cllp||, and hence the set

v={rem@:re( [ swow) > el

is a w*-open neighbourhood of v in M(G). Since v is an accumulation point

of M, there are 71,72 € G such that v; - pu # v -pand 1 - p,v2-p € MNV.
Let

my=te ([ fams@inta) ). i =12

and dp = 0d|u|, where 6 is a measurable function of absolute value one. Write
(fvi9)(x) = g;(x) + ih;j(x),j = 1,2, where g; and h; are real-valued. Then,
since || f7;0]|o0 < 1,

2

l? > \ [+ i @iuio)
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~ ([ sl ) ([ insaainlce )
([ Ihj(x)ldlul(w))

[ Ins@dlud(@) < (1l = m3)”
G

for j = 1,2. Now, for j = 1,2, m; > c||p|| since 7; - ¢ € V, and hence

/G 11— frs(a)|d]pl () < /G (1 - g;(@))dlul / s ()]

<l = my + (Il = m2)*?
< |lul (1 —er (1=,

and hence

Since 1 - p # 2 - o and [1 is integer-valued, we get
L<lnn= el < [ o) = n(@)ldl @)
G
< [ (@) - nfO)@) + [(n7210)@) ~ ()] )l
G
<2l (1- e+ (1= e)7?).

This inequality implies

1 2
<((1=0)+ (1=
e < (0= @=)'7)
=2(1—¢) (1 (- c2)1/2)
<4(1—¢),
and hence 1
c<1— .
16]] ]2

This holds for all 0 < ¢ < ||v||/||p]|. Thus we finally obtain that

Il < llull =
Vil > ||| — )
161

as was to be shown.
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O

Definition 5.6.5. A measure pu € M(G) is said to be canonical if p is of the

form

m
= Z n; (v
j=1
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where H is a compact subgroup of G, nq,...,n,, are integers, and vy, ..., ¥m
are characters of G.

Two measures p and v in M(G) are called mutually singular if they are
concentrated on disjoint sets (we then write g L v). In that case, ||u+ v| =

[l all 1[I

With Lemma 5.6.4 at our disposal, we can now prove Cohen’s theorem.
We remind the reader that assuming G to be compact is no restriction since
the support group of any p € F(G) is compact by Proposition 5.6.3.

Theorem 5.6.6. Let G be a compact Abelian group. Then each p € F(G) is
a finite sum of mutually singular canonical measures.

Proof. Let 0 # p € F(G) and set

M= {VMA/EG/ ;Ao}

Let M denote the w*-closure of M in M(G). Then 0 ¢ M, because

(v mla)| = ‘/G’y(x)du(x) >1

for all -y € M since [1 is integer-valued. Let ¢ = inf{||A]| : A € M }. Then
the sets

1
{)\EM:H)\H§5+H},

n € N, are all nonempty and w*-compact. It follows that there exists v € M
such that ||| = §. In particular, 6 > 0 since 0 ¢ M. Let

N= {*yu’yeG/ #0}

Then N is contained in M. Indeed, if v-v € N and (74)a is & net in G
such that ch @ — v, then (y7y4) - ¢ — ~ - v in the w*-topology, and since
fG v(x x) # 0, we have ((YVa) 14, 1) # 0 and hence 7y, -1 € M eventually.
Consequently, v € M. But now N must be finite, because otherwise N has a
w*-accumulation point o, and then ||o|| < ||v|| by Lemma 5.6.4 and o € M,
contradicting the fact that v is an element of M with minimal norm.

We now construct the support group of v. Let

= freo: omer o

and define an equivalence relation on I" by 1 ~ 72 if and only if v - v =
o -v. Because N is finite, I" consists of only finitely many equivalence classes,
Iy, ..., I}, say. For 1 <1i < m, let
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H;,={x € G:v(zx) =7'(z) for all v,~7" € I};}.
Then H; is a closed subgroup of G. We show next that |v|(G \ H;) = 0. Since
Hi={zecG: (6 ') (z)=1forall 7,6 € I}},

G//E is the subgroup of G generated by all these elements 6~ 1v,v,8 € I7}.
Thus, if A € G/H; and hence \ = Hle 5;171 with ~;,0; € I; and « is an
arbitrary element of G, then by definition of I7,
o) = [ o) [[6 w@av(e)
1=1
r—1
= [ @ IT6 @6 2) -v)(w)
=1
r—1

= [ @ [T6 @i

=1
=...= / a(z)dv(zx)
G
=7v(a).

Thus, for every A € CT/E, the Fourier-Stieltjes transform of (1 — A) - v
vanishes on all of G. This implies that [v|(G \ H;) = 0, 1 < i < m. Now, let
H =N, H;. It follows that |v|(G \ H) = 0.

We claim that v has only a finite number of nonzero Fourier coefficients on
H. For that, observe that I'| is finite since I' = |J*, I; and I'; C v;-G/H; C
vi -G/ H for every v; € I;. Now, if x € H is such that fH x(z)dv(z) # 0, then
X is the restriction to H of some « € I since |v|(G \ H) = 0. This proves the
claim. It follows that v is a finite sum

m m
v="> mix; - mu) =Y ni(y; - mu),
i=1 i=1

where n; € Z and v; € I;,1=1,...,m.

To prove that p is a finite sum of mutually singular canonical measures,
we distinguish two cases. First, if v is not an accumulation point of M, then
v = - u for some v € G, so p =~ - v is canonical. Thus we can assume that
v is an accumulation point of M. Because v is absolutely continuous with
respect to my, it follows that v = ~ - u|gy for some v € G. Let pg = v - v.
Then po = puy + (@ — p1) and gy L (0 — pu1) since piy = p|g. Thus

el = llpall + 1l = pall = 1+l = pa]],

o |lu — pa| < ||pll — 1. Since g — 1 € F(G), the same argument can now be
applied to p — p1, and so on. Because the norm is decreased by at least one
at each step, this process must stop after a finite number of steps. a
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In order to describe the support set S(p) of u € F(G) in the most conve-
nient manner, we have to introduce the coset ring of an Abelian group.

Definition 5.6.7. The coset ring of an Abelian group G, denoted R(G), is the
smallest Boolean algebra of subsets of G containing the cosets of all subgroups
of G. That is, R(G) is the smallest family of subsets of G which contains all
the cosets of subgroups of G and which is closed under forming finite unions,
finite intersections, and complements.

Let G be a topological Abelian group. The closed coset ring of G, R.(G),
is defined to be

Re(G) ={F € R(G) : E is closed in G}.

The following proposition is a first indication of the importance of the
coset, ring in our context.

Proposition 5.6.8. Let G be a compact Abelian group and p € F(G). Then
the set

S(n) = {a € G : fi(a) # 0}
belongs to R(é)

Proof. For k € Z* = Z\ {0}, let S(u)r = {o € G : Ji(e) = k}. Since the range
of i is finite, it suffices to show that S(u), € R(G) for each k.

Assume first that p is a canonical measure. Thus p is of the form u =
Z;;l n;(y; - mu), where H is a closed subgroup of G, the n; are nonzero
integers, and the ; are characters of G such that «;|g # vi|g for j # 7. Then

file) = 3oy () = o, [ mathydn.
j=1 j=1

The orthogonality relations for characters of H now imply that S(u),, =

V; (?/TJER(CA?) and S(u)r =0if k#n; forall j=1,...,n

Now, by Theorem 5.6.6, an arbitrary u € F(G) can be represented as a
finite sum of (mutually singular) canonical measures. To establish the state-
ment of the proposition for u, we can therefore proceed by induction on the
number of summands in such a sum. For that, it is enough to show that if
w1, p2 € F(G) are such that S(u )k € R(G) for all k € Z* and j = 1,2, then
S(p1 + po)k € R(G) for each k € Z*. However, S(u1 + p2)g is the union of
the three sets

<5(M1)k\ U S(Mz)l>7<5(u2)k\ U S(m)z)

1€Z%, 1#k 1€7*, 1k

( (1)t ﬂS(MZ)kl>a
1€Z*, Ik

and this shows S(u1 + p2)k € R(G). O
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We proceed with a characterisation of the sets in the coset ring R(G). The
proof of the following proposition is postponed to the Appendix (Proposition
A6.1).

Proposition 5.6.9. Let G be an Abelian group. A subset E of G belongs to
R(G) if and only if E is of the form

E:LnJ(Cl\UCU>, n,n; €N,
i=1 j=1

where C; and Cyj are (possibly void) cosets of subgroups of G.

Remark 5.6.10. Let H and K be subgroups of G and a,b € G such that
aH NbK # (). Then there exists h € H such that

aH \ bK = ah(H \ (H N K)),

and H N K has infinite index in H whenever aH \ bK is infinite. Thus Propo-
sition 5.6.9 can be reformulated as follows. A subset E of G belongs to R(G)
if and only if E' can be written as

E=FuU 6 (aiHi\ O binij>7

i=1 j=1

where F' is finite, H; is a subgroup of G, and Kj; is a subgroup of infinite
index in H;, 1 <7 <m,1 <7 <m,.

If G is a compact Abelian group, Propositions 5.6.9 and 5.6.1 combined
with results obtained in Sections 5.5 and 1.4 already allow a description in
terms of the coset ring G of those closed ideals in L!(G) which possess bounded
approximate identities. When G' is noncompact, however, one needs to identify

the closed subsets of R(G). This is fairly difficult. The result is the following
theorem the proof of which is also given in the Appendix (Theorem A.6.8).

Theorem 5.6.11. Let G be an Abelian topological group and E € R(G). Then
E € R(G), and E is closed if and only if E can be written as

E={]J (OJ\UCﬂ>,
j=1 I=1

where C; and Cj; are (possibly void) closed cosets in G and Cj; is contained
in Cj and open in Cj.

Theorem 5.6.11 is the main tool to establish the following description of
closed ideals in L!(G) with bounded approximate identities. Using Theorem
5.6.12, an alternative description can be given in terms of idempotent mea-
sures on quotient groups G/H and the pullbacks to L'(G) of the associated
ideals in L'(G/H) (Exercise 5.8.32).
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Theorem 5.6.12. Let G be a locally compact Abelian group and I a closed
ideal of L*(G). Then I has a bounded approzimate identity if and only if

~

I = k(E) for some E € R.(G); that is, a set E of the form
m my
E=J (Fj\ U 5jkAjk>,

where I'; is a closed subgroup of é, Aj is an open subgroup of I';, and ~y; and
0k are characters of G(1 < j <m,1 <k <my).

Proof. Suppose first that I has a bounded approximate identity. By Propo-
sition 5.6.1, h(I) € R(G). Since h(I) is closed in G, by Theorem 5.6.11,
h(I) = E where E is of the stated form. Moreover, by Corollary 5.5.10, E is
a Ditkin set and hence a spectral set. Thus I = k(E).

Conversely, assume that E is as in the theorem and let

Ej:Fj\UéjkAjk,1§j§m~
k=1

Then k(E) = ;L k(7;E;) and by Lemma 1.4.9 it suffices to show that
each k(v;E;) has a bounded approximate identity. Thus we can assume that
E = ~F with F = I' \ J;_, &4, where I is a closed subgroup of (A?,Al is
an open subgroup of I, and §; € (A?, 1 <1< n. Since a(g * f) = (ag) * (af)
for f,g € LY(G) and a € G and k(yF) = {vf : f € k(F)}, the ideal k(yF)
has a bounded approximate identity precisely when k(F') does so. Since F' is
a spectral set and h(>")" ; k(I"\ 6;4;)) = F, it follows that

n

k(F) = k(ﬂ (I7\ 51Az)> = Zn:k(F \ 814y).
=1

=1

Thus, by Lemma 1.4.9, k(F) has a bounded approximate identity whenever
each ideal of the form k(I"\ dA), where A is an open subgroup of I" and
o€ CAJ, has a bounded approximate identity. Now, either '\ dA=Toré € I
and then I"\ §A = 6(I" \ A). Therefore it remains to observe that both k(I")
and k(I"\ A) have bounded approximate identities. For k(I") this follows from

Theorem 5.5.8. In the second case, I' = CT/?J and A = CT/?( where H and K
are closed subgroups of G such that H C K and K/H is compact since A is
open in I'. With mg,y denoting the normalized Haar measure of K/H, we
have

k(I'\ A) k(') = (6 — mg/m) * L'(G/H),

and the ideal on the right has a bounded approximate identity. Since k(I") has
a bounded approximate identity, it follows that k(I"\ A) also has a bounded
approximate identity (Lemma 1.4.8). O
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5.7 On spectral synthesis in projective tensor products

The question of how spectral synthesis of the projective tensor product A @, B
of two commutative Banach algebras A and B is related to spectral synthesis
of A and B, appears to be quite delicate. Although it is not difficult to see that
if spectral synthesis holds for A®, B, then it holds for A and B (Theorem
5.7.2), the converse problem, however, is far from being settled. In this section
we present those results we are aware of in this context.

Recall that given ¢ € A(B), there exists a unique continuous homomor-
phism ¢, : A&, B — A such that ¢y (a ®b) = (b)a for alla € A and b € B
(Lemma 2.11.5).

Lemma 5.7.1. Let E and F be closed subsets of A(A) and A(B), respectively,
and let ¢ € F. Then

¢y (J(E X F)) C j(E).

Proof. Let © € j(E x F). There exists a compact subset C' of A(A®B) =
A(A) x A(B) such that T = 0 outside of C and C' N (E x F) = (). Now,

-

supp ¢y (7) C {p € A(A) 1 p @ € C}.

This implies that £ N suppm = () since CN(E x F) = (. So m has
compact support disjoint from F. |

Theorem 5.7.2. Let A and B be reqular commutative Banach algebras and
suppose that A @B is semisimple. Let E and F be closed subsets of A(A) and
A(B), respectively. If E x F is a set of synthesis (Ditkin set) for A&B, then
E is a set of synthesis (Ditkin set) for A, and likewise for F. In particular,
if spectral synthesis holds for A&, B, then it holds for both A and B.

Proof. Let a € A and € > 0 be given. Choose ¢ € F and b € B such that
Y(b) = 1. If E x F is a set of synthesis, there exists = € j(E x F') such that
[l —a®b| <e Then ¢y(z) € j(E) by Lemma 5.7.1 and

lla = ¢y ()| = ll¢y(a@b) = ¢y(z)]| < [la@b—zl| <e.
If Ex F is a Ditkin set, there exists y € j(E'x F') such that ||[a®@b—(a®b)y|| < e.
Then

la —ady(2)]| = [[¢p(a ®b) — gy(a @ b)dy ()|
= [[¢pla®b—(a@ b))
<|la®b— (a®b)x|
<e.

Since ¢y (x) € j(E) and € > 0 was arbitrary, we obtain that a € j(E) in the
first case and a € aj(F) in the second case. This proves the theorem. O
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One of the special situations in which a converse to Theorem 5.7.2 can be
established is when A(B), say, is discrete.

Theorem 5.7.3. Let A and B be regular commutative Banach algebras and
suppose that A @B is semisimple and satisfies Ditkin’s condition at infinity.
In addition, let A(B) be discrete. Then spectral synthesis holds for A @B if
and only if it holds for A.

Proof. According to Theorem 5.7.2, we only have to show that if spectral
synthesis holds for A, then it holds for A ®,B. Thus let T be a closed subset
of A(A®,B) and let x € k(T). Write T as

T= [J (Byx{v}),
YEA(B)
where each E is a closed subset of A(A).

Because A ®, B satisfies Ditkin’s condition at infinity, given ¢ > 0, there
exists y € A ®; B such that || z—zy|| < € and 7 has compact support. Therefore
it is enough to show that « € j(T) for every « € k(T") such that z has compact
support. Then, since A(B) is discrete,

wpp? = (5, (1)

whAere ¥; € A(B) and S; is a compact subset of A(A), 1 <14 < n. Now, since
A®rB is semisimple and regular (Lemma 4.2.20), there exists a partition of
unity associated to these data; that is, there are uq,...,u, € A®,;B such
that suppa; C A(A) x {¢;} and = = > | zu; (Corollary 4.2.12). It suffices
to show that zu,; € j(T') for each 1 <1 < n. Thus we can henceforth assume
that
z € k((Ey x {1}) U (A(A) x (A(B) \ {¢})))
for some 1) € A(B). Define a closed ideal I of A&,B by

I =k(A(AGB) \ (A(A) x {4})) = k(A(4) x (A(B) \ {}))-

The ideal A @,k(A(B)\{¢}) of A®B has the same hull as I. Because A ®B
is semisimple and regular) and () is a Ditkin set for A®,B, every open and
closed subset of A(A &, B) is a set of synthesis (Proposition 5.2.12). Tt follows

that
I =A®xk(AB)\ {¥}).

So the element x € I can be expressed as x = Zfil a; ® b;, where a; € A and
b; € k(A(B) \ {¢}). Since B is semisimple, the ideal k(A(B) \ {¢}) is one-
dimensional and therefore there exists b € B such that ¢ (b) # 0 and b; = a;b,
a; € C, for each i € N. Thus 2 = a ® b with a = Y2 | a;a,. Now, a € k(Ey)
since z € k(Ey x {¢}) and ¢(b) # 0. Since E, is a spectral set, a € j(Ey)
and sox = a®b € j(Ey x {¢}). Finally, since T = 0 on A(A4) x (A(B)\{¢}),
it follows that « € j(E), as required.
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Theorem 5.7.3 applies to L!'-algebras of vector-valued functions on com-
pact groups as follows.

Corollary 5.7.4. Let G be a compact Abelian group and A a semisimple and
reqular commutative Banach algebra. Suppose that A is Tauberian and has a
bounded approzimate identity. Then spectral synthesis holds for L*(G,A) if
and only if it holds for A.

Proof. Recall first that L'(G, A) = LY(G)®yA is semisimple by Theorem
2.11.6 because L'-spaces share the approximation property. Thus, if spectral
synthesis holds for L!(G, A) then it holds for A (Theorem 5.7.2).

For the converse, note that @ is compact and hence A(LY(G)) = G is
discrete. Therefore, by Theorem 5.7.3, it suffices to observe that L!(G, A)
satisfies Ditkin’s condition at infinity. Because both L!(G) and A are Taube-
rian, L'(G) &, A is Tauberian as well. Moreover, L'(G) ®,A has a bounded
approximate identity since this is true of L!(G) and A (Lemma 1.5.3). It fol-
lows that L' (G) ®, A satisfies Ditkin’s condition at infinity since this is true of
any commutative Banach algebra which is Tauberian and has an approximate
identity. O

Using Malliavin’s deep theorem mentioned at the beginning of this section,
Corollary 5.7.4 admits the following generalisation. Let G be a locally compact
Abelian group and let A be as in Corollary 5.7.4. Then spectral synthesis holds
for LY(G, A) if and only if G is compact and spectral synthesis holds for A.
Indeed, if spectral synthesis holds for L'(G) ®.A, then the same is true of
LY(G) (Theorem 5.7.2) and Malliavin’s theorem forces G to be compact.

Lemma 5.7.5. Suppose that A and B are Tauberian commutative Banach
algebras, and let E and F be closed subsets of A(A) and A(B), respectively.
Then

J(E)® B+ Ag j(F) C j(E x F).

Proof. Tt suffices to show that if

szak®bk+ch®dl,
k=1 =1

where ay, € j(E),b, € B,¢; € A, and d; € j(F), then x € j(E x F). Of course,
we can assume that ay # 0 for all k and d; # 0 for all [. Because both A and
B are Tauberian, given ¢ > 0, there exist vy € B and u; € A such that v and
u; have compact support in A(B) and A(A), respectively, and

€ €
v — bl < and ||u; — ¢ <
[ [ 2| [ [ omlldi

(1<k<n,1<1<m). Let
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y:ZCLk@)Uk—FZul@dl.
k=1 =1

Then ||y—z|| < € and 7 has compact support and vanishes on a neighbourhood
of Ex F. Thus y € j(E x F), and since £ > 0 was arbitrary, we conclude that
z € j(Ex F). 0

Lemma 5.7.6. Let F' be a closed subset of A(A) and ¢ € A(A).
(i) Every x € k({p} x F) has a representation of the form

sz(aj®bj)+e®b,

j=1
where a; € k({¢}, bj € B,ec€ A, and b € k(F).

(i) k({e} x F) = k() ©xB + A@k(F).

Proof. (i) Let = € k({¢} x F). Then 3372, y; ® bj, where y; € A, b; € B,

and 3277, |ly;ll - o]l < oo. Choose e € A such that p(e) = 1 and write

y; = aj + A\je, where a; € k(p) and A\; € C. Then, since || = |¢(y;)| < [ly;l|

and [la;|| = [ly; — Asell < lysll (1 + [lel),

x:Zaj®bj+e®Z/\jbj.
j=1 j=1

Let b = Z;’il Ajbj. Then, for each ¢ € F,

»(b) = ¢<Z w(%)%) = (p@¢)(z) = 0.

Thus b € k(F'), and this establishes the desired representation of z.
(ii) Because k(p) ®,B and A®,k(F) are both contained in k({p} x F),
the statement follows from (i). O

Corollary 5.7.7. Let A and B be reqular and Tauberian commutative Banach
algebras and suppose that A®,B is semisimple. Let {¢} be a spectral set for
A and F C A(B) a spectral set for B. Then {¢} X F is a spectral set for
A®.B.

Proof. It follows from part (ii) of Lemma 5.7.6 and the hypotheses that
k({e} x F) = k(p) @B+ A@ k(F)
= j(¢) ®xB + A® j(F)
Cjilp)®B + AR j(F).

Since A and B are Tauberian, by Lemma 5.7.5 j(¢)® B and A® j(F') are both
contained in j({¢} x F). Thus k({¢} x F) C j({¢} x F), and so {p} x F is
a spectral set because A ®, B is regular and semisimple. O
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Theorem 5.7.8. Let A and B be unital regular commutative Banach algebras.
Suppose that A®,B is semisimple, and let E be a closed subset of A(A @WB)
such that the set

{r e A4) : ({e} x A(B)) NO(E) # 0}

is scattered in A(A). Then E is a set of synthesis for A@yB provided that
one of the following conditions (i) or (ii) is satisfied.

(i) For each closed subset F' of A(B) and each ¢ € A(A), the set {p} x F is
a Ditkin set for A®,B

(ii) Each closed subset F' of A(B) is a set of synthesis and satisfies condition
(D) of Definition 5.2.9, and likewise for each singleton {p}, ¢ € A(A).

Proof. We apply Theorem 5.2.13 to A®,B, T = A(A) and the projection
¢: A(AB-B) = A(A) x A(B) = A(A), (,9) = ¢.

Then the assertion of the theorem follows at once if condition (i) is satisfied.

So assume that (ii) holds. We claim that then (i) holds. Let ¢ € A(A)
and let F' be a closed subset of A(B). By Corollary 5.7.7, {¢} x F is a set
of synthesis. To conclude that {p} x F' is actually a Ditkin set, in virtue of
Lemmas 5.2.8 and 5.2.10 it suffices to show that {¢} x F satisfies condition
(D).

Thus let U be an open neighbourhood of ¢ in A(A) and V' an open neigh-
bourhood of F' in A(B). By hypothesis (D) holds for both F' and {¢}. There-
fore there exist constants ¢,d > 0 and elements a € A and b € B with
the following properties: lla]] < ¢, suppa C U, @ = 1 near ¢ and ||b]| < d,
suppb cVv, b = 1 near F. Then the element z = a ® b of A®,B satisfies
lz]| < d, suppZ CU xV and Z=11in a nelghbourhood of {¢} x F. So (ii)
= (i), and this finishes the proof of the theorem. O

Let X be a compact Hausdorff space, F a closed subset of X, and U an
open set containing E. Choose an open set V such that £ C V and V C U.
By Urysohn’s lemma, there exists f € C(X) such that f =1on V, f =0 on
X\ U, and ||f]leoc = 1. Thus condition (D) is trivially satisfied, and because
every closed subset of X is a spectral set, we have the following straightforward
consequence of Theorem 5.7.8.

Corollary 5.7.9. Let X be a compact Hausdorff space and A a reqular and
semisimple commutative Banach algebra with identity. Suppose that A(A) is
scattered and that every singleton {¢}, p € A(A), is a spectral set and satisfies
condition (D). Then spectral synthesis holds for A®,C(X).

Proof. We only have to note that A®,C(X) is semisimple because A and
C(X) are semisimple and C'(X) has the approximation property. O
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It is worth pointing out in this context that spectral synthesis need not
hold for the projective tensor product C(X)®,C(Y), where X and Y are
compact Hausdorff spaces. In fact, it is an essential step in Varopoulos’s proof
[129] of Malliavin’s theorem that spectral synthesis fails for C(G) ®,C(G)
when G is any infinite compact group.

5.8 Exercises

Exercise 5.8.1. Let A be a unital regular semisimple commutative Banach
algebra and let E, F' C A(A) be sets of synthesis for A. Show that E U F is a
set of synthesis if and only if

J(E) NG (F) = j(E)Nj(F).

It is an interesting question of when, for arbitrary closed subsets E' and F' of
A(A), this equality holds.

Exercise 5.8.2. Let A be a commutative Banach algebra and ¢ € A(A).
A linear functional D on A is called a point derivation at ¢ if D(zy) =
o(x)D(y) + ¢(y)D(x) for all z,y € A. Suppose that the singleton {¢} is a set
of synthesis. Prove that A does not admit a nonzero point derivation at .
(Hint: Let D be a point derivation at ¢ and let J be the ideal consisting of
all a € A such that ¢(a) = D(a) = 0. Show that the hull of J equals {¢}.)

Exercise 5.8.3. Let X be a locally compact Hausdorff space. Prove that the
following three conditions are equivalent.

(i) X is scattered.

(ii) The one-point compactification of X is scattered.

(iii) Every f € Cy(X) has countable range.

Let A be a regular and semisimple commutative Banach algebra satisfying
Ditkin’s condition at infinity. For a closed subset E of A(A), let Ag denote
the set of all ¢ € A(A) with the property that there exists z € k(E) such that
Z does not belong locally to j(E) at ¢. The set Ag is called the difference
spectrum of E. Retain this situation and notation in the next exercises.

Exercise 5.8.4. For ¢ € Ag, show that

(i) ¢ belongs to the boundary 9(F) of E in A(A).

(ii) ¢ has no closed relative neighbourhood in E which is a set of synthesis
for A.

Exercise 5.8.5. For closed subsets E; and Es of A(A), prove

(1) AElﬁEz C AE1 U AEz U (a(El) N a(EQ))

(11) AE1 @] AEg - AEluEQ @] (El N Eg)
(Hint: For (ii), let ¢ € Ag,ng, and assume that ¢ ¢ 9(E1) N I(E2). Show
that ¢ € 9(E;) for exactly one j € {1,2} and that then ¢ € Ag;.)
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Exercise 5.8.6. Use the fact that for n > 3, S"~! C R" = A(L(R")) is not
a set of synthesis for L'(R") to show that Agn—1 = S"~ 1.

Exercise 5.8.7. Let I be a closed ideal of A and let x € A be such that =
belongs locally to I at every ¢ € A(A)\ E. Show that aj(E) C I.

Exercise 5.8.8. Suppose that there exists a Ditkin set F' such that Ap C
F C E. Prove that F is a set of synthesis.
(Hint: Conclude from Exercise 5.8.7 that zj(Ag) C j(FE) for every x € k(E).)

For a closed subset E of A(A), let I'g denote the set of all p € A(A) with
the property that there exists x € j(E) such that Z does not belong locally
to zj(E).

Exercise 5.8.9. Suppose that there exists a Ditkin set F' such that I'y C
F C FE. Use Exercise 5.8.8 to prove that E is a Ditkin set.

Exercise 5.8.10. Let Lip, [0, 1] be the algebra of Lipschitz functions of order
a on [0, 1] and identify A(Lip, [0, 1]) with the interval [0, 1]. Let E be a closed
subset of [0, 1] such that F # () and E # [0,1] and let d(¢, E) = inf{|t—s| : s €
E}, t€[0,1]. Let 0 < aw < 1 and define f € Lip,[0,1] by f(¢) = d(t, E)*. Let
I || denote the norm on Lip, [0, 1] (Exercise 1.6.11). Show that || f —g|lo > 1
for every g € j(E). Thus FE fails to be a set of synthesis for Lip,[0, 1].

Exercise 5.8.11. Identify functions on T with 2x-periodic functions on R.
Let C''(T) denote the subalgebra of C(T) consisting of all continuously differ-
entiable functions, equipped with the norm ||f|| = || f|loco + ||/’ ||co- Determine
A(CY(T)) and all the closed primary ideals of C*(T) (compare the results for
C10,1] in Section 5.3).

Exercise 5.8.12. Let C'[0
ferentiable functions f : [0,
a € [0,1], let

, 1] be the Banach algebra of all continuously dif-
1] — C with the norm || f| = || f|loc + || f/[|sc- For

I(a) = {f € C'[0,1] : £(0) = 0}.

Show that I(a) cannot possess a bounded approximate identity.

Exercise 5.8.13. Let n € N and E a closed subset of [0,1] = A(C™[0,1]).
Use the results of Section 5.3 and Leibniz’ rule to show that k(E)"* C j(E).
Moreover, show that if E is a singleton, then n 4 1 is the smallest integer k
such that f* € j(E).

Exercise 5.8.14. Let M be the Mirkil algebra as investigated in Section 5.4
and let M, be its unitisation. Prove that a subset E of Z = A(M) is a set of
synthesis for M if and only if EU {co} C A(M.) is a set of synthesis for M,.
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Exercise 5.8.15. Let M be the Mirkil algebra and let F be a subset of
Z = A(M). Let f € k(E) and suppose that f is continuous. Show that
fef*iE).

(Hint: Let (k,)nen be the Fejér kernel; that is,

kn(t) = 53 <1—7Jfl>eﬁi t € [-m, 7.

j=—n

Use that E; has finite support and that, by Fejér’s theorem, k,, * f converges
uniformly to f as n — 00.)

Exercise 5.8.16. Let M be the Mirkil algebra. Show that for every subset £
of AIMM) and f € k(E), f*f € (f*f)*j(FE). Conclude that k(F) *x k(E) C
J(E).

Exercise 5.8.17. For n € Ny, let I,, be the closed ideal of A(ID) defined by
I, ={f € AD): f9(0) =0 for 0 < j <n}.

Show that h(I,) = {0} and I,,11 is a proper subset of I,, for all n € Ny. Since
N~ I, = {0}, this yields that there does not exist a minimal primary ideal

with hull equal to {0}.

Exercise 5.8.18. Extend Corollary 5.5.4 as follows. Let G be a locally com-
pact Abelian group and F C L'(G), and let I denote the translation invariant
closed linear subspace of L!(G) generated by F. Then the following two con-
ditions are equivalent.

(i) I = LY(G).

(i) For each a € G, there exists f € F such that f(a) £ 0.
(Hint: For (i) = (i), let C' be any compact subset of G and show the existence
of some f € I such that f(a) # 0 for all @ € C. Then use that L(G) is
Tauberian.)

Exercise 5.8.19. Let GG be a locally compact Abelian group. For a bounded
continuous function f on G and a constant ¢ the statement ‘f(z) — ¢ as
2 — oo’ means that for every ¢ > 0 there exists a compact subset C' of G such
that |f(z) —¢|<eforallz € G\ C.
Now, let f € L>(G) and g € L'(G) such that g(a) # 0 for all « € G. Let

¢ € C and suppose that

(g% f)(x) = cg(lg) as z — oo.
Prove that then, for all h € LY(G),

(h* f)(x) — c?z(lc) as r — oo.

(Hint: First reduce to the case ¢ = 0, and then employ Corollary 5.5.5.)
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Exercise 5.8.20. Let G be a compact Abelian group, f € L*(G), and € > 0.
Apply Corollary 5.5.4 to show that there exist a,...,a, € Gand ¢q,...,¢, €
C such that

n
f—f*ZCjOéj <e
j=1

1

Exercise 5.8.21. Let G be a compact Abelian group and identify A(L?(G))
with G (Exercise 2.12.31). Every f € L?(G) can be written as an L*-
convergent series f = eré f(x)x. Let E be any subset of G.

(i) Show that f € k(E) if and only if f(x) = 0 for all x € G \ E and

f€j(E)ifand only if f = 37_, f(x;)x;, where x1,...,xn € G\ E.
(ii) Use (i) to show that E is a Ditkin set.

Exercise 5.8.22. Let G be a locally compact Abelian group and w a weight
function on G such that G(w) = G. Let I" be a compact open subgroup of G.
Prove that I is a Ditkin set for L!(G,w).

(Hint: The subgroup H = {z € G : y(x) = 1 for all v € I'} of G is compact
and open. Verify that f « 15 = 0 and that 15 = |H|-11.)

Exercise 5.8.23. Let f,g € ['(Z) and suppose that there exists § > 0 such
that |f(z)] > 6 for all z € T = A(I'(Z)) such that §(z) # 0. Show that
g = h x f for some h € [*(Z). Note that this generalizes Wiener’s theorem
(Corollary 2.2.11).

(Hint: Let I = [(Z)* f, the ideal generated by f. Then h(I)Nsuppg = 0 and

hence g € 1.)

Exercise 5.8.24. Let C' be a convex compact subset of R™, n € N. Prove
that C is a set of synthesis for L!(R™). For that, one can assume without loss
of generality that 0 € C. Then proceed as follows. For f € L'(R") such that
fle =0 and each 0 < o < 1, define f, € LY(R") by fa(z) = f((1/a)z),z €
R™, ani show that

(i) fo vanishes in a neighbourhood of C.

(i) |fa— fll1 = 0as a— 1.

Exercise 5.8.25. Use the same method as in Exercise 5.8.24 to show that
the set {y € R™ : |ly|| > 1} is a set of synthesis for L*(R™). This example,
Exercise 5.8.24, and Schwartz’ result that the sphere S»~1 C R” fails to be a
set of synthesis for L'(R") if n > 3, show that the intersection of two sets of
synthesis need not be a set of synthesis.

Exercise 5.8.26. A closed subset E of R? is called a polyhedral set if its
boundary is a union of countably many translates of closed subsets F};, where
each F} is a closed subset with countable boundary of some one-dimensional
subgroup of R. Use the injection theorem for Ditkin sets for L!'(R?) and
Theorem 5.2.2 to prove that every polyhedral set in R? is a Ditkin set for
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L'(R?). In particular, sets of the form [a,b] x [c,d], a < b,c < d, are Ditkin
sets for L'(R?).

Exercise 5.8.27. Let E be an infinite and proper subset of Z. Prove that E
belongs to R(Z) (if and) only if there are finitely many arithmetic progressions
S1,...,Sp; thatis, S; = {p; +ng; : n € Z},0 < p; < ¢j,p;,q; € Z,1 < j < n,
such that the symmetric difference EA(S; U...US,,) is finite.

(Hint: Given two arithmetic progressions ¢; + d1Z and co + da2Z, let d be the
least common multiple of dy and ds and express ¢1 + d1Z \ ¢2 + doZ in terms
of cosets of dZ.)

Exercise 5.8.28. Use Exercise 5.8.27 and the description of the closed sub-
groups of R and of T to determine the closed coset rings R.(R) and R.(T).

Exercise 5.8.29. Let G be a compact Abelian group and let I be a closed
ideal of L'(G) with bounded approximate identity. Prove that I has a bounded
approximate identity consisting of functions of the form u = Y7 A;x;, where

j=1
Xl,...,XnGGaDdAl,...,Ane(C.

Exercise 5.8.30. Let G be a locally compact Abelian group and I a closed
ideal of L*(G). Suppose that P is a bounded projection from L!(G) onto I
such that P(L,f) = L,(P(f)) for all f € L'(G) and = € G. Use Exercise
2.12.57 and results of Section 5.6 to show that h(I) € R.(G).

Let G be a locally compact Abelian group and H a closed subgroup of G.
Recall from Section 1.3 that Ty : L'(G) — L*(G/H) denotes the homomor-
phism defined by

Ty f(2H) = /H f(zh)dh,  f e LG,

and that the ideal ker Ty has a bounded approximate identity.

Exercise 5.8.31. Let G be a locally compact Abelian group, I’ a closed sub-
group of G and H the closed subgroup of G such that I' = G / H. Let A be
an open subgroup of I" and v € I', and let I be a closed ideal of L'(G) with

h(I) = I' \ v A. Show that there exists a (unique) finite idempotent measure
pon G/H such that I =Ty (u+ LY(G/H)).

Exercise 5.8.32. Let G be a locally compact Abelian group and I a closed
ideal in L!(G). Use Exercise 5.8.31 and Theorem 2.6.12 to prove that I has a
bounded approximate identity if and only if I is of the form

- ﬂx; wj * LY(G/H,)),

where, for 1 < j < n, x; is a character of G, Hj is a closed subgroup of G,
and p; is a finite idempotent measure on G/H;.
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Exercise 5.8.33. Let G be a locally compact group and suppose that the
Fourier algebra A(G) possesses an approximate identity. Identify A(A(G))
with G (Theorem 2.9.4).

(i) Let (uq)a be the net constructed in Exercise 2.12.54 and consider func-
tions of the form v — uav, v € A(G), to show that {e} is a Ditkin set for
A(G).

(i) Deduce from (i) that singletons in G are Ditkin sets for A(G).

Let A be a semisimple and regular commutative Banach algebra. A closed
subset E of A(A) is called a weak spectral set if every element of the quotient
algebra k(E)/j(F) is nilpotent; that is, for every « € k(E) there exists m € N,
depending on z, such that 2™ € j(E). We say that weak spectral synthesis
holds for A if every closed subset of A(A) is a weak spectral set. We have seen
in Exercises 5.8.13 and 5.8.16 that weak spectral synthesis holds for C™[0, 1]
and for the Mirkil algebra even though for both of them spectral synthesis
fails to hold. Moreover, given E C A(A), in both cases there exists m € N
such that a™ € j(E) for all « € k(E). This latter fact is a general phenomenon
as the following exercise shows.

Exercise 5.8.34. Let A be as above and let E C A(A) be a weak spectral
set. For n € N, let S,, = {z € k(E) : 2" € j(E)}.
(i) Show that there exist m € N, a € A and € > 0 such that

{ye A:|ly—al <e} C Spm-

(ii) Let m, a and € be as in (i) and let © € A be arbitrary. Then a+(1/k)z €
S for sufficiently large k. Conclude that = € S, + Si,.
(iii) Show that Sy, + Sy, € Sa,, and hence A = So,.

As mentioned earlier, it is an open question whether the union of two
sets of synthesis is again a set of synthesis. However, the union of two weak
spectral sets turns out to be a weak spectral set. In particular, a finite union
of spectral sets is at least a weak spectral set. For a weak spectral set F,
by Exercise 5.8.34, there exists a smallest k& € N such that a* € j(E) for all
a € k(E). Denote this number by £(FE).

Exercise 5.8.35. Let F and F be weak spectral sets for A. Prove that FU F
is a weak spectral set and {(F U F) < £(E) + £(F).

Exercise 5.8.36. Let E be a closed subset of A(A) such that k(E), as a
closed ideal in A, is generated by finitely many elements z1, ..., z,. Suppose

that there exists m € N such that z}" € J(E) for 1 < j < n. Show that

2™ € j(E) for every x € k(E). So E is a weak spectral set and £(E) < nm.

Let A be a commutative Banach algebra. A sequence (e, )nen in A is called
an orthogonal basis for A if it satisfies the following conditions.
(1) enem = Onmen, for all n,m € N.
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(2) Every z € A has a unique representation of the form z = >7 | ¢,ep,

where ¢, € C and convergence means norm convergence of the corresponding
sequence of partial sums.

Exercise 5.8.37. Let A be a commutative Banach algebra with orthogonal
basis (e )n. For each n € N, define ¢,, : A — C by

oo
®n (Z Cnen> = Cp.
k=1

Prove that ¢, € A(A) and that the map n — ¢,, is a homeomorphism between
N and A(A). Deduce that A is regular and semisimple.

(Hint: For surjectivity of the map, show that given ¢ € A(A), there exists
precisely one n € N such that (e, ) # 0.)

Exercise 5.8.38. Let A be as in the preceding exercise. Show that spectral
synthesis holds for A; that is,

I =k(h(I)) = () {keron : @u(I) = {0}}
for every closed ideal I of A.

Exercise 5.8.39. Let A be a commutative Banach algebra with orthogonal
basis and let I be a nonzero closed ideal of A. Use Exercise 5.8.38 to show
that I has an (unbounded) approximate identity.

Exercise 5.8.40. Show that the following examples provide Banach algebras
with orthogonal bases.

(i) The convolution algebras LP(G), 1 < p < oo, where G is a first count-
able compact Abelian group.

(ii) The sequence algebras ¢o(N) and (P(N), 1 < p < oo, with component-
wise operations.

(iii) The Hardy spaces HP(D°), 1 < p < oo, with the Hadamard product
(see Exercise 1.6.13). To see this, note that if f and g in HP(D°) are repre-
sented by the power series Z;;O:O anz™ and Z;;O:O b, 2™, respectively, then feg
is represented by the power series Z;;O:O anbn2™.

5.9 Notes and references

Since usually spectral synthesis does not hold for a semisimple and regular
commutative Banach algebra, it is a major issue to study the classes of spectral
sets and of Ditkin sets and to establish permanence properties. This is the
main concern of Section 5.2. Theorem 5.2.5 on unions of sets of synthesis
appears, in the case of the Fourier algebra of a locally compact group G, in
Warner [131], and was shown by Reiter [103] for disjoint sets. In this context,
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see also [94]. Injection theorems for sets of synthesis and Ditkin sets can be
found in [105]. Theorem 5.2.13 extends Theorem 1.2 of [8], which in turn is a
generalisation of the Wiener—Ditkin theorem.

The ideal theory of C™[0,1], as presented in Section 5.3, is classical and
goes back to Gelfand, Raikov, and Shilov [41]. The algebra M, discussed in
Section 5.4, was invented by Mirkil [90] to provide an example of a regular
and semisimple commutative Banach algebra with discrete structure space,
for which nevertheless spectral synthesis fails. The Mirkil algebra was studied
further by Atzmon [9] and Warner [133]. Somewhat surprisingly, it also turned
out to serve as a counterexample to the union conjecture in that A(M) con-
tains two disjoint sets of synthesis the union of which is not a set of synthesis.

The literature on spectral synthesis problems for the group algebra L'(G)
of a locally compact Abelian group is enormous. We therefore confine ourselves
to just a few highlights and historical remarks and otherwise refer the reader
to the monographs [11], [46], [54], [55], [105], and [113]. Theorem 5.5.1(ii) was
shown by Rudin [113, Theorem 2.6.8] using structure theory of locally compact
Abelian groups. The proof presented here was given in [10]. Kaplansky [70]
showed that singletons in G = A(L'(Q)) are sets of synthesis. This result was
improved by Helson [50] to the effect that closed subsets of G with scattered
boundary are spectral sets. The first and best accessible example of a non-
spectral set is due to Schwartz [118]. For n > 3, the unit sphere S"~! in
R" fails to be a spectral set for L!(R™). On the other hand, S' C R? is a
set of synthesis for L!'(R?) [51]. Spectral synthesis holds for L!'(G) when G
is compact. It is Malliavin’s celebrated achievement that conversely spectral
synthesis fails for L' (G) whenever G is noncompact [84]. More or less complete
accounts of Malliavin’s proof are given in all of the books mentioned above. An
alternative approach to Malliavin’s theorem was found by Varopoulos [129].
A main step in his proof is the failure of spectral synthesis for the projective
tensor product C(G) ®,C(G) for any infinite compact Abelian group.

There are two major open questions in the spectral synthesis of L*(G).
The first one is whether any set of synthesis in G actually is a Ditkin set.
The second one is whether the union of two sets of synthesis is again a set
of synthesis. Note that because finite unions of Ditkin sets are Ditkin sets
(Lemma 5.2.1), an affirmative answer to the first question would imply an
affirmative answer to the second.

In Section 5.5 we have applied the general results of Section 5.2 and results
of Section 4.4 on L'(G) to produce sets of synthesis and Ditkin sets in G.
The identification of the closed ideals in L'(G) with bounded approximate
identities, which we have exposed in Section 5.6, is mainly due to Liu, van
Rooij, and Wang [80], building on a description of the closed sets in the coset
ring of G established by Gilbert [43] and, independently and with a much
simpler proof, by Schreiber [117]. A major ingredient is Cohen’s idempotent
theorem [21], the simple proof of which was found by Ito and Amemiya [59].
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Very little is known regarding spectral synthesis in projective tensor prod-
ucts A®,B in terms of A and B, although A(A®,B) is canonically homeo-
morphic to A(A) x A(B). We have presented some partial results in Section
5.7. Theorem 5.7.8 generalizes results of [8].

At this point, it seems in order to mention a few, mostly recent, devel-
opments extending results on L'(G). Let G be an arbitrary locally compact
group. Then closed subgroups of G = A(A(G)) are sets of synthesis for A(G)
[127]. Using Malliavin’s theorem and a deep theorem of Zelmanov [144] on
the existence of infinite Abelian subgroups in infinite compact groups, it was
shown in [68], under a mild additional hypothesis on G (the existence of an
approximate identity in the weakest possible sense) that spectral synthesis
holds for the Fourier algebra A(G) (if and) only if G is discrete. In [67] an
injection theorem for Ditkin sets of Fourier algebras was proved. Moreover,
for an amenable locally compact group G, in [33] a complete description of the
closed ideals with bounded approximate identities in A(G) was established.

Weak spectral synthesis in commutative Banach algebras, as first stud-
ied by Warner [132] (compare Exercises 5.8.34 to 5.8.36), has since gained
some attention (see [95], [100], [65], and [66]) since there are several exam-
ples of weak spectral sets which fail to be spectral sets, such as the sphere
Sn=l c R® = A(LY(R")) for n > 3, and also algebras, such as Lipschitz
algebras, for which weak spectral synthesis holds, whereas spectral synthesis
fails. Concerning the concept of difference spectrum, which we have briefly
addressed in Exercises 5.8.4 and 5.8.5, we refer to [115], [125], [105], and [95].
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Appendix

The purpose of this short appendix is twofold. In the first three sections,
which concern point set topology, functional analysis, and measure theory,
we simply repeat some standard notation and concepts and list a number
of results that are used throughout the book. No proofs are given and we
tend to be very brief because the reader will have a firm background in these
areas. However, because we cannot expect the reader to be familiar with
basic harmonic analysis, a different viewpoint is taken in the remaining three
sections where we treat Abelian topological groups. Although we just cite
the existence and unigneness of Haar measure on a locally compact group, we
prove a number of facts about convolution of functions since the group algebra
L'(G) serves as a prominent example in the book and also the Hilbert space
L?(G) is used substantially. In Section 5 we deduce the Pontryagin duality
theorem from the Plancherel formula and point out the bijection between
closed subgroups of G and closed subgroups of the dual group G. Finally, in
Section 6 we describe the coset ring of an Abelian group and the closed sets
in the coset ring of a topological Abelian group.

A.1 Topology

Let X be a topological space. Then C(X) denotes the set of all continuous
complex-valued functions on X and C*(X) the subspace of all bounded func-
tions in C(X). For f € C(X), the support of f, supp f, is the closure of the set
of all z € X at which f(x) # 0. The set of all functions in C'(X) with compact
support is denoted C.(X). A function f on X is said to vanish at infinity if
for each € > 0, there exists a compact subset K. of X such that |f(x)] < €
for all z € X \ K.. Then Cy(X) stands for the set of all f € C(X) which
vanish at infinity. Clearly, C.(X) C Co(X) C C*(X) and all these spaces
coincide with C'(X) when X is compact. Also, all these spaces are algebras
under pointwise operations. On C®(X) we can introduce the supremum norm
defined by || f|lc = sup{|f(z)| : € X}. This norm turns C*(X) and Cy(X)
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into Banach spaces. If X is a locally compact Hausdorff space, then C.(X)
is dense in Cp(X). This is a consequence of the Stone-Weierstrass theorem
(Theorem A.1.3 below).

A topological space X is called normal if it is Hausdorff and for each pair
{4, B} of disjoint closed subsets of X there exist open subsets U and V of X
suchthat ACU,BCVand UNV = 0.

Theorem A.1.1. (Urysohn’s lemma)

(i) Let X be a normal topological space, and let A and B be disjoint closed
subsets of X. Then there exists a continuous function f: X — [0,1] such
that fla =1 and f|g = 0.

(ii) Let X be a locally compact Hausdorff space, and let C be a compact subset
of X and U an open set containing C. Then there exists f € C.(X) with
fle=1,0< f(x) <1 forallz € X and supp f C U.

Theorem A.1.2. (Tietze’s extension theorem) A Hausdorff space X is nor-
mal if and only if every real valued function, which is defined and continuous
on a closed subset of X, admits a continuous extension to all of X.

A family F' of complex-valued functions on a topological space X is said
to strongly separate the points of X if for each x € X, there exists f € F
with f(z) # 0, and for each z,y € X with « # y, there exists g € F' such
that g(z) # g(y). The family F' is said to be self-adjoint if it contains with a
function f the conjugate complex function f.

Theorem A.1.3. (Stone-Weierstrass theorem) Let X be a locally compact
Hausdorff space, and let A be a self-adjoint subalgebra of Co(X). Suppose that
A strongly separates the points of X. Then A is uniformly dense in Co(X).

Theorem A.1.4. (Arzela—Ascoli) Let X be a locally compact Hausdorff space
and F C Cy(X). Suppose that F satisfies the following two conditions.

(i) The set F(x) = {f(x): f € F} is bounded for every z € X.
(ii) F is equicontinuous; that is, for each v € X and ¢ > 0, there exists a
neighbourhood U of x such that | f(y) — f(z)| < e forall f € F andy € U.

Then F is relatively compact in (Co(X), || - |loo)-

Theorem A.1.5. (Baire’s category theorem) Let X be either a locally com-
pact Hausdorff space or a complete metric space.

(i) If X is the union of countably many closed subsets, then one of them
contains a nonempty open set.

(ii) The intersection of a countable collection of dense open subsets of X
is dense in X.

Let {X : A € A} be a family of topological spaces. Let X be a nonempty
set and for each A € A, let f\ : X — X, be a mapping. Then there exists a
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weakest (or coarsest) topology on X with respect to which all the mappings fx
are continuous. This topology can be characterized by the universal property
that for any topological space Y and any mapping f : Y — X, f is continuous
if and only if fy o f : Y — X is continuous for all A € A. In the special case
where X is the Cartesian product of the sets X, and, for each A, py is the
projection from X onto X, this topology is called the product topology on X .

Theorem A.1.6. (Tychonoff’s theorem) Let X be the product of topological
spaces Xz, A € A. Then X is compact in the product topology if and only if
all Xy are compact.

A compact space C' is a compactification of a topological space X if there
exists a continuous injective mapping from X onto a dense subset of C. Let X
be a locally compact Hausdorff space. Then there exists a compact Hausdorft
space X together with an embedding j : X — X such that X \ j(X) is a
singleton. X is uniquely determined up to homeomorphisms and is called the
one-point compactification of X. The space X can be constructed as follows.
Let X = X U{oo} as a set and take the open sets in X to be the open sets in
X together with the complements in X of the compact subsets of X.

Note that each f € Cy(X) extends to a continuous function on X, also
denoted f, by setting f(c0) = 0.

Let X be a compact space and Y a Hausdorff space. If f is a continuous
and injective mapping from X into Y, then f is a homeomorphism from X
onto its range f(X).

Proposition A.1.7. If f is a continuous open map of a locally compact Haus-
dorff space X onto a Hausdorff space Y and if K is a compact subset of Y,
then there exists a compact subset C' of X such that f(C) = K.

Proposition A.1.8. Let X be a locally compact Hausdorff space. A subset'Y
of X is locally compact (in the induced topology) if and only if there exist a
closed subset A of X and an open subset V of X such that Y = ANV. In
particular, a dense subset of X is locally compact if and only if it is open in
X.

Occasionally, a topology is introduced by designating the closed subsets
rather than the open subsets. The procedure is as follows. A closure operation
on a set X is an assignment A — A from P(X), the collection of all subsets of

X, toitself such that ) =), AC A=A,and AUB=AUBforall A,B C X.
If such a closure operation is given, there exists a unique topology on X such
that for each A C X, A equals the closure of A in X with respect to this
topology.

A.2 Functional analysis

Let F and F be normed linear spaces (over the complex number field C). Note
that a linear transformation 7' from F into F is continuous if and only if it
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is bounded. The set B(E, F’) of bounded linear transformations 7' : E — F is
itself a normed linear space with the norm given by

IT|| = sup{||Tz|| : w € B, ||=f| <1},

and B(E, F) is complete if F' is a Banach space. It is common to write B(FE)
instead of B(E, E). Composition of bounded linear operators turns B(E) into
a Banach algebra. For T' € B(E, F), the adjoint T* of T is the linear map
from F* into E* defined by (T"¢g)(x) = ¢g(Tz) for all ¢ € F* and z € E.
Clearly, T* € B(F*, E*).

For a normed space F, let E* denote the dual space of E; that is, E* =
B(E,C), the vector space of all continuous linear functionals on E. Thus E*
is a Banach space when equipped with the norm

£l = sup{[f(2)| : x € E, =[] <1},

f € E*. The space E embeds isometrically into the second dual space E** as
follows. For each « € E, define 7 : E* — C by Z(f) = f(z) for f € E*. Then
Z € E**, and it is a consequence of the Hahn-Banach theorem (Theorem
A.2.1 below) that ||Z]| = ||z||.

The weak topology o(E, E*) on E is the coarsest topology with respect to
which all the functionals f € E* are continuous on E. Similarly, the weak*-
topology (or w*-topology) o(E™*, E) is the coarsest topology on E* with respect
to which all the linear functionals 7 on E*, x € E, are continuous. Thus a
neighbourhood basis of fy € E* in the w*-topology is formed by the sets

U(fo,Fe)={f € E*:|f(x) — fo(x)| < eforall z € F},

where € > 0 and F' is any finite subset of E.
We now collect some fundamental results about dual spaces and bounded
linear operators.

Theorem A.2.1. (Hahn-Banach) Let E be a normed space and F a (not
necessarily closed) linear subspace of E. If f is a bounded linear functional
on F, then there exists g € E* such that g(x) = f(x) for all x € F and

lgll = 1I£1I-

Corollary A.2.2. If F is a linear subspace of E and x is an element of E
which is not contained in the closure of F', then there exists g € E* such that

glr = {0} and g(x) # 0.

Theorem A.2.3. (Banach—Alaoglu) Let E be a normed space. Then the unit
ball Ef ={f € E* : || f|| <1} of E* is w*-compact.

However, E} is compact in the norm topology only if E is finite-
dimensional.

Corollary A.2.4. If M is a w*-closed linear subspace of E* and f € E*\ M,
then there exists x € E such that f(x) # 0 but g(z) =0 for all g € M.
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Theorem A.2.5. (Closed graph theorem) Let E and F be Banach spaces,
and let T : E — F be a linear map. Then the following conditions on T are
equivalent.

(i) T is continuous.
(ii) The graph Gr = {(x,Tz) : x € E} of T is closed in E x F.
(iii) If v, = 0 in E and Tz, — y in F, then y = 0.

Theorem A.2.6. (Open mapping theorem) Let E and F be Banach spaces,
and let T : E — F be a continuous linear mapping. If T is surjective, then T
is open. In particular, if T € B(E, F) is bijective, then T~ € B(F, E).

Corollary A.2.7. If a vector space E is a Banach space with respect to two
norms, say ||-||1 and ||-||2, and if there is a constant ¢ such that ||z||2 < ¢||z||1
for all x € E, then the two norms are equivalent, that is, there is a constant
d such that ||z|]y < d||z|2 for all x € E.

Theorem A.2.8. (Uniform boundedness principle) Let E be a Banach space,
F a normed space, and {Tx : A € A} a family of continuous linear maps from
E into F. Suppose that {Thx : A € A} is bounded in F for each x € E. Then
there exists a constant C > 0 such that ||Ty|| < C for all A € A.

Theorem A.2.9. (Krein—Milman) Let E be a locally convez topological vector
space and let C' be a nonempty convex subset of E. If C' is compact, then C
is the closed convex hull of the set of its extreme points.

Let E and F be complex vector spaces. The algebraic tensor product
E®F of E and F can be introduced in different ways. However, it is uniquely
determined up to isomorphism by the following universal property. Given any
complex vector space G and a bilinear map T : E x F' — C, there exists a
unique linear map S : E® F' — G such that S(x ® y) = T'(z,y) for all z € E
and y € F.

Suppose that E and F' are Banach spaces. A basic natural requirement for
anorm vy on E® F is to satisfy y(z @ y) = ||z| - ||y|| for all z € E and y € F.
Such a norm is called a cross-norm. We now introduce the two cross-norms
which play a role in this book.

Let B2(E* x F*,C) be the space of all bounded bilinear maps from E* x F™*
into C, equipped with the norm given by

T[] = sup{|T'(f,9)| - f € EY,g € F{'}.

Then B*(E* x F*,C) is complete. Given z € F and y € F, let B, , denote
the element of B?(E* x F'*,C) defined by

By y(f,9) = f(x)g(y), feE”, geF™"

Then there is an injective linear map from E® F into B?(E* x F*, C) sending
r®y to By . The norm € on E ® F, inherited from B%(E* x F*,C), is called
the injective tensor norm. So
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—sup{foj feEl,geFl}

where the supremun is taken over all representations u = Z?:l xz; @y, of u.
Obviously, € is a cross-norm. The completion of E ® F in B?(E* x F*,C) is
called the injective tensor product of E and F and is denoted E ®F.

The projective tensor norm m on E ® F is defined by

n n
=inf § > gl lysllcu= w50
j=1 j=1

where the infimum is taken over all such representations of w. Then 7(z®y) =
[lz]| - Jly|| for all z € E and y € F. Actually, 7 is the largest cross-norm on
E ® F. The completion of £ ® F with respect to « is called the projective
tensor product of E and F and denoted E @, F.

Proposition A.2.10. Let E and F be Banach spaces and let u € E@,F and
€ > 0. Then there exist bounded sequences (xy)n i E and (yn)n in F such
that the series > >~ | Tn Qyn ‘converges to u and S Nzl Nyall < m(uw)+e.
In particular, for any w € E @, F,

o0 o o0
= inf { Z lznll - llynll : u = an @ Yn Z lznll - [lynll < 00}7
n=1 n=1 n=1

where the infimum is taken over all such representations of w.

It follows from Proposition A.2.10 that every element u of E &, F has a
representation of the form u = 3222, x; ® y;, where 372 [lz;]| - [ly;]| < oo
and u(f,g) = 372, f(z;)g(y;) for f € E* and g € F*.

The following proposition provides a useful description of the projective
tensor product.

Proposition A.2.11. Let E and F' be Banach spaces. There exists an iso-
metric isomorphism from B(E, F*) onto (E®,F)* with the property that

(T, Z 5 ®y;) Z Txj,y;)
j=1 Jj=1

forany T € B(E,F*), x1,...,x, € E and y1,...,yn € F.

Let u=3"" 2, @Yn € E@,F, 307 |zn] - ||yn] < oo. Then the series
>0 Buyy, converges in B2(E* x F* C). This element of B*(E* x F*,C)
does not depend on the representation of u. Indeed, if Y77 | x, @ y, = 0 in
E &, F, then Y°7 (S, y,) = 0 for all S € B(E, F*) by Proposition A.2.11,

and hence, taking for S the operator defined by Sz = f(z)g for z € E,
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o0

Z i (f29 —Q<Zf($n)yn> ZZf(xn)g(yn)ZO

for all f € E* and g € F*. Thus we have a natural continuous linear mapping
u— By, = Ziozl B, 4, from E @FF into the injective tensor product £ QA@EF.

This map is not injective in general, and the problem of when it is injective
is closely related to the approximation property of a Banach space. A Banach
space E has the approzimation property if for each compact subset C' of E and
each € > 0, there exists a finite rank operator S on E with ||Sz — || < e for all
x € C. The class of Banach spaces with the approximation property includes
all spaces Cy(X) for X a locally compact Hausdorff space, all Banach spaces
with a Schauder basis, ¢o(I) and [P(I), 1 < p < oo, for any index set I, spaces
LP(u), 1 < p < oo, for any measure p and the disc algebra. Also, if E* has
the approximation property, then so does E. The first example of a Banach
space which was shown to not have the approximation property, is B(I2,1?).
A very good reference to the approximation property and tensor products of
Banach spaces in general is [114].

Theorem A.2.12. For a Banach space E, the following two conditions are
equivalent.

(i) E has the approzimation property.
(ii) The natural mapping from E &, F into E®F is injective for every Ba-
nach space F.

A.3 Measure and integration

In the following, if u is a positive measure on a set X, LP(X, u) or LP(u), for
short, denotes the set of (equivalence classes of) p-integrable complex-valued
p-measurable functions on X.

Theorem A.3.1. (Holder’s inequality) Let p be a positive measure and let
1 <p<oo,and (1/p)+ (1/q) = 1. If f € LP(u) and g € L%(u), then
fg € L' (i) and

£l < 11 f1lpllglle-

Theorem A.3.2. (Minkowski’s inequality) Let u be a positive measure, 1 <
p<oo, and f,g € LP(u). Then f+ g € LP(u) and

1 +gllp <11 fllp + llgllp-

It follows that LP(u) with the norm || - ||, is a Banach space, and L?(u) is
a Hilbert space for the scalar product (f,g) = [ f < x)du(x).

A consequence of Holder’s inequality is that every g € L9(u) defines a
bounded linear functional F, of L”(u) by
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(Fy f) = /X f(@)g(@)du(z)

for all f e LP(p).

Theorem A.3.3. Let i be a positive measure and suppose that either 1 < p <
oo or that p =1 and p is o-finite. Let q be the conjugate index to p. Then,
for each F € LP(p)*, there exists a unique g € L(w) such that F = Fy,. The
map g — F, is an isometric isomorphism from L(p) onto LP(u)*.

Theorem A.3.4. Let u be a positive regular Borel measure on a locally com-
pact Hausdorff space X. Then, for 1 < p < oo, C.(X) is dense in LP(X, ).

Theorem A.3.5. (Riesz representation theorem) Let X be a locally compact
Hausdorff space. For each pn € M(X), define F,, € Co(X)* by

(Fy f) = /X f@)du(z),  f € Co(X).

Then the map p — F,, is an isometric isomorphism from M (X) onto Co(X)*.

Let X and Y be locally compact Hausdorff spaces and let p and v be pos-
itive regular Borel measures on X and Y, respectively. Then the assignment

r= [ ([ st auw) = [ ([ seaiuta) ) aviy

defines a positive linear functional F on C.(X x Y). Hence, by the Riesz
representation theorem, there exists a unique positive regular Borel measure,
denoted p x v, on X x Y such that

(F,f) = /X 1wy)d(ux v)(ay)

for all f € Co(X xY).

Theorem A.3.6. (Fubini’s theorem) Let X and Y be locally compact Haus-
dorff spaces and let p and v be positive regular Borel measures on X and Y,
respectively. Let f € L*(ux v) and suppose that there exist o-finite Borel sets
A and B of X and Y, respectively, such that f vanishes on (X XY)\ (Ax B).
Then

J ([ st dute) = [ s.ipitux o)

= [ (] fenauo) vt
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We now briefly discuss vector-valued integration. Let (X, 1) be a measure
space and F a Banach space. A function f : X — F is said to be a pu-
measurable simple function if it is of the form f(z) = EJ 1 1, (w)aj, where
the a; are elements of F, the M; are disjoint y-measurable subsets of X with
u(M;) < oo and 1M denotes the characteristic function of M;, 7 =1,...,n.
The integral [ f(x)du(z) of such a p-measurable simple function is defined
to be the element Zj 1 w(Mj)a; of E. An arbitrary function f: X — F is
called p-measurable if there exists a sequence of p-measurable simple functions
converging to f almost everywhere. Such an f can then be defined to be
Bochner integrable if the scalar-valued function  — || f(x)]| is integrable. In
this case, the Bochner integral of f is

[ s@dute) = i [ g ()duta)

where (fy,)n is any sequence of u-measurable simple functions such that

[ 15@) = ) lduta) .

The space of E-valued Bochner integrable functions is denoted L!(u, E) or
L'(X, E), if the measure p is understood.

A.4 Haar measure and convolution on locally compact
groups

A locally compact group G is always understood to be a group which is also
a locally compact Hausdorff space and for which the map (z,y) — 2y~! of
the product space G x G to G is continuous.

For a function f on G and x € G, the left and right translation L, f and
R, f of f are defined by L,f(y) = f(z~ly) and R, f(y) = f(yx) for y € G,
respectively. A nonzero positive regular Borel measure p on G is called a left
Haar measure if it satisfies u(xE) = p(E) for all Borel sets E and all x 6 G
This left invariance condition is equivalent to [ L. f(y =Jaf
for all f € L'(G, ). Likewise, a right Haar measure is deﬁned

Theorem A.4.1. On any locally compact group G there exists a left invariant
(right invariant) Haar measure. If p and X\ are two left Haar measures on G,
then there exists a constant ¢ > 0 such that p = c\.

If the Haar measure is fixed, we most times denote the Haar measure of a
set M by |M]|.

Remark A.4.2. Let ;1 be a Haar measure on G.

(1) Then u(U) > 0 for every nonempty open set and fG x)dx > 0 for each
f € CH(G) which is not identically zero.
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(2) The support of p equals G, and u(G) < oo if and only if G is compact.

Example A.4.3. (1) On R (more generally R™) Lebesgue measure is a Haar
measure.

(2) On any discrete group counting measure, that is, u(f) = > .o f(z)
is a left and right invariant Haar measure.

(3) On the circle group T a Haar measure is given by

u() léﬂﬂﬂwt

:27r

f € C(T), where dt is Lebesgue measure on [0, 27].

(4) If G1 and G2 are two locally compact groups with left Haar measures
p1 and pg, respectively, then the product measure p; X po is a left Haar
measure on the product group Gy x Gs.

Let dx be a left Haar measure on G. For every x € GG the measure

ﬁﬁ/f@fﬁ@,feaﬂ%
G

is left invariant. So there is a unique positive number A(A) such that

/ﬂwﬂ@:Aw/f@@
G G

for all f € C.(G). The function A : z — A(x) is a continuous homomorphism
from G into R7, the multiplicative group of positive real numbers.

The function A is called the modular function of G and G is called uni-
modular if A(x) =1 for all z € G.

Abelian groups are unimodular, and so are compact groups because {1}
is the only compact subgroup of R7.

Proposition A.4.4. Let 1 < p < oo and let f € LP(G). Given € > 0, there
exists a neighbourhood U of e in G such that ||Lyf—Ly f||, < € for allz,y € G
such that x= 'y € U.

Proof. Because C.(G) is dense in LP(G), we find g € C.(G) with ||f — g|, <
€¢/3. Choose a compact neighbourhood V of e in G. Then 0 < |V -supp g| < oo
since V' - supp ¢ is compact and has nonempty interior. Since g is uniformly
continuous, there exists a symmetric neighbourhood U of e in G such that
U CV and

l9(@) = g(u)| < - [V -suppg| /"

for all z,y € G with y~'2 € U. For such x and y, we have
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Lo~ Lyally = [ lote'0) = oty 0P

=/ lg(z~ yt) — g(t)|Pdt
V.suppg
P P
€ 1 €
< <3> |V -suppg|™ |V -suppg| = <3> ,
and this implies

ILaf = Ly fllp < 1 La(f — 9llp + 1 L2g — Lygllp + [ Ly (f — 9)lp
=2|[f = gllp + I Lzg — Lygllp,

which, by the above and the choice of g, is < e. ad

Proposition A.4.5. Let 1 < p < oo and let q be the conjugate index to p;
that is, (1/p) + (1/q) = 1. Suppose that f € LP(G) and g € LI(G). Then
fxg€Co(G) and || f gl < [ fpllgllq-

Proof. For each x € G, we have

[ 15@at iy = [ Lo 7w -lotw)ldy < Lol
G G

by Hélder’s inequality. So f * ¢ is defined everywhere and bounded on G by
I£llpllgllq- For z and y in G, Holder’s inequality gives

[f*g(z) = f* 3| < [[La=r f = Ly fllpllgllq-

The map t — Ly f from G into LP(G) is continuous (Proposition A.4.4), and
therefore we obtain that f * ¢ is continuous.

To prove that f % ¢ vanishes at infinity, note first that f x g € C.(G)
whenever f,g € C.(G). If f € LP(G) and g € LY(G) then, since C.(G) is
dense in L"(G) for each 1 < r < oo, there exist sequences (fy,)n and (g, )n in
C.(G) such that || f — fu|lp — 0 and ||g — gnl|q — 0. Then, for all z € G,

[f#g(x) = fox gn(@)| < [(f = fo) % §(@)] + [fn (9 — gn) ()]
< If = fallpliglla + 1 fallollg = gnlla,
which tends to 0 as n — oo. It follows that f g € Co(G). O

Proposition A.4.6. Let G be a locally compact group. For every relatively
compact symmetric open neighbourhood V of e in G, let uy € L*(G) be such
that uwy > 0, |luy]|1 = 1 and uy = 0 almost everywhere on G\ V. Then, given
feLP(G),1<p<oo, ande >0,

luy  f = fllp <e

for all sufficiently small V.
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Proof. Since C.(G) is dense in LP(G), we can choose g € C.(G) such that
If —gllp < €/3. For g it follows that

IWV*Q—Mﬁ=:L(Aﬁv@wmy*my—g@)dw
= / / uy (y)Lyg(z)dy — g(x)| dw

G G
=/ /uwwwwuwwmmw dz

G G

<L<AﬂWMQmm—mmw>m

< |V -suppg| - sup{[|Lyg —gll% : y € V}.
Now, since the map y — L,g from G into LP(G) is continuous, we find a
neighbourhood W of e in G such that, for all y € W,
€

Lyg— glle < .

Together with the above estimate we get for all V' C W,

luv * f = fllp < lluy * (f = g)llp + [luv * g —gll, +lg = fllp

€
< (vl + DI = gllp + 5.

which is < e since ||ul; = 1. O
In Proposition A.4.6, uy can, for instance, be taken to be |V|~!1y.

Proposition A.4.7. Suppose that 1 < p < oo, g € LP(G), and f € LY(G).
Then f = g(x) is defined for almost all x € G, and we have [+ g € LP(G) and

1f=gllp < I fllillgllp- If p = o0, then f*g(z) is defined for all x € G and f*g
s continuous.

Proof. Assume first that p = co. By Hoélder’s inequality, the integral f x
g(z) = [ f(xy)g(y~")dy converges for every x € G and satisfies |f  g(x)| <
1711 llglloo- Moreover, for all z,y € G,

U*ﬂfﬂ—f*myﬂhgéuaﬂﬂ—hjwﬁm&“ﬂﬁ
< N\gllsollZaf — Ly fls.

Proposition A.4.4 shows that f * g is continuous.
Now let 1 < p < oo and let g be the conjugate exponent to p. Since
the map y — Lyg from G into L,(G) is continuous (Proposition A.4.4) and
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bounded by ||¢]|,, the LP-valued function y — f(y)L,g is Bochner integrable
and satisfies, for each h € LI(G),

/G(/Gf(y)Lygdy) (z)h(x)dx = </ f(y)Lygdy,h>
/f Lyg,h
//f )h(z)dwdy.

It follows from Fubini’s theorem and Holder’s inequality that the order of
integration can be reversed. Since h € LI(G) is arbitrary, we conclude that

(/f u9> /f gy~ 'x)dy = f* g(x)

for almost all z € G. Finally, using this, we get
P 1/p
d;v)

I xal = ( [[|( [ f029) @
- H | 1wt E 1)Ll

_ /G FW)- L ygll, dy
= llgllpl1 1.

This finishes the proof of the proposition. O

Let H be a closed normal subgroup of a locally compact group G. For
f € C.(G), define the function Ty f on G/H by Ty f(zH) = [, f(zh)dh,
2 € G. Then Ty f € C.(G/H) and Ty maps C.(G) onto C.(G/H). leen a
left Haar integral on G/H, the assignment f — fg/H Ty f(xH)d(xH) defines

a left Haar integral on G. Hence there exists a unique left Haar measure dx

on @G such that
/G/H (/H f(xh)dh) d(zH) = /Gf(x)dac

This formula is called Weil’s formula. If two of the left Haar integrals on G,
H and G/H are given, the third can always be normalized so that Weil’s
formula holds. It follows from Weil’s formula that Ty (f *g) = Tu(f) * Tu(g)
and [Ty flli < [|f]]1 for all f,g € C.(G). Hence Ty extends to a continuous
homomorphism from L'(G) into L'(G/H), also denoted Tp. Since ||Ty f|1
equals the quotient norm, Ty is actually surjective.

Theorem A.4.8. Let H be a closed normal subgroup of G and let f € L*(G).
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(i) There exists a set S of measure zero in G/H such that the function h —
f(zh) is in L*(H) for each x € G with H & S.
(ii) The function tH — [ f(xh)dh, which is defined on G/H \ S, is inte-
grable.
(iii) If left Haar measures on H, G/H, and G are chosen so that Weil’s for-
mula holds, then

Lo (/[ staman) atorn) = [ staras

The formula in (iii) is often called the extended Weil formula. A function
f € LY(G) is in the kernel of the homomorphism Ty : LY(G) — L'(G/H) if
and only if [, f(xh)dh = 0 for almost all z € G.

A.5 The Pontryagin duality theorem

The famous Pontryagin duality theorem asserts that there is a canonical topo-
logical isomorphism between a locally compact Abelian group and its second
dual group. In this section we deduce this duality theorem from the results
in Sections 4.4 and 2.7. In the sequel, G’ will always denote a locally compact
Abelian group and G the dual group of G.

Proposition A.5.1. For x € G, € > 0, and a compact subset I" of CA?, let
Vizg,Ie) ={y € G:|v(y) —v(z)| <€ forally € I'}.

Then V(x, I €) is open in G, and the sets V(x, I, ¢€) form a neighbourhood
basis of x in G.

Proof. Let (ya)a be anet in G\ V (z, I', €) converging to some y € G. For each
a, there exists v, € I' with |74 (Ya) — Yo (z)| > €. Since I' is compact, passing
to a subnet if necessary, we can assume that v, — 7 for some v € I'. Since
the function (¢,A) — A(t) on G x G is continuous (Lemma 2.7.4), it follows
that |y(y) — v(z)| > e. This shows that y & V(x,I'€). So V(x, T €) is open
in G.

Since V(z,I'e) = xzV (e, I ¢€), it remains to show that if U is an open
neighbourhood of e in G, then there exist a compact subset I" of Gand e >0
such that V' (e, I',€) C U. To that end, choose symmetric open neighbourhoods
V and W of e in G such that W C V, V2 C U, W2 C V and V is relatively
compact. Let

f= 1w = Twlls  (Lw * 1w).
Then f € C.(G), f(x) >0forallz € G and supp f C V. If z € G\ U, then
supp f and supp(L, f) are disjoint and therefore

If = Laf 113 = II£15 + | Lo £1I5.
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In particular, if # € G is such that || f — L, f||2 < 1, then = € U. Now, choose
u € LY(G) such that v > 0, |juljy = 1 and ||u * f — f|l2 < 1/3 (Proposition
A.4.6). Since the || - ||2-norm is translation invariant, it follows that, for all
r € G,

lus Lo f — Lo fll2 = [[La(u* f = f)ll2 = [lu* f = fll2 < fracl3.
Thus, if x € G satisfies ||u* f — f|l2 < 1/3, then
If = Lafllz < [[f —ux fllz+ [lus f —us Lo fll2 + lux Lo f = fll2 <1,
and hence x € U. Applying the regular representation (Section 4.4), we have

Jus f—wsLafla = [[Auf = AL ufl2
< A = Azgull - 112
= |t — Lyul -
So, if z € G is such that || — L u||oo < 1/3, then z € U by the above.

Since u € Cy (G) there exists a compact subset I" of G such that [u(v)| <
1/6 for ally € G\ I'. Let x € V(e,I,1/3. Then, for vy € I,

[0 — Zou)| = [0 = 2@ < ull |1 = ()| < |

since ||ul|; =1, and if v € G\ I, then

as [u(v)| < ;. Therefore, if z € V (e, I, }), then

~ — 1
) ~ Lou()| <
for all v € I, and this implies * € U by what we have seen above. a

Let G denote the second dual of G, that is, the dual group of G. Bach
z € G defines an clement # of G by setting (o) = a(z) for a € G.
Theorem A.5.2. (Pontryagin duality theorem) Let G be a locally compact
Abelian group. The map A :x — X is a topological isomorphism from G onto
the second dual group G.
Proof. Clearly, A is a homomorphism. If z and y are elements of G such that
T =7, then for all f € L}(G) and a € G,

p— ~ —~ p—
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Since the Gelfand homomorphism of L (G) is injective, it follows that L, f =
Ly f for all f € L'(G) and this implies « = y. Proposition A.5.1 shows that A
is a homeomorphism of G onto its range A(G) C G. In particular, A(G) is a
locally compact group. Since a locally compact subset of a Hausdorff space is
the intersection of an open set and a closed set, it follows that A(G) is open
in its closure A(G). Now, A(G) is a topological group and an open subgroup

of a topological group is automatically closed. So A(G) is closed in G.

Towards a contradiction, assume that A(G) # é Since Ll(é) is a regular
commutative Banach algebra, there exists g € LY(G ) # 0, such that g(z) =
0forall z € G. As g # 0, we find h € CQ(G ) with [5 g(a)h(a)da # 0. Now,
the Gelfand homomorphism maps C*(G) onto Co(G) (Section 4.4). Thus there
exists T € C*(G) with T = h. Since L'(G) is dense in C*(G) and C.(G) is
dense in L'(G) in the || - [|;-norm and hence in the C*-norm, there exists
f € C.(G) with

[ st)fyia = [ g@iaria#0

Fubini’s theorem yields

Amwﬂ>w—

[ /g dr
a
:/fmaf
G
which is zero since g vanishes on A(G). This contradiction shows that A is
surjective and finishes the proof of the duality theorem. a

For any subset I" of G, let A(G, I") denote the annihilator of I in G, that
is,
AG,T')={z€G:vy(x)=1forally € I'}.
Similarly, the annihilator of a subset M of G is defined to be

AG,M)={aeG:a(x)=1forall z € M}.

Clearly, A(G,TI") is a closed subgroup of G and A(@ , M) is a closed subgroup
of G.
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Corollary A.5.3. Suppose that I' is a closed subgroup of G. Then
I'={aeG:alAG,T)) ={1}}.

Proof. The subgroup I of G identifies canonically with a closed subgroup of
(GJA(G, I'))" which separates the points of G/A(G,I"). Therefore, we can
assume that A(G,I") = {e}.

Since A(LY(G/I')) = G/T, it suffices to show that if « is a character of

~

G with a|r = 1, then a = 15. By the duality theorem, there exists z € G
such that o = Z. Then v(z) = a(z) = 1 for all ¥ € I" and hence z = e by
hypothesis. So a =1 on all of G. O

It follows from the preceding corollary that the map I' — A(G,I") is a
bijection between the closed subgroups of G and the closed subgroups of G.

Corollary A.5.4. Let G be a locally compact Abelian group. If u € M(G)
and

i) = [ alw)dn(a) =0
for all a € é, then p = 0.

Proof. If f € L'(G), then fe Co(G) and hence, since = — 7 is a homeomor-
phism from G to @, the function z — f( Z) belongs to Cy(G). By Fubini’s

theorem,
| F@auta) = [ ( | fte) ) ()

_ /G f(a)( /G a(x)du(x))da
- /G f(a)fi(a)da

whence fG Z)du(z) = 0 for all f € L}(G). Thus, denoting by v the image
of 1 under the homeomorphism z — Z,

[ Fooarto =o
G
for all f € LY(G).

However, the image of L'(G) under the Gelfand homomorphism is norm-
dense in Co(G) (Lemma 2.7.3(iii)). It follows that fé g(x)dv(x) = 0 for all

g€ Co(@) and this implies » = 0 and hence p = 0. O
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In passing we recall the notion of a compactly generated topological group.
For a subset M of G and n € N, let M"™ denote the set of all n-fold products
Z1Z2 - ... oy of elements x; of M. Suppose that G is a topological group.
Then G is said to be compactly generated if there exists a compact subset C' of
G such that G =2, C". If C is any compact symmetric neighbourhood of
the identity of G, then [J)2, C™ is an open compactly generated subgroup of
G. Conversely, every compactly generated open subgroup of G arises in this
manner.

Clearly, R and Z are compactly generated, and so is the direct product of
two compactly generated topological groups. In particular, groups of the form
R™ x Z™ x K, where n,m € Ny and K is a compact group, are compactly
generated. The following structure theorem, for the proof of which we refer
to the literature, says that within the class of locally compact Abelian groups
these groups are the only compactly generated ones.

Theorem A.5.5. Let G be a compactly generated locally compact Abelian
group. Then G is topologically isomorphic to a direct product R™ x Z™ x K,
where n,m € Ng and K is a compact Abelian group.

A.6 The coset ring of an Abelian group

Let G be a locally compact Abelian group. In Section 5.6 we have described
explicitly the closed ideals in L!(G) with bounded approximate identities. As
an essential tool we have used a characterisation of the closed sets in the coset
ring of an Abelian topological group. This characterisation, Theorem A.6.9
below, was established by Gilbert [43] and, independently and with a much
simpler proof, by Schreiber [117]. Accordingly, our presentation follows very
closely the one of [117]. Schreiber’s approach, in turn, is based on a result due
to Cohen [22] (Proposition A.6.5). We start with the relevant definitions.

The coset ring of an Abelian group G, denoted R(G), is the smallest
Boolean algebra of subsets of G containing the cosets of all subgroups of G.
That is, R(G) is the smallest family of subsets of G which contains all the
cosets of subgroups of G and which is closed under the processes of forming
finite unions, finite intersections and complements.

Suppose now that G is a topological Abelian group. Then the closed coset
ring of G, R¢(G), is defined to be

Re(G) ={F € R(G) : E is closed in G}.
We start with a description of the sets in R(G).

Proposition A.6.1. Let G be an Abelian group. A subset E of G belongs to
R(G) if and only if E is of the form

E = <Cl\ UCij>’ n,n; €N,
i=1

2 Jj=1
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where C; and Cyj are (possibly void) cosets of subgroups of G.

Proof. Let £ denote the collection of all such sets E. By definition of R(G)
and since & is closed under forming finite unions, it suffices to show that if
E,Fe& then ENF e and E\ F € £. Let E be as above and let

F:O<Dk\LjDkl>a m,mkEN,
k=1 =1

where Dy, and Dy, are cosets of subgroups of G' (or empty). Since
it will follow that ENE € & once we have shown that if C, C’, D, D’ are cosets

in G, then (C'\C")N(D\ D') € £. However, for that we only have to observe
that

m

B

((Ci\ Ciz) N (Dg \ D)),

HC:
HD

(C\C)N(D\ D) = (CN D)\ (C'UD)
and that C'N D is either empty or a coset. Turning to complements, note that
(C\NC)\(D\D")=(C\(C'UD))u((CND)\C)

belongs to £. Finally, with the above notation, we have

n m

2= A (A Ueren o)

i=1 k=1

Because £ is closed under forming finite unions and intersections, we conclude
that E\ F € &. O

Remark A.6.2. Let H and K be subgroups of G and a,b € G such that
aH NbK # (. Then there exists h € H such that

aH \ bK = ah(H \ (H N K)),

and H N K has infinite index in H whenever o H \ bK is infinite. Thus Propo-
sition A.6.1 can be reformulated as follows. A subset E of G belongs to R(G)
if and only if E' can be written as

E=FU G <aiHi \ mU binij>7
i=1 j=1

where F'is finite, H; is a subgroup of G and Kj; is a subgroup of infinite index
in H;, 1<i<m,1<5<m.

The following lemma is used to show that homomorphisms map coset rings
into coset rings (Theorem A.6.6).
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Lemma A.6.3. Let G be an Abelian group, H a subgroup of G, and Ky, ...,
K, cosets in G. Then the set

E={reG:2HCK;U...UK,}
belongs to R(G).

Proof. We prove this by induction on n € N. If n = 1, then either F = () or
some coset of H is contained in K. In the latter case, since K7 is a coset, F/
is a coset and hence E € R(G).

Assume the statement is true for n and let

E={zxeG:2HCK1U...UK,1}.

If E # () then, replacing E by a suitable translate, we can assume that H C
KiU...UKp,q1. Set H; = HN K; and let K; be a coset of the subgroup G;
of G (i=1,...,n+1). Since xH = U?jll xH; for all x € G, we have

n+1
E=({z€G:aH; CK U...UK,1}

i=1

n+1

i=1 ji
n+1

= ﬂ (GiU{$EG1$Hi - UKJ}>’
i=1 ji
which belongs to R(G) by the induction hypothesis. O

Let F(G) be the space of all finite linear combinations of characteristic
functions 14, where A is a coset of a subgroup of G. Observe the following
simple facts.

(1) The intersection of two cosets is a coset.

(2) lane = 14alp.

(3) laup=1la+1p —1alp.

(4) 1gya = 1g — 1a.

It follows from (1), (2) and (3) that F(G) is an algebra of functions on G.

The next proposition is shown in [22]. For sake of brevity, we refrain from
giving the proof. As pointed out by Schreiber, the following corollary is actu-
ally equivalent to Proposition A.6.4.

Proposition A.6.4. Let f € F(G), and let By, ..., B, be the finite family of
sets in G on which f takes on its different values. Then the Boolean algebra
generated by Bi,..., B, and all of their translates contains a finite collec-
tion {K1,...,Ks} of cosets in G such that the Boolean algebra generated by
{K1,..., K} contains every Bi.
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Corollary A.6.5. Let E € R(G). Then the Boolean algebra generated by E
and all of its translates contains a finite collection {K1,..., K.} of cosets in
G such that the Boolean algebra generated by { K, ..., K,} contains E.

Proof. Recall that E can be written as a finite union of finite intersections
of sets of the form K \ L, where K and L are cosets and L may be empty
(Proposition A.6.1). The characteristic function of K'\ L is equal to 1x —1xnrL.
Since these functions are in F(G) and F(G) is an algebra, we have 1 € F(G).
Now, the sets of constancy of 1g are just F and G'\ E, so that the statement
follows. a

Even though we need the following theorem only in the special case where
G* is a quotient group of G and ¢ the quotient homomorphism, we present it
in slightly more generality.

Theorem A.6.6. Let G and G* be Abelian groups and let ¢ : G — G* be a
homomorphism. If E € R(G), then ¢(E) € R(G*).

Proof. Because ¢ preserves unions and translations we only need to consider
sets of the form £ = H\J!_, K;, where H is a subgroup of G and K, ..., K,
are cosets in H of subgroups of H.

Let N =ker ¢ and let ¢ : H — H/(HNN) be the quotient homomorphism.
Then there is an injective homomorphism j : H/(H N N) — G* such that
¢lg = j oq. We show that ¢(F) € R(H/(H N N)). Since j is an injective
homomorphism, it then follows that ¢(E) = j(¢(E)) € R(G*).

Therefore it suffices to show that if G is an Abelian group, H is a subgroup
of G and Kj,..., K, are cosets in G then, with ¢ : G — G/H the quotient
homomorphism,

q<G\ U Ki> € R(G/H).
i=1
This is equivalent to showing that the complement
F={¢cG/H: ¢ (¢) CK,U...UK,}
belongs to R(G/H). Let
E={zreG:qx) e K1 U...UK,}.

Then ¢(F) = F and E € R(G) by Lemma A.6.3. We show that this implies
that q(E) € R(G/H).

If £ # (), then E is a union of cosets of H, and the same is true of
every member of the Boolean algebra A generated by E and all its translates.
By Corollary A.6.5, A contains a finite collection C of cosets such that the
Boolean algebra B generated by C contains E. The quotient homomorphism
¢ induces a Boolean algebra homomorphism on 4, and hence on B. It follows
that q(E) € R(G/H). This finishes the proof. O
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Lemma A.6.7. Let G be an Abelian topological group and Gy a dense sub-
group of G. Suppose that Kq,...,K, are cosets in Gy and let E = Gy \
Ui, K;. Then there exists an open subgroup H of G such that E is a union
of cosets of H.

Proof. Let K; be a coset of the subgroup G;,i = 1,...,n. Let S denote the
smallest (and necessarily finite) collection of subgroups of G which contains
all G;, 7 =0,1,...,n, and is closed under forming intersections. Since G is
dense in G and Gy € S, there exists K € S which is minimal with respect to
the property that K is open G. Then there is a (possibly void) subset I of
{1,...,n} such that

(1) K=Gon (ﬂiel Gi) :
(2) i € F and G; = G, implies j € I.

Set H = K, and let C be any coset of H. We have to show that either
CNE =0orC C E. To that end, suppose that 2 € C' N E (equivalently,
CNE # () since C is open in G). Then zK is a dense subset of C' = xH. Let
Li=K,NnzK,i=1,...,n. We claim that even

i=1 i=1

is dense in C. Since zK is dense in C, it suffices to verify that |J;_, L; is
nowhere dense in G. If i+ € I then K is a subgroup of G;. Thus L; = () since
xK ¢ K;. If i ¢ I then L; is either void or a coset of K N G;. By the choice
of K and I, K NG is not open, so K N G; is nowhere dense and hence so is
L;. Since x € Gy and K C Gy, it follows that

Cz(M\U&>C<%\U&>:E
i=1 i=1
as was to be shown. O

The preceding lemmas now lead to the characterisation of closed sets in
the coset ring at which we were aiming.

Theorem A.6.8. Let G be an Abelian topological group and E € R(G). Then
E € R(G) and E is closed if and only if E can be written

E:U(Q\UQJ,
j=1 =1

where C; and Cj; are (possibly void) closed cosets in G and Cj; is contained
in C; and open in Cj.
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Proof. Clearly, a set E of the above form is closed and an element of R(G).
Conversely, let E € R(G) and suppose first that E is of the form E = Gy \
U?:l K, where G is a subgroup of G and the K are cosets contained in Gj.
By Lemma 5.6.13 there exists an open subgroup H of Gy such that E is a
union of cosets of H. If g : Gy — Go/H is the quotient homomorphism then,
by Lemma 5.6.12, ¢(E) € R(Go/H), say

o(B)=J <Dj \ Lj Djl>,
=1

j=1

where the D; and D;; are cosets in Go/H (Lemma 5.6.9). Moreover, ¢(E) =
q(E) since ¢ is continuous and Go/H is discrete. Thus

=1

E=q ' (qE) =q'(qE)=J (ql(Dj) \ U ql(Dﬂ)>7

j=1

and each ¢~!(D;;) and ¢~ (D;) is open in Gg. This proves that F € R(G).
Now let E be an arbitrary set in R(G). Then E = E; U...U E,,, where

each F; is a translate of a set of the type considered above. It follows that

E=E U...UE, € R(G) and FE has the desired form. O
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modular function, 328
multiplicative Hahn—Banach property,
223
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characterisation, 226
multiplier, 27
multiplier algebra, 27

of Co(X), 29

of L' (@), 29
mutually singular measures, 300

nonquasianalytic weight, 238

norm
C*-, 66
cross-, 323

injective tensor, 323
projective tensor, 324
total variation, 18
uniform, 229
uniqueness, 50

Oka’s extension theorem, 148
one-point compactification, 321
open mapping theorem, 323
orthogonal basis, 315

Parseval identity, 221
partition of unity, 202
peak point, 188
Plancherel theorem, 219
polynomially convex set, 61
characterisation of, 64
Pontryagin duality theorem, 333
product
first Arens, 36
Hadamard, 37
projective
norm, 324
tensor product, 324

radical, 50
rationally convex set, 74
regular representation, 96
regularity
characterisations, 199
hereditary properties, 200, 203, 204,
210
implies normality, 202
of L*(@), 221
of L'(G,w), 244
of Fourier algebra, 111
of Mirkil algebra, 281
of tensor product, 207
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resolvent set, 8
Riesz representation theorem, 326

Schwartz’ example, 313
Schwarz’ lemma, 128
seminorm

square property, 35
semisimplicity

of A(G), 111

of L*(@), 96

of L'(G,w), 106

of Mirkil algebra, 281

of projective tensor product, 123
set

Ditkin, 257

of synthesis, 257

of uniqueness, 230

polyhedral, 313

polynomially convex, 61

rationally convex, 74

resolvent, 8

spectral, 257

weak spectral, 315

Wiener, 257

Wiener—Ditkin, 257
Shilov boundary, 160, 162

characterisations, 174

of tensor product, 166
Shilov’s idempotent theorem, 178
Singer—Wermer theorem, 134
spectral extension property, 223

characterisation, 224
spectral radius, 9
spectral radius formula, 9
spectral set

local property, 263

need not be Ditkin set, 287
spectral synthesis, 254

failure of discrete, 287

for compact abelian groups, 289

weak, 315
spectrum

is nonempty, 10

joint, 60

of a Banach algebra, 52

of an algebra element, 8
state, 187

pure, 187
Stone—Cech compactification, 72

Stone—Weierstrass theorem, 320

strong spectral extension property, 223

characterisation, 225
structure space, 52

compactness, 52

local compactness, 52

of Lip,[0,1], 129

of A(G), 110

of A(X), 88

of AP(G), 112

of C"[a,b], 56

of L*(G), 89, 92

of L*(G,w), 100, 101

of P(X), 75

of R(X), 75

of finitely generated algebra, 61, 62

of Mirkil algebra, 280

of tensor product, 121

of unitisation, 52
Swiss cheese, 79

tensor product

algebraic, 30

injective, 324

projective, 324

uniform, 135
Tietze’s extension theorem, 320
topological divisor of zero, 169

noninvertibility in superalgebras, 172

topological group
almost periodic, 119
topological space
completely regular, 72
extremally disconnected, 130
normal, 320
scattered, 267
topology
Gelfand, 52
hull-kernel, 195
Jacobson, 251
product, 321
weak, 322
weak™, 322
transform
Fourier, 94
Fourier—Stieltjes, 297
Gelfand, 54
Plancherel, 221
trigonometric polynomials, 119
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Radon—Shapiro, 98 characterisation, 231
Tychonoft’s theorem, 321 weak spectral set, 315
weak topology, 322
uniform algebra, 73 weak*-topology, 322
uniform boundedness principle, 323 weight, 19
uniform norm, 229 local boundedness, 19
union problem nonquasianalytic, 238
for Ditkin sets, 260 radical, 133
for spectral sets, 263, 287 regular growth, 40
for weak spectral sets, 315 weakly subadditive, 250
unique uniform norm property, 230 weight function, 19
characterisation, 230 Weil’s formula, 331
unitisation, 6 extended, 332
Urysohn’s lemma, 320 Wendel’s theorem, 42
Wermer’s maximality theorem, 82
Volterra algebra, 49 Wiener’s theorem, 57

Wiener—Ditkin theorem, 267
weak regularity, 231 Wiener—Pitt phenomenon, 245



